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ABSTRACT 


This  report  is  concerned  with  problems  in  passive  3onar  detection 
that  arise  when  signal  or  noise  properties  deviate  significantly  from  the 
simplest  possible  model  (a  target  acting  as  a  point  source  of  broad  band 
Gaussian  signal  in  a  background  of  isotropic  Gaussian  noise ).  The  problems 
investigated  fall  under  two  major  headings 

1)  Improvements  in  detectability  obtainable  from  a  knowledge  of 
special  features  of  signal  or  noise.  Topics  considered  in  this 
category  include 

a)  Detection  in  a  strongly  anisotropic  noise  field  due  to  a 
nearby  source  of  interference. 

b)  Detection  of  targets  whose  radiated  noise  includes  sinusoidal 
or  narrow  band  components  with  appreciable  power. 

2)  Degradation  in  detector  performance  resulting  from  a  lack  of 
adequate  knowledge  of  signal  or  noise  statistics  or  from  a  deliberate 
choice  not  to  use  all  available  information  in  order  to  simplify 

the  instrumentation.  Problems  in  the  second  category  include 

a)  Detection  in  a  noise  field  of  unknown  power  level. 

b)  Losses  due  to  sampling  and  clipping. 
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The  work  described  in  thi3  report  was  accomplished  by  members  of  the 
Department  of  Engineering  and  Applied  Science,  Dunham  Laboratory,  Yale 
University,  under  subcontract  to  the  SUBIC  program  (contract  NOnr 
2512(00))  during  the  period  July  1,  1964  to  July  1,  1965*  The  Office 
of  Naval  Research  is  the  sponsor  and  General  Dynamics  Corporation 
Electric  Boat  Division  is  the  prime  contractor.  Lcdr  R.N.  Crawford, 
USN,  is  Project  Officer  for  ONR;  Dr.  A.  J.  van  Woerkom  is  Project 
Coordinator  for  Electric  Boat  and  Chief  Scientist  of  the  Research  and 
Development  Department. 

The  SUBIC  program  encompasses  all  aspects  of  submarine  system  analysis. 
This  report  is  the  third  in  a  series  dealing  with  acoustic  signal 
processing.  Progress  Reports  no.  17  and  18  and  no.  20  through  22  are 
included  in  this  volume.  The  information  originally  in  Report  no.  19 
is  included  as  part  of  Report  no.  20. 
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I,  Introduction 


The  following  is  a  summaiy  of  work  performed  under  oontract  53*00-10-0231 
between  Tale  University  and  the  Electric  Boat  Company  daring  the  period 
1  July  196U  to  1  July  1965.  More  detailed  discussions  of  the  results  es  well 
as  their  derivation  are  contained  in  a  series  of  five  progress  reports  that 
are  appended. 

Previous  reports  in  this  series  have  dealt  extensively  with  the  passive 
detection  of  a  directional  Gaussian  signal  (a  sonar  target)  in  the  presence 
of  isotropic  Gaussian  noise.  Signal  and  noise  spectra  were  assumed  to  be 
known.  The  characteristics  of  the  optimum  (likelihood-ratio)  detector  were 
determined  and  it  was  shown  that  simple  instrumentations  in  common  use 
generally  achieve  a  performance  quite  close  to  the  optimum.  It  was  clear 
fran  the  results  that  significant  departures  from  standard  instrumentations 
could  be  justified  only  if  the  state  of  knowledge  concerning  signal  or  noise 
differed  materially  from  the  conditions  postulated  above. 

The  present  report  deals  with  several  situations  of  practical  importance 
in  which  the  state  of  knowledge  indeed  differs  substantially  from  the 
primitive  assumption  of  directional  Gaussian  signal  in  isotropic  Gaussian 
noise  with  given  spectral  properties.  The  departures  take  two  general 
directions) 

1)  Cases  in  which  the  available  information  is  stronger.  Two  Instances 
of  this  type  were  considered  in  detail, 

a)  Much  of  the  "noise"  background  is  due  to  interference  fran 
an  undesired  target  (e.g.,  a  nearby  ship).  If  the  interfering 
signal  is  also  Gaussian,  the  superposition  of  interference 
and  ambient  noise  results  in  a  disturbance  that  is  still 
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Qauasian  but  no  longer  inotropic.  With  strong  interference 
there  is  a  high  degree  of  anisotropy  that  oan  be  used  to 
improve  detection, 

b)  The  target  signal  contains  sinusoidal  or  very  narrow-band 
components  due  to  propeller  motion,  rotating  machinery  or 
similar  causes.  It  is  characteristic  of  such  signals  that 
their  frequency  is  not  known  »  priori,  that  it  is  likely  to 
change  over  long  periods  of  time,  but  that  it  remains 
essentially  fixed  for  the  length  of  time  required  in  normal 
detection  procedures .  Thus  one  is  faced  wLth  the  problem  of 
detecting  sinusoidal  or  narrowband  signals  of  unknown  center 
frequency.'*' 

2)  Cases  in  which  the  available  infamation  is  weaker, 

a)  One  of  the  least  realistic  features  of  the  primitive  model 
is  the  assumption  that  the  total  noise  power  is  flxBd  and 
known.  In  practice  the  total  noise  power  ia  certainly  not 
known  a  priori  to  any  degree  of  accuracy  and  undoubtedly 
changes  over  prolonged  periods  of  time.  It  therefore  becomes 


^Depending  on  one 's  point  of  view  one  can  regard  the  narrowband  oaae  as 
either  a  strengthening  or  a  weakening  of  the  initial  assumption  of  Qaussian 
signal  with  known  spectrum.  If  one  takes  as  one's  point  of  departure  a 
narrowband  signal  with  fixed  spectrum,  then  recognition  of  the  fact  that 
the  center  frequency  of  this  epeotrum  is  unknown  represents  a  degradation 
of  available  information.  On  the  other  hand,  if  one  takee  the  point  of  view 
that  over  a  long  period  of  time  the  signal  power  is  distributed  over  a  wide 
band,  then  or*  gains  considerable  additional  information  from  the  knowledge 
that  the  power  ia  in  fact  concentrated  in  a  narrow  band  for  the  time  intervals 
used  in  practical  deteotion  schemes.  The  latter  point  of  view  leads  to  a  very 
natural  transition  to  the  sinusoidal  case  and  is  therefore  chosen  as  the 
basis  for  classification  here. 


pertinent  to  Inquire  into  the  cost  to  the  detection  process 
of  such  lack  of  previously  postulated  knowledge, 
b)  Regardless  of  the  actual  state  of  knowledge  concerning  signal 
and  noise,  one  nay  deliberately  choose  detection  procedures 
that  fall  to  ueu  all  available  Information  because  of  the 
greater  simplicity  of  the  resulting  instrumentations.  The 
relative  ease  of  prooassing  digital  data  has  aade  it  attractive 
to  convert  the  hydrophone  outputs  into  a  series  of  binary 
numbers  even  though  this  dearly  ontails  sene  lots  of 
information.  The  effective  utilisation  of  dipped  data 
therefore  forma  a  subject  of  considerable  interest. 

II,  Detection  in  the  Presence  of  Interference 

Work  completed  to  date  on  the  aub ject  of  passive  target  detection  in  the 
presence  of  ambient  noise  as  well  as  intarference  is  oontained  In  Progress 
Reports  No.  17  and  21,  Progress  Report  No.  17  is  concerned  with  setting 
absolute  bounds  an  the  detectability  of  target#  in  such  an  anviroument, 

Signal,  inferference  and  ambient  noise  are  assumed  to  be  stationary  Gaussian 
nndom  variables  with  known  spectral  properties.  Signal  and  interference 
are  taken  as  point  sources  with  fixed  locations  while  the  ambient  noise  is 
endowed  with  no  special  spatial  properties  but  is  assumed  to  be  indapendent 
from  hydrophone  to  hydrophone.  The  input  signal -to-noise  ratio  is  assumed 
to  be  email. 

Under  these  conditions  the  optiaum  (likelihood-ratio)  deteotor  is 
found  to  have  the  following  output  signal -to-noiss  ratio  (defined  as  the 
change  in  average  output  due  to  signal  divided  by  the  rma  output  fluctuation  )i 
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T  Is  ttas  observation  tiros  j  S(u),  I(cc)  and  K(co)  are  the  power  spectra  of 
signal,  interference  and  ambient  noise  respectively.  <  to  <  is  the 
processed  frequency  range  (in  rad/sec),  M  is  the  number  of  elements  of  a 
uniformly  spaced  linear  array  of  hydrophones,  and  tq  is  the  difference 
between  the  signal  delay  and  the  interference  delay  from  hydrophone  to 
hydrophone. 

The  most  important  properties  of  the  optimal  instrumentation  follow 
quickly  from  Eq.  (1)  [see  Report  No,  17,  pp.  19-22]  i 

1)  The  output  signal- bo-noise  ratio  (and  hence  detection  performance 

for  fixed  f alse-alam  rate )  depends  critically  on  ,  but  has 

no  strong  dependence  on  T(co).  jin  the  limits  of  large  and  small 

it  is  independent  of  I(u),  except  for  the  trivial  case  of 
target  and  interference  in  angular  alignment], 

2 )  For  M  »  1  and  a  certain  minimal  angular  separation  of  target 
and  interference,  the  output  signal-to-noise  ratio  io  no  smaller 
than  that  of  a  conventional  (M-l  )-elemsnt  linear  array  detecting 
the  same  signal  in  the  same  ambient  noise  but  in  the  absence  of 
interference. 

These  two  results  may  be  interpreted  as  follows:  Given  an  array  of 
reasonable  oiao  and  a  certain  minimal  separation  of  target  and  interference, 


) 
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the  presence  of  a  localised  interference,  however  strong,  has  very  little 
influence  on  target  detectability.  The  optimum  detector  is  apparently 
capable  of  eliminating  the  interference  without  significant  cost  to  the 
remainder  of  the  detection  operation.  With  a  bO-elenent  array,  2 -ft  spacing 
between  hydrophones,  cog  -  2n  X  5000  rad/sec,  and  a  broadside  target,  the 
"minimal  separation"  referred  to  above  is  roughly  3°.  The  corresponding 
figure  for  the  endfire  condition  is  about  20°. 

A  standard  power  detector— which  simply  aligns  all  hydrophone  outputs 
with  the  target,  adde,  squares  and  smoothes  [Report  No.  17,  Fig.  l]  —  can 
be  distinctly  inferior  to  the  likalihood°ratio  detector  in  an  environment 
including  interference.  When  interference  becomes  the  dominant  influence— 
which  occure  when  M  times  the  interference  power  exceeds  the  ambient  noise 
power  [Report  No.  17,  Eq.  (20  )J  —the  output  signal -to-noiee  ratio  depends 
on  the  slgnal-to-interferenoe  ratio,  rather  than  on  the  interference-to- 
ambient-noise  ratio.  Thus  large  gains  in  detectability  can  be  made  by  the 
use  cf  optimal  techniques  if  the  interference  is  very  strong.  In  the 
strong  interference  regime  the  output  eignal-to-noise  ratio  of  the 
conventional  detector  varies  csYm1,  whereas  that  of  the  likelihood-ratio 
detector  varies  ae  M.  Hence  from  this  point  of  view  also  the  likelihooi- 
ratio  detector  achieves  r  >re  effective  utilisation  of  the  available  sensor 


The  performance  index  of  ultimate  interest  is  probably  the  detection 
probability  for  a  fixed  false -alarm  rate.  Curves  of  this  performance  index 
as  a  function  of  input  signal-to-ambient-noise  ratio  were  computed  [Report 
No.  17,  Figs.  12  and  13 J  .  They  show  advantages  of  the  likelihood-ratio 
detector  over  the  standard  detector  varying  from  moderate  to  large  depending 
primarily  on  the  interfe.ence-to-ambient-noise  ratio. 
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The  results  of  Report  No.  17  make  it  clear  that  significant  improvements 
in  performance  can  he  obtained  in  interferenoe-dcjninated  situations  by 
departing  from  conventional  detector  design.  There  remains  the  question 
whether  reasonable  approximations  to  the  theoretically  possible  performance 
can  bs  obtained  with  instrumentations  of  acceptable  complexity.  Report 
No.  21  is  addressed  to  sons  aspects  of  this  question. 

Since  the  likelihood-ratio  detector  achieves  a  performance  largely 
independent  of  the  interference  at  an  overall  cost  of  no  more  than  one 
hydrophone,  it  appears  reasonable  to  search  for  a  simple  instrumentation 
that  eliminates  interference  at  a  sacrifice  of  no  more  than  oi;s  signal 

-V.-.  aim 

channel.  This  is  accomplished  by  the  instrumentation  shown  ir  Report  No.  21, 
Fig.  1.  The  hydrophone  outputs  are  delayed  to  align  the  interference 
components  (the  interference  direction  is  easily  measured  he cause  the 
interfering  signal  is  presumably  strong).  Pairwise  subtraction  of  adjacent 
charnels  yields  M-l  interferenoe-free  signals  whose  target  components  can 
now  be  aligned  by  a  second  set  of  delays.  Conventional  addition,  squaring 
and  smoothing  follows. 

An  analysis  of  the  detector  Just  described  yields  an  output  slgnsl-to- 
noise  ratio  quite  cloee  to  that  of  the  likelihood-ratio  detector  [Report 
No.  21,  Fig.  2]  .  Except  for  targets  in  very  close  angular  proximity  to 
the  interference,  the  degradation  amounts  to  c'tly  about  1  db  of  equivalent 
input  signal -to-ambient-noiee  ratio.  From  thii  point  of  view,  therefore, 
the  proposed  instrumentation  can  be  regarded  as  almost  completely  successful. 
On  the  other  hand,  if  one  examines  the  average  bvaring  response  pattern,  one 
finds  that  target  peaks  ore  sharply  diminished  in  a  rather  broad  angular 
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neighborhood  of  the  interference  ^Report  No.  21,  Jigs.  In  qualitative 

terns,  the  zone  of  degraded  performance  extends  over  an  angle  roughly  equal 
to  the  width  of  the  beam  formed  by  adjacent  hydrophones.  This  observation 
suggests  the  inquired  remedy.  Instead  of  subtracting  adjacent  channels  after 
alignment  with  the  interference,  one  obtains  the  interference  null  by 
subtracting  hydrophone  pairs  spaced  a  greater  distance  apart.  Figure  10  of 
Report  No.  21  gives  one  example  of  such  a  procedure.  Analysis  of  a  general 
arrangement  of  thie  type  yields  an  average  bearing  response  pattern  clearly 
showing  target  peaks  even  in  rather  close  proximity  to  the  interference  and 
under  very  unfavorable  conditions  of  signal-to-noise  raoio  ^Report  No.  21, 
Figs.  11  and  12]. 

Taken  together,  Reports  No.  17  and  21  indicate  that  significant 
improvements  over  conventional  instrumentations  are  possible  in  interference- 
dominated  situations  and  that  the  improvements  can  be  obtained  with  only 
moderately  increased  complexity  in  instrumentation.  Fran  a  practical  point 
of  view  the  most  serious  modification  is  the  need  for  a  second  set  of  delay 
elements.  While  the  proposed  instrumentation  lays  no  claim  to  optimality 
either  in  performance  or  in  simplicity,  ane  is  tempted  to  speculate  that 
the  need  for  two  seta  of  delay  elements  (or  one  set  with  storage  facilities 
to  permit  sequential  processing )  is  fairly  basic,  for  one  can  hardly  hope 
to  eliminate  interference  without  forming  a  beam  on  the  interfering  signal. 


^he  relative  significance  of  output  signal-to-noise  ratio  and  average 
bearing  response  is  discussed  in  Report  No.  21,  Section  V. 
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III,  Detection  of  Sinusoidal  and  Narrowband  Signals 

Results  on  the  detection  of  sinusoidal  end  narrowband  Gaussian  signals 
are  oontained  In  Report  No.  20.*  it  should  be  pointed  out  that  certain  portions 
of  this  material  have  been  reported  previously.  In  particular,  much  of 
Chapter  II  was  contained  in  Volume  II  of  this  series  as  Progress  Report  No.  10. 

Report  No.  20  is  concerned  with  the  effect  of  frequency  uncertainty  on 
the  detection  problem.  All  other  assumptions  are  therefore  chosen  as  simple 
as  possible.  Spectra  of  narrowband  signals  and  of  the  noise  are  assumed  to  be 
flat  over  their  respective  bands  and  wideband  signal  components  (undoubtedly 
present  in  practice )  are  ignored.  The  signal,  sinusoidal  or  Oaussian  with 
bandwidth  Bg,  is  assumed  to  lie  anywhere  within  a  band  B  >  Bg  over  which  the 
noise  spectrum  is  flat  [see  Report  No.  20,  Fig.  III.l]  . 

The  results  fall  into  two  general  categories: 

1}  The  physical  structure  of  the  optimum  detector. 

2)  The  performance  of  the  optimum  detector. 

The  structure  of  the  optimum  detector  depends  critically  on  the  product 

BgT  of  signal  bandwidth  and  observation  time.  If  BgT  »  1  ,  one  has  available 

a  statistically  significant  sample  of  the  Gaussian  signal  process.  If  the 

center  frequency  of  the  signal  is  known,  the  instrumentation  problem  reduces 

to  the  standard  result  for  the  detection  of  a  Gaussian  signal  in  Gaussian 

noise:  a  bandpass  filter  matched  to  the  signal  followed  by  conventional 

power  detection.  With  unknown  center  frequency  it  is  shown  in  Report  No.  20 

that  the  optimum  detector  for  large  output  signal -to-noise  ratio  (good 

detectability)  examines  the  output  of  s  series  of  auoh  detectors  with  filters 

having  all  possible  signal  center  frequencies.  If  any  one  of  the  outputs 

2 

exceeds  an  appropriate  threshold,  a  signal  is  reported  to  be  present.  In 

^Report  No.  20  contain*  all  of  the  information  originally  in  No.  19  in  addition 
to  new  materiel. 

2 

In  Report  No,  20  thit  configuration  i»  described  as  a  "bandsweeping  detector." 
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practice,  of  course,  one  cannot  construct  filters  for  eaeh  of  the  infinity 
of  possible  signal  center  frequencies.  As  a  first  approximation  one  can 
simply  divide  the  band  B  into  r  -  B/Bg  parte,  eaoh  of  width  Bg.  The  first 
step  of  refinement  might  employ  2r  overlapping  filters  [Report  No.  20, 

Fig.  Ill,  It  j  and  further  approximations  to  the  continuously  variable  oenter 
frequency  are  clearly  possible.  From  c  practical  point  of  view,  the 
numerical  results  indicate  that  an  instrumentation  with  2r  filters  already 
gives  a  fairly  good  approximation  to  the  optimum,  so  that  muoh  more 
complicated  detector  structures  should  be  of  limited  interest. 

If  BgT  « 1  the  available  sample  of  the  narrowband  Gaussian  signal  loaics 
essentially  like  a  sinusoid  at  the  center  frequency  of  the  signal  band.  It  ia 
therefore  not  surprising  to  find  that  the  optimum  detector  cross  correlates 
the  received  signal  with  a  series  of  sinusoids  at  the  various  possible  center 
frequencies  [see  Report  No.  20,  Sq.  (17 -22  )J .  Since  the  phase  of  the  received 
signal  is  not  known  a  priori  the  oor relation  is  performed  at  each  frequency 
against  two  sinusoids  in  quadrature  with  each  other.  Because  of  computational 
difficulties  the  number  of  crosacorrelatore  required  for  a  reasonable 
approximation  to  the  ideal  instrumentation  (using  a  continuously  variable 
correlator  frequency)  was  not  investigated  in  aa  much  detail  as  the 
corresponding  phenomenon  for  BgT  »  1  .  It  appears  clear,  however,  that  the 
practical  spacing  of  correlator  frequencies  should  be  of  the  order  of  j 
rather  than  Bg.  Over  a  period  of  T  seconds  correlators  using  duuaoida 
separated  by  Much  less  than  ^  CPC  would  have  essentially  the  same  output 
and  would  therefore  be  highly  redundant.  Numerical  computations  were  actually 
carried  out  for  correlator  frequencies  separated  by  if  cps,  and  the  reoulte 
are  felt  to  give  a  reasonable  approximation  to  the  attainable  optimum  [Report 
No.  20,  Fig.  17. ij  , 
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Sinc«  a  narrowband  signal  with  BgT  «  1  is  practically  indistinguishable 
from  a  sinusoid,  it  follows  that  the  detection  of  a  sinusoid  of  unknown 
amplitude,  frequency  and  phase  is  simply  a  special  case  of  the  narrowband 
problem.  All  c  raiments  concerning  deteotor  struoturs  and  performance  oarry 
over  to  the  sinusoidal  case  without  difficulty. 

The  performance  of  ths  optimum  detector  can  be  discussed  from  two 
opposite  points  of  view,  as  suggested  earlier.  Starting  with  the  known 
solution  to  the  problem  of  deteotisg  a  narrowband  Gaussian  signal  with  known 
center  frequency  in  broadband  Gaussian  noise,  ons  can  oansider  the  degradation 
in  performance  brought  about  by  the  frequency  uncertainty.  If  the  signal  can 
lie  in  any  one  of  r  disjoint  frequenoy  intervals  and  "signal  present"  is  to 
be  reported  when  any  one  of  the  r  detectors  operating  on  these  separate 
intervals  exceeds  a  fixed  threshold,  then  the  probability  of  false  alarms 
increases  with  r  for  fixed  threshold  level.  Conversely,  if  one  wishes  to 
maintain  a  fixed  false -alarm  rate,  one  must  increase  the  threshold  level 
with  r  end  must  therefore  tolerate  a  somewhat  lower  detection  probability 
than  in  the  fixed-frequency  case.  Fran  the  other  point  of  view  one  starts 
with  a  fixed  algnal  power  uniformly  distributed  over  the  entire  processed 
band  B  and  regards  ary  knowledge  about  algnal  concentration  in  a  narrower 
band  Bg  as  additional  information  which  can  be  used  to  enhance  detector 
performance.  Under  a  fixed  power  constraint  the  input  signal -to-noise 
ratio  Rg  within  ths  signal  band  variss  linearly  with  r  »  B/Bg  .  For  fixed 
center  frequency  and  low  input  signal-tc-noiee  ratio  the  output  oignal-to- 
noiee  ratio  depends  linearly  on  the  input  signal -to-noise  ratio.  Thus  the 
cutput  elgnal-to-noise  ratio  would  vary  linearly  with  r  if  it  were  not  for 
the  false-alara  problem  produced  by  the  nesd  to  prooees  r  separate  frequency 
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bands.  From  this  point  of  view,  therefore,  there  are  two  counterbalancing 

effects:  Improvement  due  to  the  increase  of  Rg  with  r  and  degradation  due 

to  the  more  severe  false-alam  problem.  The  results  of  Report  No.  20 

indicate  that  the  first  effect  dominates  as  long  as  Eg  «  1  .  Under  these 

conditions  the  output  signal-to-noise  ratio  is  alnost  as  large  as  one  would 

predict  from  the  given  Rg  and  standard  theory  for  fixed  center  frequency. 

When  Rg  reaches  the  order  of  unity,  however,  the  picture  changes.  Once  Rg 

exceeds  unity,  the  nas  fluctuation  of  the  detector  output  is  no  longer 

primarily  due  to  the  noise  component  of  the  input,  but  to  the  signal 

component.  Further  increases  in  Rg  not  only  increase  the  useful  output 

but  also  the  output  fluctuation.  Computations  in  the  region  of  Rg  >  1 

are  tedious  to  perfom,  and  not  enough  accurate  values  have  been  obtained 

to  determine  the  exact  behavior  of  the  output  signal-to-noiae  ratio  in  that 

region.  One  asynptotic  value  which  is  easily  calculated  is  the  limiting 

form  for  Bg— 1  0  (hence 

of  unknown  amplitude,  frequency  and  phase.  Results  for  this  case  indicate 

that  the  most  favorable  situation  for  detection  is  not  necessarily  that  of 

greatest  concentration  of  signal  power  in  the  narrowest  possible  band. 

[see  Report  No.  20,  pp.  163-161*,  for  a  discussion  of  this  problem  .J  Further 

work  on  the  detection  of  signals  strong  in  at  least  sene  portion  of  the 

frequency  spectrum  is  planned  for  ttaa  future.*  In  the  meantime  it  would 

appear  that  little  or  no  gain  in  detectability  is  made  by  processing  frequency 

bands  so  narrow  that  the  expected  signal-to-noise  ratio  within  the  signal 
2 

band  exceeds  unity. 

frequency  uncertainty  is  not  an  essential  part  of  this  particular  problem. 
The  strong  signal  case  has  not  been  fully  discusued  in  the  literature  even  with 
predetermined  spectral  properties, 

2 

On  the  other  hand,  the  use  of  narrower  and  narrower  hands  can  achieve 
values  of  Rg  close  to  unity  for  signals  of  smaller  and  smaller  intrinsic 
power  level? 


Rg — > -  ) .  This  is  the  case  of  a  sinusoidal  signal 
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IV.  Detection  in'  an  Unknown  Noise  Background 

Report  No.  16  Is  concerned  with  the  degradation  in  detectability 
resulting  from  a  lack  of  a  priori  knowledge  about  the  noise  power.  It  nay 
be  viewed  as  a  first  step  towards  a  model  presupposing  no  prior  knowledge 
of  noise  statistics.  In  Report  No.  16  the  noise  is  still  assumed  to  be 
Gaussian  with  known  spectral  shape.  Only  the  level  (and  hencs  total  power) 
is  regarded  cs  unknown  within  reasonable  limits. 

On  a  general  level,  the  report  demonstrates  that  a  sufficient  statistio 
for  detection  under  ths  abovs  conditions  is  furnished  by  the  two-dimensional 
random  variable  (u^ ,Ug ) ,  where 


u1  -  S  x'Q'h  Q"1* 
u2  -  x'Q"1! 


(2) 

(3) 


S  is  a  measure  of  the  average  signal  power,  x  is  the  vector  of  received 
signal  samples  at  various  hydrophones,  x'  is  the  transpose  of  x,  Q  is  the 
normalized  noise  covariance  matrix  and  P  is  the  normalized  signal  covariance 
matrix. 

If  the  noise  power  is  known,  Eq.  (2)  alone  forms  a  sufficient  statistic. 

The  additional  operation  required  without  such  knowledge  1 s  specified  by 
Eq.  (3).  In  the  absence  of  signal  this  amounts  simply  to  the  estimation  of 
the  noise  power  from  the  available  data.  If  a  signal  is  present  it  is  not 
possible  to  obtain  data  on  the  noise  alone.  However,  the  operation  of  Eq.  (3) 
is  matched,  to  the  noise  properties  (through  the  matrix  Q"1),  and  to  the  extent 
that  signal  and  noise  diffsr  (in  directionality,  spectral  properties,  modulation, 
etc. )  it  can  achieve  a  measure  of  discrimination. 

In  practice  one  is  frequently  interested  in  constant  false-alarm  rate 
It  is  shown  [Report  No.  18,  pp,  iv-s]  that  a  process  of 
on  the  linear  combination  -  au->  (a  a  constant )  yields 


(CFAR )  performance, 
threshold  detection 
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CFAR  operation,.  While  any  other  quadratic  form  ■  x'Ax  Mould  also  lead 
to  CFAR  operation,  it  is  demonstrated  i  Report  No.  10,  Appendix  A*]  that  the 
choice  A  -  Q"1  has  properties  that  are  desirable  although  not  necessarily 
optimum  in  any  absolute  sense. 

On  a  more  specific  level,  the  output  signal-to-noise  ratio  of  the  CFAR 
detector  [Report  No.  10,  Eq.  (13.)]  is  evaluated  for  several  particular 
situations  of  practical  interest.  It  is  shown  that  for  large  arrays  (M  »  1) 
lack  of  knowledge  concerning  the  noise  power  has  little  influence  on 
detectability  because  adequate  estimates  of  the  noise  level  can  be  made  from 
Eq.  (3).  The  cost  of  such  estimates  is  roughly  ^  hydrophonej  i«e.,  deteotion 
performance  is  the  same  as  that  of  an  array  with  M  hydrophones  operating 
in  a  completely  known  noise  environment.  At  the  other  extreme,  when  M  *  1  , 
detection  is  impossible  unless  signal  and  noise  have  distinguishing  features 
other  than  directionality.  One  such  feature  investigated  is  the  presence  of 
amplitude  modulation  on  the  signal.  Under  these  conditions  it  is  shown  that 
detection  can  be  accomplished  with  a  single  hydrophone  but  that  the 
advantage  gained  from  knowledge  about  the  modulation  rapidly  decreases  as 
the  number  of  hydrophones  increases.  Even  with  only  two  hydrophones,  the 
advantage  to  by  gained  from  sinusoidal  modulation  is  equivalent  to  no  more 
than  about  1,5  db  in  input  signal-to-noise  ratio. 

A  number  of  canputationa  were  carried  cut  to  gain  insight  into  the 
effect  of  differences  in  spectral  properties  of  signal  and  noise  on  the 
above  results.  All  such  efforts  led  to  the  conclusion  that  the  effects 
were  minor  except  for  extremely  small  arrays. 


Because  of  the  practical  convergence  of  working  with  digital  data, 
there  is  considerable  interest  in  the  inherent  loss  in  detectability 
resulting  from  the  required  sampling  and  quantizing  operations.  Several 
earlier  reports  in  this  series  have  dealt  with  various  aspects  of  this 
problem  [Reports  No.  2,  1*  and  6  of  Vol.  I  and  Report  No.  11  of  Vol.  IlJ  . 
Most  of  these  reports  considered  the  effect  of  clipping  on  spedfio 
instrumentations.  Only  one  [Report  No.  6]  attempted  to  assess  the 
inherent  oost  of  clipping,  and  it  did  so  under  highly  idealized  conditions 
(the  initial  data  were  assumed  to  be  independent  samples  of  a  Gaussian 
random  process).  All  the  previous  work  dealt  vdth  Gaussian  signals  and 
noise. 

Report  No.  22,  while  workirg  with  another  specific  Instrumentation, 
gives  new  insight  into  the  meaning  of  the  results  obtained  previously, 
particularly  with  regard  to  the  relative  importance  of  sampling  and 
clipping  in  the  degradation  experienced  with  digital  data  handling 
techniques.  It  also  gives  some  results  for  detection  in  an  environment 
of  non-Gausaian  noise. 

The  particular  instrumentation  under  study  i3  the  polarity  coincidence 
array  detector  (PCA),  a  natural  generalization  of  the  polarity  coincidence 
correlator  (PCC),  It  observes  the  hard-clipped  outputs  of  all  array 
elementa  and  uses  as  a  test  statistic  n  quantity  that  is  in  effect  the 
maximum  number  of  outputs  having  the  same  sign.  This  scheme  has  the 
following  attractive  properties: 

l)  If  the  input  consists  of  independent  samples  of  a  Gaussian  random 
process,  it  is  asymptotically  optimal  in  the  Neyman-Pearscn  sense 
for  small  input  sigcal-to-noise  ratios. 
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2)  If  the  input  consists  of  independent  but  not  necessarily 
Gaussian  samples,  the  detector  mein tains  a  constant  false - 
alarm  rate  independent  of  the  input  distribution. 

3)  If  the  input  consists  of  dependent  Gaussian  samples, 
constant  false-alarra  properties  are  maintained  in  spite 
of  possible  variations  in  the  noise  power  level. 

Because  of  the  asymptotic  optimality  in  case  1)  this  situation  is 
equivalent  to  the  problem  treated  in  Report  No,  6  and  one  arrives  at  the 
same  degradation  of  -  or  1.96  db  in  equivalent  input  signal -to-noise  ratio. 

In  case  2)  the  degradation  can  be  either  larger  or  smaller  than  1.96 
db,  depending  primarily  on  the  behavior  of  the  noise  probability  density 
function  near  the  origin.  If  the  noise  probability  density  near  the 
origin  is  higher  than  that  of  a  Gaussian  random  variable  with  the  same 
power,  the  degradation  is  lees  than  1.96  db  (impulse  noise  would  be  a  case 
of  this  type).  Conversely,  with  low  values  of  noise  probability  density 
near  the  origin,  there  can  be  a  substantially  greater  loss. 

Case  3,  dependant  Gaussian  samples,  sheds  light  on  the  sanrliag  problem 
because  increase  in  dependence  may  be  viewed  ae  the  consequence  of  more 
rapid  sampling.  It  is  shewn  that  the  loss  in  detectability  declinea  as  the 
dependence  increases.  One  typical  example  yields  a  reduction  from  1,96  db 
to  0.63  db  degradation  aa  the  sampling  rate  is  varied  from  a  lew  value 
furnishing  essentially  independent  samples  to  c  very  high  value.  It  is 
important  to  keep  in  mind  under  what  circumstances  a  portion  of  the  1,96  db 
loaa  ia  recoverable.  If,  as  in  Report  No.  6,  signal  and  noise  are  Gaussian 
randan  processes  with  flat  power  spectra  over  the  entire  processed  band 
(0,V),  then  a  series  of  samples  taken  at  intervals  of  ^  sec  are  1  widen t 
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and  completely  describe  the  received  signal.  There  has  been  no  sampling 
loss.  If  these  samples  are  new  hard  clipped,  there  is  a  1,96  db  loss  in 
detectability  which  must  apparently  be  charged  to  the  clipping  process. 

On  the  other  hand,  if  the  continuous  signal  is  clipped  and  then  sampled 
at  a  rate  increasing  from  2W  samples  per  second  to  a  very  high  value,  then 
the  degradation  of  detector  performance  declines  from  1,96  db  to  well  under 
1  db.1  Fran  a  practical  point  of  view  it  la  important  to  note  that  the 
sampling  rates  required  in  order  to  recover  moat  of  the  1.96  db  loss  are 
quite  high  compared  with  the  nominal  cutoff  frequency  of  signal  and  noise 
spectra  |pee  Report  No.  22,  Fig,  3  J, 

Also  considered  in  Report  No.  22  are  several  variations  of  the  PCA 
detector  that  may  be  somewhat  more  convenient  from  the  point  of  view  of 
practical  implementation.  Their  figures  of  msrit  tend  to  be  somewhat, 
though  not  drastically,  inferior  tc  that  of  the  PCA. 

Report  No.  22  ic  part  of  a  continuing  effort  to  determine  the  oost 
of  using  digital  techniques  in  processing  sonar  data  for  detection 
purposes.  Additional  topics  in  this  area  now  under  study  include 
detection  under  conditions  of  high  signal-to-noiee  ratio  and  detection 
in  an  environment  dominated  by  ntrong  interference. 


"Trom  another  point  of  view  this  result  may  be  regarded  as  a 
consequence  of  the  hsndapraading  produced  hy  clipping.  The  clipped  signal 
is  not  h'zilimited  to  (0,W)  so  that  samples  at  intervals  of  (l/2W)  sic 
no  longer  oomplately  represent  it.  It  is  cleanly  immaterial  to  this 
argument  whether  the  physical  operation  of  clipping  takes  place  before 
or  after  the  sampling  operation. 
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Summary 

The  report  deals  with  the  passive  detection  of  a  scnar  target  in  the 
presence  of  ambient  noise  as  well  as  interference  from  a  second  target, 
possibly  very  much  stronger  than  the  first.  Target,  interference  and  ambient 
noise  are  assumed  to  be  Gaussian  random  processes,  the  ambient  noise  being 
statistically  independent  from  hydrophone  to  hydrophone  of  the  (linear) 
receiving  array.  Output  signal-to-noisa  ratios  and  error  probabilities 
are  calculated  for  conventional  and  likelihood-ratio  detectors.'1"  The 
following  results  are  obtained: 

1)  The  output  signal-to-noise  ratio  of  the  conventional  detector 
varies  as  M  for  y  »  VlT  and  as  for  y  «  Yh1  ,  £n  ■ 
average  ambient  noise  power,  I  •  average  interference  power, 

M  E  number  of  hydrophonesj . 

2 )  The  output  signal-to-noise  ratio  of  the  likelihood  ratio  detector 

N 

varies  as  M  for  low  as  well  as  for  high  values  of  j  . 

3)  The  effective  input  noise  power  of  the  conventional  detector  is 
approximately  N  for  |  »  VS1  and  I  for  |  «  ifi? . 

h)  The  effective  input  noise  power  of  the  likelihood-ratio  detector 

IT 

is  approximately  N  for  low  aa  well  as  for  high  values  of  y , 

5)  Except  for  targets  very  close  in  bearing  to  the  interference,  the 
performance  of  the  likelihood-ratio  detector  is  no  worse  than, 
that  of  a  similar  detector  with  one  less  hydrophone  operate  in 

4he  analysis  of  the  conventional  detector  assumes  that  the  normalized 
autocorrelation  functions  of  interference  and  ambient  noise  have  the  same 
exponential  form.  No  ouch  restriction  ie  made  In  the  general  analysis  of 
the  likelihood-ratio  detector,  but  many  of  the  specific  numerical  results 
are  baaed  on  the  assumption  that  the  spectra  of  signal,  interference  and 
ambient  noise  have  the  same  form, 

A-i 
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the  sane  ambient  noise  background  but  in  the  absenoe  cf  inter¬ 
ference.  Thus  the  cost  of  eliminating  interference  from  a 
point  scurce  is  no  more  than  one  hydrophone, 

6)  For  targets  angularly  remote  from  the  interference,  the  advantage 
of  the  likelihood-ratio  detector  over  the  conventional  detector 

M 

depends  critically  on  the  value  of  j .  Sample  calculations  of 
miss  probability  for  fixed  false-alam  probability  (for  a  1*0- 
elenent  linear  array  with  2 -ft  hydrophone  spacing,  processing 
bandwidth  of  5000  cps,  and  false  alarm  rate  ljf)  yield  an 

advantage  equivalent  to  about  2  db  of  input  signal-to-noise  ratio 

N  N 

for  j  «  l;  .  Corresponding  figures  for  lower  values  of  are: 

7  db  for  |  =  1  ,  17  db  for  |  -  0.1  . 

7 )  As  the  interference  approaches  the  target  in  bearing,  the 
performance  of  both  detectors  declines.  For  a  likelihood-ratio 
detector  ;rLth  processing  bandwidth  of  5000  cps  (using  a  l*0-element 
linear  array  with  2-ft  hydrophone  spacing,  target  broadside,  false- 
alarm  rate  1  f),  this  loss  in  performance  amounts  to  less  than  |  db 
in  equivalent  input  signal-to-noise  ratio  as  the  relative  bearing 
of  interference  and  target  decreases  from  90°  to  3°.  Only  for 
relative  bearings  of  less  than  3°  is  the  decline  in  performance 
pronounced.  For  a  conventional  detector  without  pre-filtering, 
operating  under  similar  conditions,  the  decline  in  performance  is 
equivalent  to  5-6  db  in  input  signal-to-i  else  ratio  as  the  relative 
bearing  varies  from  90°  to  3°.  The  corresponding  figure  for  » 
conventional  detector  with  pre -whitening  is  of  the  order  of  3  db. 
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The  ability  of  the  likelihood-ratio  and  conventional  detectors  to 
detect  targets  in  angular  proximity  to  the  interference  varies 
in  the  same  manner  with  target  location  relative  to  the  array 
axis.  It  is  best  in  the  broadside  condition  and  poorest  in  the 
endfire  condition. 

The  effect  of  clipping  on  the  average  bearing  response  pattern  of 
a  conventional  detector  is  no  greater  in  the  presence  of  inter¬ 
ference  than  in  its  absence  (interference  remote  in  bearing  from 
target ). 


I.  Introduction 


This  report  deals  with  the  problem  of  passive  sonar  detection  of  a  weak 
target  signal  in  the  presence  of  interference  from  a  second  target,  possibly 
very  much  stronger  than  the  first,  as  well  as  the  usual  ambient  noise. 
Signal,  interference  and  ambient  noise  are  assumed  to  be  independent, 
stationary  Gaussian  random  processes  with  known  spectral  properties.  The 
receiving  array  is  assumed  to  be  linear  and  to  consist  of  M  equally  apaced 
omnidirectional  hydrophones.  The  wavefronts  of  target  signal  and  inter¬ 
ference  are  regarded  as  plane  over  the  dimensions  of  the  receiving  array. 
Since  interest  centers  on  the  effect  of  interference,  the  ambient  noise  is 
treated  as  statistically  independent  from  hydrophone  to  hydrophone,  an 
assumption  that  achieves  considerable  computational  simplification  and  is, 
in  any  case,  not  too  unrealistic  for  hydrophone  spacings  above  a  fairly 
small  minimum. 

For  the  purposes  of  the  present  investigation  the  sum  of  interference 
and  ambient  noise  may  be  regarded  as  the  effective  noise.  Under  the 
assumptions  stated  a’uove,  the  effective  noise  is  therefore  another 
stationary  Gaussian  random  process  with  known  spectrum.  Thus  the  problem 
under  investigation  differs  from  that  treated  in  a  series  of  earlier 
reports1  only  in  that  the  effective  noise  is  strongly  anisotropic  if  the 
interference  exceeds  the  ambient  noise  by  a  substantial  amount.  The 
basic  analytical  techniques  developed  in  the  earlier  reports  remain  for  the 
most  part  applicable  with  only  minor  modifications.  However,  sene  of  the 
specific  results  are  decidedly  different  when  the  anisotropy  of  the  noise 
is  pronounced. 

Jln  particular  Reports  No.  2,  3,  6, 
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The  present  report  addresses  itself  primarily  to  the  following  three 
problems t 

1)  The  effect  of  interference  on  the  performance  of  a  conventional 
(power)  detector.  The  report  derives  the  output  signal-to-noise  ratio  of 
a  conventional  detector  and  shows  its  dependence  on  such  factors  as  inter¬ 
ference  power,  number  of  elements  in  the  array,  and  angular  location  of 
the  interference  relative  to  the  target, 

2)  Improvements  in  detectability  attainable  through  use  of  optimal 
procedures.  If  one  assumes  that  the  angular  location  of  the  interference 
is  known  or  can  be  measured  quite  accurately  (which  is  a  reasonable 
assumption  when  the  interference  is  strong ),  one  feels  that  it  should  be 
possible  to  achieve  improvements  in  detection  by  "nulling  out"  the  inter¬ 
ference  by  proper  operations  on  the  various  hydrophone  signals.  Such  a 
procedure  will,  of  course,  also  tend  to  diminish  the  desired  signal  so  that 
a  canqpromiae  is  called  for.  The  report  investigates  the  performance  of  a 
likelihood  ratio  detector  which  automatically  achieves  the  best  compromise. 

The  results  of  earlier  studies  on  likelihood  ratio  detectors  have  indicated 
that  the  gains  to  he  made  by  using  this  generally  rather  complicated 
instrumentation  are  slight  unless  knowledge  concerning  important  distinguishing 
features  of  signal  and  noise  is  available  at  the  receiver.  The  results  of 

the  present  report  suggest  that  noise  anisotropy  may  be  precisely  such  a 
feature. 

3)  Detection  from  clipped  hydrophone  data.  It  is  convenient  for  a 
number  of  reasons  to  clip  the  output  of  each  hydrophone  (i.e,,  in  effect 
to  reduce  it  to  a  binary  number)  before  attempting  to  form  beams  or  engage 
in  other  data  processing  procedures.  There  is  evidence  to  suggest  that  such 


i 

t 
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a  procedure  nay  be  undesirable  when  the  effective  noise  consists  primarily 
of  interference.  The  report  attempts  to  give  at  least  a  partial  assessment 
of  the  cost  of  clipping  in  the  presence  of  interference. 

Nomenclature,  The  following  symbols  will  be  used  throughout  this 
report: 

s.(t)  *  signal  component  of  the  output  from  the  hydrophone 

x  J 

i.(t)  s  interference  component  of  the  output  from  the 
*  hydrophone 

n.(t)  *  ambient  noise  component  of  the  output  from  the 
J  hydrophone 

s  signal  delay  from  jth  to  kth  hydrophone 
»  interference  delay  from  to  kth  hydrophone 
S  ■  average  signal  power  at  each  hydrophone 

I  •  average  interference  power  at  each  hydrophone 

N  •  average  ambient  noise  power  at  each  hydrophone 
S(m)  ■  signal  spectrum 
l(<o)  *  interference  spectrum 
N(<o)  »  ambient  noise  spectrum 

Pa (t )  *  g  T^i)  s^(t  +  x)  s  normalized  autocorrelation  of  the 
signal  at  each  hydrophone 

Pi  CO  *  j  lj(t)  lj(t  +  t;  »  normalized  autocorrelation  of  the 
interference  at  each  hydrophone 

Pn(^)  *  jy  n\(t )  n^(t  +  vj  s  normalized  autocorrelation  of  the 
ambient  noise  at  each  hydrophone 


M 


number  of  hydrophones 


l~k 


T  ■  observation  (smoothing)  time 

II.  The  Effect  of  Interference  on  the  Performance  of  a  Conventional  Detector 
This  section  is  concerned  with  the  output  aignal-to-noise  ratio  of  the 
conventional  detector  shown  in  Jig.  1.  As  in  several  earlier  reports, 
output  signal-tc-noise  ratio  is  here  defined  as  the  change  in  DC  output  due 
to  the  appearance  of  a  target  signal  divided  by  the  nns  fluctuation  of  the 
output.  With  the  array  electrically  or  mechanically  trained  on  the  target 
location,  the  change  in  DC  output  due  to  signal  is 

A  (DC  output)  -  M^S  (l) 


M  hydrophones 


Figure  1 


Assuming  low  input  aignal-to-ndse  ratio  at  each  hydrophone,  the  output 
variance  can  be  written  down  irmediatcly  from  Report  No.  3,  Eq.  (U6 )j 


(*)  "  T  £  }_,  £  £  f  Pi(x3h  +  T)  pi(TkA  +  x)  *  +  T-  H2  fpn  W  dr 
3=1  h-i  k-1  J-l  *  * 

(2) 


T  is  the  smoothing  time  of  the  low-pass  filter,  which  consists  of  a  device 
averaging  y(t)  over  the  past  T  seconds,  pn(x)  is  the  normalized  auto¬ 
correlation  function  of  the  ambient  noise. 

It  is  probably  not  unreasonable  to  assume  that  the  autocorrelation 
functions  of  interference  and  ambient  noise  are  simple  exponentials. 
Furthermore,  the  bandwidths  of  both  processes  are  apt  to  be  comparable 
in  many  cases  of  practical  interest.'1’  Hence  it  appears  permissible  for 
purposes  of  rough  approximation  to  make  the  relatively  simple  assumption 


Pi(-r)  -  PnfO  -  e 


-%|t| 


(3) 


a)  is  the  effective  bandwidth  of  interference  and  noise, 
o 


Since  the  hydrophone  array  is  linear  and  equally  spaced  it  follows  that 


TJta  '  "  h)To 

where  tq  ia  the  delay  of  the  interference  from  hydrophone  to  hydrophone. 


(U> 


Hence 


pi(Tjh  * T> 


-03 


|(3-hK 


+T 


(5) 


^One  would  certainly  not  proceaa  a  band  very  much  larger  than  that  of  the 
signal,  so  that  one  may  rule  out  the  case  of  an  effective  interference  band¬ 
width  broad  oonp&red  to  the  signal  bandwidth.  On  the  other  hand,  if  the 
interference  were  extremely  narrow  in  bandwidth  compared  to  the  signal,  one 
could  effectively  eliminate  it  by  filtering.  Thus  the  case  of  primary  interest 
is  that  of  signal  and  interference  at  least  roughly  equal  in  bandwidth.  A 
similar  argument  applies  to  the  relative  bandwidths  of  signal  and  ambient 
noise. 
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Thus  the  indices  j,  h,  k,  t  in  j2q.  (2)  appear  only  in  the  combinations  j  -h 
and  k  - 1  .  For  further  manipulation  it  is  convenient  to  define 

CO 

Jpl(tjh*T)Pi(Tk  .T)<h.03Jljk.«  « 

_co 


Then  tiie  fourfold  sum  can  be  reduced  to  a  double  sum  by  the  following 
procedure. 

The  change  ox  variable  j  -  h  -  r  yields 
M  M  M  M 

£  Z  £  £w-<- 

j-l  h-1  k-1  <=1 

MM  M  M  M-l  MM  -(M-l) 

k=>l  <-l  k=l  **1  r-1  k-1  <-l  r«-l 


MM  M  M  M-l 

'  “  £  Zco,M  *  Z  Z  Z  «-r><Cr,k.«  *  c-r,k-«> 

k-1  6*1  k-1  4*1  r-1 

The  further  change  of  variable  k  - 1  -  s  leads  to  the  form 
M  M  M  M  M-l 

Z  £  Z  £  w*  ■  A>,o  * « Z  «*->» o..  *  co,-> 

j-1  h-l  k-1  /-I 


(7) 


1ML 


8-1 
M-l  M-l 


»  £  <»-'><Cr,0  *  °-r,0>  *  £  £  <K -  r )W  - » )(cr,3  *  0.ri<  *  sr,  j  *  C_r_ ,a ) 


r-1 


r-1  s-l 


(6) 


From  symmetry  conditions  it  is  clear  that 
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c«  -  c*  ■  c  « ■  c 

0,8  0,-e  r,0  -r,0 

C  -  C 

r,  s  -r,  -s 

C  -  C 

-r,s  r,-e 

Hence 

M  M  M  M  M-l 

i  i  i 

j-l  h-1  k-1  «■!  c-1 


(9) 


M-l  M-l 


2E  E<H-r)(l'-s)(Cr>3*c-r,.) 


(10) 


r-1  s-1 


The  required  coefficients  are  determined  by  a  straightforward  computation 
from  Eqs,  (5)  and  (6). 


o 

o 

«• 

o 

■ 

o8!*-1 

(11) 

:  -  35-  a  ♦  ®Vo)  e 

0 

(12) 

.  -Ir-ajco  t 

■  —  (1  ♦  ;r-s  »  t  )  e 

CO  '  1  0  0 

0 

(13) 

1  r  i  -0*8  X»t 

■  i  [l  .  (r..  V„J  * 

(XU) 
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Substitution  of  Eqs.  (11)  through  (lit)  into  Eq,  (10)  yields 
M  M  M  H 
S  Z  £  EC3-h.k-<" 


j-l  h-1  k-1 


si 


M-l 


+  liM^T  (M-s)(1+scooto)  e  0  0  +  2^  (M-s) 


s-1 

M-l  r-1 


s-1 

r,J’  Ir  i  -t^Vo  r 

Yj  & -r^M_a )j  [i +  (y-a )“0T0]e  +  r+  ^*a ^Vo] 

r-2  a«l  ' 


-2su  T 

1+  (1+  2sto i  t  )  e  ' 


o  o' 


-(r+s  )a  t 


r-2  s-1 


o  o 


(isr 


Use  of  Eqs.  (1),  (2)  and  (15)  now  gives  the  desired  output  signal -to-noise 
ratio 

i' PC  output)  _ 

D  (output) 


(16) 

Useful  insight  into  the  meaning  of  this  result  can  be  c  rained  by  considering 
the  special  case 


e 


s  >  1 


This  corresponds  to  a  reasonably  broad-band  interference  sufficiently  remote 
from  the  target  in  bearing  so  that  the  cross -correlation  between  the 
interference  received  aw  adjacent  hydrophones  (at  the  sane  instant  of  tins) 
is  negligible.  An  equivalent  condition  would  be  that  the  autocorrelation 
function  of  the  interference  vanishes  for  values  of  its  argument  equal  to 
or  larger  than  the  interference  delay  from  hydrophone  to  hydrophone. 

If,  under  this  hypothesis,  the  exponential  terms  in  Eq.  (16)  are  eet 
equal  to  zero,  one  obtains 


A  (DC  output) 
D  (output) 


(17) 


The  remaining  summation  can  be  carried  out  without  difficulty,  the  result 


being 


A  (DC  output) 
L  (output ) 


In  the  absence  of  interference,  Eq.  (16)  reduces  to 


S 


(19) 


(19) 


In  this  case  the  output  lignal-to-nolse  ratio  varies  linearly  with  the  number 
of  hydrophones.  Comparison  with  Report  No.  3,  Eq,  (80),  indicates  that  this 
basic  linear  dependence  on  M  is  retained  even  if  the  isotropic  ambient  noise 
is  not  independent  from  hydrophone  to  '  ydrophone.1 


'Hinder  the  assumption  that  the  spacing  between  hydrophones  remains 
fixed  as  M  varies. 
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In  the  presence  of  interference  (nor. -isotropic  noise),  on  the  other  hand, 
Eq.  (18)  indicates  an  increase  of  output  signal-to-ndse  ratio  with  only  Vi? 
once  (  I2/3)x  2M  »  N2  .  If  the  interference  power  is  «.;aller  than  the  ambient 
noise  power,  an  increase  in  the  number  of  hydrophones  will  therefore 
initially  achieve  a  linear  improvement  in  the  outjut  aignal-to-noiae  ratio. 

In  this  range  the  effective  input  noise  power  is  approximately  N.  Beyond 
a  certain  value  of  K,  however,  further  improvement  depends  only  an 
and  the  effective  input  noise  power  becomes  approximately  I.  It  will  be 
shown  in  the  next  section  that  optimal  detection  procedures  can  preserve 
the  first  power  relation  and  at  the  same  time  achieve  an  effective  input 
noise  power  of  the  order  of  N  for  all  values  of  M. 

It  may,  at  first  glance,  appear  surprising  that  interference  should 
result  in  a  different  detector  performance  than  isotropic  noise  whon  the 
interference  is  uncorrelated  from  hydrophone  to  hydrophone.  It  must, 
however,  be  remembered  that  this  lack  of  correlation  applies  only  to  the 
hydrophone  outputs  at  the  same  instant  of  time.  Since  the  interference 
comes  from  a  single  source,  there  exists  some  value  of  relative  delay 
for  which  the  interference  components  of  any  pair  of  hydrophone  outp-  .a 
are  perfectly  correlated.  If,  as  was  implicitly  assumed  in  the  computations, 
the  smoothing  time  T  is  much  larger  than  the  travel  time  of  the  interference 
wavefront  across  the  array,  then  this  coherence  can  and  does  produce 
fluctuation  in  excess  of  the  isotropic  noise  result  at  the  receiver  output. 

Since  all  terms  in  the  denominator  of  Eq,  (16)  are  non-negative, 

Eq.  (18)  provides  an  upper  bound  on  the  output  signal -to-noise  ratio  for 
ary  value  of  ®0^0»  A  lower  bound  is  provided  by  the  case  of  interference 
aligred  in  bearing  with  the  target  (t  -  0),  in  which  case  Eq.  (16) 
reduces  to 


MS 


a  (DC  output)  a  >o 
D (output ) 


1/n2  +  K2!2' 


(20) 


-®0T, 

The  upper  bound  ia,  of  course,  attained  only  if  e  w  0  for  acm  value 
of  the  bearing  angle  of  the  interference  relative  to  the  target. 

In  Fig.  2  the  output  signal-to-noiae  ratio  jiq.  06)]  ia  plotted  in 
normalized  form  aa  a  function  of  x  »  «#  *o  for  the  caae  of  primary 
interest  here,  I  ■*>  N  .  The  number  of  hydrophones  H  is  a  parameter  in 
this  computation. 

In  order  to  exhibit  the  actual  dependence  of  output  signal-to-noise 
ratio  on  interference  bearing  0  relative  to  target  bearing,  the  curve  for 
hO  hydrophones  ia  replotted  in  Fig.  3  as  a  function  of  0  for  the  target 
in  broadside  position.'1.  In  that  case  u  t  »  u  ^  Bin  0  ,  where  d  is  the 
spacing  between  hydrophones  and  c  is  the  velocity  of  sound  In  water. 

With  2 -ft  hydrophone  spacing,  the  values  of  coQ  £  •  1,  2,  and  U  chosen  for 
the  plot  correspond  to  interference  bandwidths  of  approximately  LtOG  ops, 

800  cps  and  1600  ops  respectively. 


^With  the  target  in  endflre  position,  the  angular  discrimination  is 
substantially  poorer  because  of  the  slower  variation  of  t  with  0,  See 
discussion  in  Section  m. 


0*Z  O’l 


III.  Improvements  in  Detect ability  Through  Use  of  Optimal  Procedures 

The  basic  theory  of  the  likelihood  ratio  detector  for  Gaussian  signals 

and  noise  is  discussed  in  Report  No.  3.  Host  of  the  general  developments 

of  that  report  remain  applicable  to  the  present  problem.  Thus  if  one 

til 

writes  the  output  of  the  j  hydrophone  as 


6j(t) . 

£_,A,(n)  cos 
n  J 

at  +  B.(n)  sin  <a  t 
n  3  n 

(21) 

then  the  A^(n)  and  (n)  are  independent  Gaussian  random  variables  with 

zero  mean.  If  one  writes 

r 

Aj-t-l^n^ 

i  odd 

xt(n)  ■>< 

2 

(22  J1 

B^n) 

i  even 

and  defines 

(xi{n)  ^(n))  - 

5 

Pih(n) 

(23  f 

(**>)  *h(n)>  - 
N 

qih(n> 

(2U)2 

then  the  output  signal-tc-noise  ratio  can  be  written  simply  in  terms  of  the 
matrices  P(n)  and  Q(n)  whose  element*  ,vre  P^OO  and  q^(n)  respectively. 
Thus  oni  obtains 

^Note  that  the  sequence  here  defined  to  correspond  to 

rather  than  to  A^Ag^A^a^^..^  as  was  done  in 
Report  No.  3.  This  is  strictly  a  matter  of  computational  convenience. 

0 

'In  Report  Mo.  3  and  q^j.  ore  normalized  with  respect  to  the 

signal  and  noise  spectra.  This  is  inconvenient  here  because  ambient  noise 
and  interference  may  have  different  spectral  functions. 


(25) 


S&-2& SSi  -  -ylSfclk) 

D(output)  V*  |  n  J  J 

This  expression  follows  directly  from  Report  No.  3,  Eqs.  (11),  (21)  and  (23). 
However,  the  simplification  achieved  in  the  earlier  report  by  expressing  the 
trace  of  the  square  of  P(n)  Q"^(n)  in  terms  of  the  square  of  the  trace  is 
not  applicable  here  since  it  depended  on  symmetry  properties  in  the  noise 
matrix  that  are  present  only  in  the  isotropic  case. 

The  primary  computational  problem  is  the  inversion  of  the  noise  matrix. 
Since  ambient  noise  and  interference  are  independent,  the  Q  matrix  is 
actually  the  sum  of  a  diagonal  matrix  (the  ambient  noise  matrix)  and  a 
non-diagonal  matrix  (the  interference  matrix)  which  ia  the  signal  matrix 
for  a  target  located  in  a  direction  other  than  that  to  which  the  array  is 
steered.  The  ambient  noise  matrix  has  the  diagonal  elements  N(ci^)Acc  , 
where  N(«)  is  the  ambient  noise  spectrum.  Designating  the  Interference 
spectrum  by  1(a),  it  is  a  simple  matter  to  write  down  the  interference 
matrix  (and  hence  the  complete  noise  matrix)  from  Bryn's1  expression  for  the 
elements  of  the  signal  matrix.  The  result  ia 


r1.  Bryn,  "Optimal  aifijaal  processing  of  three-dimensional  arrays 
operating  on  Gaussian  signals  and  noise,"  J.A.S.A.  3U,  No.  3.  PP.  289-297. 
March  1962.  ~ 


N(w  )&b> 


(27) 
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With  the  array  steered  on  target*  the  signal  matrix  is 


P(n)  *  S(«n)to 


C 

1 

0 

1 


1 

0 

1 

0 


0 

1 

0 

1 


1 

0 

1 

0 


10  10 
0  10  1 


1  0 
0  1 


The  computation  of  Tr  |p(n)  Q”1(n)]2j  i'j  tedious  tout  basically 
straightforward.  Details  are  given  in  Appendix  B.  The  result  is 


Trijp(n)  Q-1(n)j 


s  V . 

7^T) 


'  »(“n)l 


<M  H-1  + 


N(a)n) 

uT) 


(28  f 


12 


M-l 

-  2^  (M-<)  cos  «conTQ  l 
A-l 

(29) 


Substitution  into  Eq.  ( 2 5 )  yields  the  output  signal -to-noise  ratio 


^Steering  may  too  mechanical  or  electrical.  In  the  latter  case  the 
parameter  t  of  the  noise  matrix  must  toe  interpreted  as  the  difference  between 
the  interference  delay  and  signal  delay  from  hydrophone  to  hydrophone. 
Electrical  steering  implies  the  insertion  of  delay  at  the  output  of  each 
hydrophone.  Since  no  information  is  destroyed  toy  this  operation,  the 
performance  of  the  likelihood  ratio  detector  is  not  affected  by  it.  Hence 
with  proper  interpretation  of  T  the  results  obtained  here  are  valid  fov  any 
target  bearing  relative  to  the  °array  axis. 

^Note  this  is  simply  Eq.  (26)  with  To"0,  N(c^)  -  0  and  I(e^)  ■  S(o^). 


Om 

If  the  observation  time  T  -  ~~  is  sufficiently  large  so  that  none  of  the 
»n -dependent  terns  in  Sq.  (30)  change  significantly  over  an  interval  bta,  the 
output  signal-to-noise  ratio  can  be  written  in  integral  font  [see  Report 


ca^  <  <B  <  at,  is  the  frequency  range  (in  rad/sec)  processed  by  the  detector. 

If  yj-jj  »  M  for  all  win  £^<u<o^,  i.e.,  if  the  dominant  noise 
is  ambient  noise,  then  Eq,  (31)  reduces  to 

(32) 

Comparison  with  Report  No.  3,  Eq.  (32),  Indicates  that  this  Is  simply  the 
output  signal -to-noisa  ratio  of  a  likelihood  ratio  detector  operating  in  on 
isotropic  Gaussian  noise  field  uncorrelated  from  hydrophone  to  hydrophone. 

On  the  other  hand,  if  y|£j  ^  M  -  1  fcr  all  co  in  ^  ^  “  *  <*>  (and  To  *  0)» 
Eq.  (31)  becomes 


Eqs.  (32)  and  (33)  cloarly  show  two  important  differences  between  the 
likelihood  ratio  detector  and  the  conventional  detector  ^characterised  by 
Eq.  (lejTlt 
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1)  The  effoctivo  input  signal-to-noifs  ratio  of  the  likelihood  ratio 
detector  la  for  high  oa  well  a a  low  levels  of  interferonoe. 
For  the  conventional  detector  the  effective  input  noise  power  is 
I  when  tho  interference  becoi  )a  dominant. 

2 )  The  output  signal -to -noise  ratio  of  the  likelihood  ratio  detector 
increases  with  H  for  high  as  well  as  low  levels  of  interference. 
For  the  conventional  detector  the  output  signal-to-noiae  ratio 
varies  only  as  Vi?  onoe  the  interference  becomes  dominant. 

In  the  special  case  -  0  (interference  aligned  in  bearing  with  the 
target ) 


M-l 


(M  -  i)  cos  tacQ  ■ 


(31*) 


4*1 


In  this  case,  as  one  would  expect,  the  likelihood  ratio  detector  shews  the 
same  type  of  behavior  as  the  conventional  detector  (i.e.,  dependence  of 
output  signal-to-noiae  ratio  on  and  M  for  »  M  and  on 

and  VM  for  «  M  .*  Any  advantage  it  may  still  possess  over  the 
conventional  detector  depends  striotly  on  its  ability  to  discriminate 
between  the  spectral  properties  of  signal,  noiss  and  interference,  rather 
than  on  spatial  anisotropy  of  the  noise  field.  If  tq  +  0  but  small, 
i.e.,  if  the  interference  is  located  at  a  bearing  dose  to  but  not  identical 
with  that  of  the  target,  the  cancellation  leading  to  Eq,  (35)  will  not  be 


*See  Eq,  (20). 
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j^rfect.  Since  the  n err  no  longer  perfectly  cancelled  terns  in  the  numerator 
of  Eq.  (31)  depend  on  M2,  they  will  eventually  dominate.  However,  in  this 
case  the  inequality  «  K-l  nay  have  to  be  quite  strong  before  the 
asymptotic  expression  of  Eq.  (33)  becomes  valid. 

In  order  to  compare  the  ability  of  the  likelihood  ratio  detector  and 
conventional  detector  to  resolve  in  angle  a  weak  target  from  a  nearby 
strong  interference,  it  will  be  of  interest  to  construct  a  curve  similar 
to  fig.  2  for  the  likelihood-ratio  detector.  For  that  purpose  let 

s  s 

S(co)  ■  jj-  N(co)  -  y  l(u)  over  the  band  processed,  i.e.  assume  that  signal, 
noise  and  interference  have  spectral  functions  of  the  same  form  though  not 
necessarily  of  the  same  power  level. 

With  ■  0  Eq.  (31 )  now  acetones  the  form 


A  (DC  output) 
D  (output) 


MM 


M-l 

2^  (M-0  cos  Jar cq 
J-l 


1 


dm 


M-l  M-l 

+  2  I!  E  (M-«)(M-r) 
J-l  r-1 


s±n(J-r)ca2To  ain(J«*)a^To 
(t-r)m2xo  (*■  r)c^To 


> 


(36) 


The  asymptotic  form  (^r0  »  1)  of  Eq.  (36)  corresponding  to 
Eq.  (18)  is 


M2 


A  (DO  output)  _  JTu2  f  M1M-^ 
D (output)  If"5"  M  +  y 


+  2 

MH-l  +  | 


T6^  s  ,, 1  +  jttit 

t«  &  m 

1  HT 

for  M  »  1 


(37  r 


If  y  « M-l 


this  reduces  to 


A  (DC  output)  ^ 
D  (output) 


(H-l) 


(38) 


In  the  absence  of  interference  the  output  signal-to-noise  ratio  of  the 
likelihoodUrctio  detector  is  [from  Report  No.  3>  Eq.  (32)"] 

output)  m 
D  (output) 

Comparison  of  Eqs,  (38)  and  (3?)  suggests  that  complete  elimination  of  the 
interference  is  accomplished  at  the  expense  of  one  degree  of  freedom,  i.e, 
the  performance  of  the  detector  in  the  presence  of  strong  interference  as 
well  as  ambient  noise  is  the  same  as  that  of  a  similar  array  (same  hydrophone 
spacing)  operating  in  ambient  noise  only  but  having  one  less  hydrophone. 

The  last  version  of  Eq,  (37 )  indicates  that  for  y  not  very  small  compared 
with  M-l  the  output  signal-to-noise  ratio  is  somewhat  larger  than  the 
figure  given  by  Eq,  (38).  The  radical  in  the  first  form  of  Eq.  (37)  can 
only  increase  the  result.  Thus  the  elimination  of  interference  is  actually 
accomplished  at  a  cost  of  somewhat  less  than  one  degree  of  freedom,  Whether 
these  statements  are  true  under  other  than  the  asymptotic  conditions 
considered  here  remains  tc  be  investigated, 

^It  is  clear  from  Figs,  t)  and  5  that  this  approximation  become:  very  good 
for  values  of  exceeding  unity  by  only  a  relatively  small  amount. 


I  g 

Figure  4  shows  Eq.  (36),  normalised,  with  respect  to  1-^  t  »  plotted 

tf 

as  a  function  of  for  M  -  1*0  .  For  y  i  l*  the  variation  in  output 

signal-to -noise  ratio  with  y  is  too  email  to  be  observable  on  the  seals  of 

this  graph,  except  near  -  0  .  Figure  5  givas  the  equivalent  picture 

for  M  -  10  .  Comparison  with  the  conventional  detector  fEq,  (l6)jis 

complicated  by  the  fact  that  Eq.  (16)  depends  on  a»  vo,  not  on  the  variable 

«^To  appearing  in  Eq.  (36).  aQ  is  the  frequency  ft  which  signal,  noise  and 

interference  spectra  reach  half  of  their  low- frequency  values,  on  the 

other  band,  is  a  rather  arbitrary  limitation  on  the  frequency  bond  processed 

by  the  likriihood-ratio  detector.1  Since  the  analysis  of  the  conventional 

detector  implies  the  absence  of  any  band-limitatiom  imposed  by  the  detector, 

a  reasonable  comparison  demands  that  one  choose  appreciably  larger  than 

«o.  An  acceptable  value  might  be  -  it  «e  ,  which  makes  the  multiplying 

constants  of  Eqs.  (16)  and  (36)  equal.  For  tne  signal  bandwidths  mentioned 

in  Section  HI  (1*00  cps  -  1600  cps)  this  corresponds  to  detector  bandwidths 

of  1250  cps  -  5000  cps,  which  certainly  does  not  appear1  excessive.  Hence 

the  conventional  detector  curves  for  j  -  0.1,  1  and  U  appearing  on  Figs. 

h  and  $  were  derived  from  Eq,  (16)  by  choosing  and  normalising 

|Te?  s 

with  respect  to  y-j”  jj  •  It  is  clear  from  comparison  of  the  curves  that 
the  likelihood-ratio  detector  exhibits  distinctly  superior  angular 
discrimination  near  the  interference  location.  In  addition,  of  course, 
there  is  the  expected  improvement  .n  detectability  for  targets  remote  in 

^  practice  it  is  determined  by  the  fact  that,  counter  to  the 

s  s 

assumption  S(w)  ■  jj  N(w)  -  y  I(u)  ,  the  input  signal -to-noise  ratio 

becomes  negligible  above  soia.  finite  frequency.  See  discussion  in 
Report  Ho.  3. 
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bearing  from  the  interference.  Both  advantages  remain  significant  even  for 

N  1 

j  >  1  ,  as  long  as  the  number  of  hydrophones  is  sufficiently  large. 

In  order  to  avoid  misinterpretation  of  Figs,  it  and  5,  one  should  keep 

in  mind  that  the  postulated  "conventional  detector"  is  a  very  airqple  devices 

It  consists  exclusively  of  delay  (beam  formation)  addition,  squaring  aid 

smoothing.  For  the  case  under  study  here  -  signal,  ambient  noise  and 

interference  spectra  of  the  same  shape  -  one  could  obviously  improve  system 

performance  by  the  very  simple  procedure  of  introducing  a  pre-whitening 

(Eckart)  filter.  This  is  not  in  general  the  optimum  linear  filter,  but  it 

2 

is  simple  and  previous  work  suggests  that  it  realizes  most  of  the  gain 

available  through  linear  filtering  techniques.  With  such  a  pre-whitening 

filter  the  normalized  autocorrelation  functions  corresponding  to  Eq.  (3)  are 

sin  co>t 

P^t)  «*  pn(x)  -  -----  No¬ 

where  o^2  is  the  upper  end  of  the  frequency  ranged  processed  by  the  detector. 
Then  from  Eq.  (6) 

CO 

f  sin  <cu(rr  +t)  sin  w,(sr  +  t) 

C  -  - 5 — 2 -  - £ — 2 - dx  (la) 

r,S  J  <^(rro  +  T)  £^(sto  +  t) 


With  the  change  of  variable  x  »  “g 'rT0  +  T)  this  beccmes 


00 


m 


^The  fact  that  the  conventional  detector  curve  falls  somewhat  above  that 
of  the  likelihood-ratio  detector  at  wu  t  -  0  (parti  cularly  for  N/I  -  U, 

M  »  10)  may  be  attributed  to  the  assympt£on  hat  the  conventional  detector 
is  not  bandlimited  whereas  the  likelihood-ratio  detector  completely  discards 
all  frequencies  above 
o 

C.  K  ..vpp,  "A  Power  detector  with  optimal  prefiltering  for  detecting 
directional  Gaussian  signals  in  Gaussian  noise  fields,"  OD/EB  Feport  Uia7-61i-00?; 
February  196I4. 
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^Strictly  speaidng,  ths  values  of  S,  N  and  I  appearing  in  Eq,  (i*7 )  are 
average  potters  niter  pre-»rhitenlng.  However,  since  all  spectra  hove  the  sans 
■hope,  tiie  Ulter  has  the  ease  effect  on  each,  so  that  the  ratios  S/N  and  I/ll 
apooarlng  In  Eq.  (hi)  oay  still  be  Interpreted  as  Input  power  ratios. 
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When  »  1  ,  Eq,  (U7 )  reduces  to 


This  is  identical  with  Eq.  (18 )  except  for  the  replacement  of  »  with  —  . 

0  J! 

Thus  with  the  relation  «  ru'o  employed  in  Figs,  k  and  5,  the  asymptotic 
value  of  output  signal-to-noise  ratio  for  large  angular  differencee  between 
target  and  interference  is  unaffected  by  pre-whitening. 

For  Tq  »  0  ,  Eq.  (U7)  reduces  to  the  expression 


For  civ,  »  nco^  this  is  identical  with  Eq.  (20),  the  corresponding  expression 

for  the  conventional  detector  without  Eckart  filter.  _ _ , 

|Tco 2  g 

Figure  6  shows  plots  of  Eq.  (U7 )  normalized  with  respect  to  jy 

for  M  »  hO  and  ■  li,  1  and  0.1.  Corresponding  curves  for  the  conventional 
detector  without  pre -whitening  are  also  included  to  indicate  tee  improvement 
in  angular  discrimination  attainable  through  pre -whitening. 

Figure  ^  "ives  the  actual  dependence  on  interference  bearing  of  the 
normalized  output  signal-to-noise  ratio  with  the  target  in  broadside 
location.  Curves  are  given  for  the  likelihood-rat io  detector  as  well  as 
the  conventional  detector  with  and  without  pre-whitening.  All  curves  are 

IT 

based  on  the  parameter  values:  M  -  1*0  ,  y  ■  i*  ,  ■  2nX  5000  TaA/uec  , 

hydrophone  spacing  d  *  2  ft. 

Equivalent  results  for  a  target  in  other  than  broadside  location  are 
readily  obtained  from  the  following  considerations.  Suppose  the  target 
bearing  (relative  to  the  normal  to  the  array  axis )  is  Cq  and  the  interference 
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bearing  relative  to  the  target  bearing  is  0  (see  Fig,  0).  Then  the  signal 
delay  from  hydrophone  to  hydrophone  is  •*  sin  G  while  the  interference  delay 
from  hydrophone  to  hydrophone  is  £  sla(Q  +0)  .  As  mentioned  on  page  18 
(footnote  l)  the  parameter  tq  must  he  interpreted  as  the  difference  between 
these  two  delays.  Hence 

tq  -  |[sin(Oo+0)  -  sin  0Qj  (50) 


Figure  8 

For  0-0  (broadside  condition)  this  reduces  to  the  expression 
o 

t0  -  |  sin  0  (51) 

used  previously.  For  0Q  •  ^  (endfire  condition)  one  obtains 

tq  -  |  (cos  0  -  1)  (52) 

For  small  values  of  0,  E'q.  (52 )  varies  more  slowly  with  0  than  does  Eq.  (51 ). 
Thus  the  detectability  of  targets  in  the  presence  of  interference  is  poorer 
in  the  endfire  condition  than  in  the  broadside  condition.  This  is  illustrated 
hy  Fig.  9,  which  is  the  equivalent  of  Fig,  7  with  an  endfire  target. 
Corresponding  curves  for  othsr  target  locations  will  clearly  fall  between 
Figs,  7  and  9. 
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IV.  Error  Probabilities 

The  parameters  of  ultimata  interest  in  characterizing  the  performance 

of  a  detector  ore  the  error  probabilities.  If  the  observation  tine  is 

sufficiently  long  so  that  the  detector  output  may  bo  regarded  as  Gaussian, 

then  it  is  a  simple  matter  to  convert  output  signal-to-noise  ratio  into 

error  probabilities.  Under  this  Assumption  tho  output  probability  density 

of  the  detector  in  the  presonoe  of  signal  is 

(x-b^)2 

f(VS)«7Ve  **  (53) 

Vis  a 


Hero  a  is  the  standard  deviation  of  the  detector  output  £d (output)  in  tho 
nomenclature  used  earlier  in  this  reportj  and  is  the  mean  value  of  tho 
detector  output  in  the  presence  of  signal.  In  the  absence  of  signal  the 
output  probability  density  is 


fiVo) 


(x-™2  )2 


(5U) 


where  is  tho  moan  value  of  the  output  in  the  absence  of  signal.  Strictly 
speaking,  the  output  standard  deviation  is  not  the  same  in  tho  presence  and 
absence  of  signal.  However,  if  the  input  signal-to-noise  ratio  at  each 
hydrophone  is  small,  the  fluctuation  power  at  the  output  is  almost  entirely 
due  to  noise.  Thus  the  use  of  tho  same  value  of  a  in  Eqs.  (53)  and  (<&)  is 
consistent  with  the  assumption  of  small  input  signal-to-noise  ratio 
underlying  all  other  computations  in  this  report. 

If  a  detection  threshold  K  is  employed,  the  false  alarm  probability  a 
(probability  of  deciding  that  signal  is  present  when  there  is  none)  is 


A-31* 


..o-/V 

X 


(x-«2  > 
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dx 
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■With  the  change  of  variable  —  ■  y  this  becomes 

V Ta 


(55) 


..ij 

K-mj 

Y?o 


1-orfrr 


where 


(56) 


erf  x  ■  j  o-y  dy 


(57) 


Similarly  the  miss  probability  8  (probability  of  deciding  signal  aboer.\ 
when  in  fact  signal  is  present)  is  given  by 

v2 


B 


‘vsh  / 


(x-^r 


e  20  dx 


1  +  erf 


(53) 


The  threshold  K  can  be  eliminated  between  Eqs,  (56)  and  (58).  Thus  from 
Eq.  (56) 

K  ■  *  '/T  a  erf1  (1- 2a)  (5?) 

where  erf-1 


is  tho  inverse  of  the  error  function  defined  by  Eq,  (57). 


Substituting  Eq.  (5?)  into  Eq.  (58),  one  obtains 


P-i  1 


+  erf 


erf_1(l  -  2a)  -  SJi 


(60) 


ju  -is. 

The  quantity  — is  easily  recogrrteod  as  the  output  signtl-to-rjoiae 
ratio  %jggf- • 1181106  becon8fl 


8  -  4^1+  erf 


(61) 


Figures  10  and  11  show  plots  of  2  versus  a  for  various  values  of  the 

_ x . »  A  (DC  output) 

paranetei  x  »  , 

A  specific  example  of  the  application  of  Eq,  (6l)  to  the  detection 
problem  considered  in  this  report  is  given  in  Fig,  12.  It  shews  the  miss 
probability  p  as  a  function  of  the  signal-to-ambient-noise  ratio  (in  db) 
at  each  hydrophone  for  a  fixed  false-alarm  rate  of  Ut.  The  calculations 
assume  M  «  1*0  ,  =  2n  X5C00  rad/sec  ,d-2ft,T-l*sec,  and  a 

broadside  target.  Curves  are  shown  for  the  likelihood-ratio  detector 
(essentially  independent  of  y  for  y  <  U  )  and  for  the  conventional 
detector  without  pre-whitening  with  values  of  y  ■  U,  1  and  0.1.  Each 
curve  is  labelled  with  the  bearing  in  degreea  of  the  interference  relative 
to  the  target.  Figure  13  shows  cn  equivalent  set  of  curves  for  a 
conventional  detector  wit*.,  p-e -whitening  filter.  It  is  interesting  to 
observe  that  for  y  <  U  and  for  interference  bearings  no  less  than  3° 
from  target  bearing,  the  performance  of  the  likelihood-ratio  detector  ia 
almost  entirely  independent  of  the  interference.  The  perform  an oe  of  the 
conventional  detector  depends  to  a  very  considerable  extent  on  the  strength 


of  the  interference 


A— 1(0 

In  the  absence  of  pre-whitening  there  is  also  a  substantial  dependence 
on  interference  bearing,  but  this  effect  becomes  much  less  pronounced  when 
pre-whitening  is  used.  No  confutations  have  been  made  for  a  conventional 
detector  employing  optimum  linear  pre-filtering,  but  in  the  light  of 
Knapp's  results1  it  appears  reasonable  to  expect  further  improvement  in 
bearing  discrimination  from  such  a  procedure.  The  curves  for  90°  interference 
bearing  relative  to  target  bearing  are  virtually  identical  in  Figs.  12  and  13- 
and  there  is  no  reason  to  expect  any  different  behavior  in  this  respect 
with  optimum  pre-filtering. 

A  change  in  smoothing  time  T  simply  shifts  all  curves  of  Figs.  12  and  13 
horizontally  by  a  fixed  amount.  Since  the  output  signal -to-noise  ratio 
varies  as  ^  clear  that  an  increase  by  a  factor  of  2  in  smoothing 

time  is  equivalent  to  an  increase  cf  1.5  db  in  input  signal-to-ambient-noise 
ratio  (jj|  at  each  hydrophono, 

A  simple  relabelling  of  the  curves  yields  the  corresponding  results 
for  a  target  in  locations  other  than  broadside.  Thus  for  an  endflre  target 
a  straightforward  computation  from  Eqs.  (51)  end  (52)  indicates  that  the  3° 
curves  should  be  relabelled  18  ^°,  the  10°  curves  should  be  relabelled  3U°, 
while  the  ?0°  curves  remain  unchanged. 


^See  p.  26,  footnote  2. 


V.  Detection  with 


Data 
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The  clipping  problem  in  the  presence  of  interference  is  here  approached 
by  conparing  the  average  bearing  response  pattern  of  a  conventional,  detector 
with  and  without  clipping.  Consider  the  block  diagram  ehewn  in  Pig.  lit. 


M  hydrophones 


Figure  1U 


In  accordance  Kith  Report  No,  2  the  average  bearing  response  pattern  s(G) 
is  defined  cs  the  average  value  of  the  output  s(t)  as  a  function  of  the 
target  bearing  0  relative  to  the  bearing  angle  of  the  major  lobe  of  the 
array  pattern.  If  target  and  interference  are  well  separated  in  bearing,  the 
bearing  response  pattern  would  take  the  general  fans  shown  in  Fig.  1 5,  As 


in  Report  No.  2  the  excess  bz  of  the  on-target  value  over  the  lowest  value 
z^,  normalized  with  Jespect  to  z^,  will  be  used  as  a  figure  of  merit.  The 
computation  of  this  quantity  is  quite  straightforward.  In  the  absence  of 
clipping 

M  M _ 

z(0)  -  y(0)  -  ^  7]  [°jfr)+  a3(t)  +  i3(t^sk(t)+nk(t)  +  ik(t)l  (62) 
pL  k=*l 

Since  the  signal  components  at  each  hydrophone  are  the  same  except 
for  delays, 

Sj(t)  ek(t)  -  S  P^y^)  (63 )X 

Similarly  for  the  interference 

' 1  “tV 


^See  page  3  for  definition  of  terms. 


Finally,  because  the  ambient  noise  is  assumed  to  be  independent  from 
hydrophone  to  hydrophone, 


nj(t)  UjJt ) 


N  for  J  -  k 


(6  $Y 


0  for  3  /  k 

* 

Substituting  Eqs,  (63),  (61i)  and  (65)  into  Eq.  (62),  one  obtains 
MM  MM 

E  E  ps(vjk>  ♦ ""  * 1 E  Epi(v 

j*l  k*l  3*1  k*l 


(66) 


The  delay  times  y^  and 


are  trigonometric  functions  of  the  bearing 


angle  0. 

If  target  and  interference  are  veil  separated  in  bearing  and  both 
are  fairly  broadband  processes,  it  appears  reasonable  to  assume  that  the 
interference  is  uncorrelated  from  hydrophone  to  hydrophone  in  the  "on 
target"  condition,  l.e.. 


pi(V 


3  -  * 
3  i  k 


(67) 


For  the  target  signal  one  obtains  analogously 


ps^y3k^|  “  1  for  aU  3  and  k 

Ion  target 


(68) 


p.<V 


1  for  3  -  k 

off  target  I  0  for  3  f(  k 


(69) 


page  3  for  definitions  of  terms. 


^The  plateau  value  aL  of  z(0)  is  indeed  the  minimum  value,  as  suggested  by 
Fig.  15, if  the  autocorrelation  functions  of  signal  and  Interference  are  non¬ 
negative.  In  practice  an  exponential  function  is  apt  to  be  a  fairly  good 
approximation  for  both  autocorrelation  functions  so  that  this  hypothesis  is 
not  entirely  unrealistic.  On  the  other  hand,  if  the  detector  processes  only 
a  relatively  narrow  frequency  band,  both  autocorrelation  functions  tend  to  be 
oscillatory  and  one  could  obtain  values  of  7(0)  smaller  than  the  7.  given  by 
&q.  (71).  VJhether  this  would  aid  in  target  detection  depends  on  tne  relative 
location  of  the  minima  and  the  peak  die  to  the  target.  In  any  case  the  value 
of  Z,  used  here  is  representative  for  the  isport&nt  case  of  target  and 
interference  well  separated  in  bearing. 


where 


jl  for  j  -  k 
0  for  j  i  k 

L 

Now,  using  the  symmetry  propertiea  of  the  correlation  function  £  pfl  ( ) 


(76) 


"A}’  ■  pi(V  ■  pi<V]‘ 


1(0) .,.4V  V  ^J3p‘<V),IPl(T>.) 

n  Lj  S  +  N+  I 

3“1  k-3+l  1 


(77) 


Therefore,  if  again  target  and  interference  are  sufficiently  separated  in 

bearing  so  that  P^TnJl  ■  0  for  3  /  k  » 

^  |on  target 


a(0) 


M  M 

C  E 

on  target  3-1  k-j+l 


K  +  -  V1  V  arcsin  — 5— 
n  k,  S  +  N  + 


M  ♦  -  (M2-!!)  arcsin  —  —S 
n  S  ♦  N  ♦  I 


(76) 


and 


K 


(79) 


Therefore 

—  -  -  (K  —  1 )  arcsin  ■  ■  ■  ■  ■  ■  (80) 

\  ”  S  +  N  +  I 

Comparison  with  Eq,  (72)  reveals  that  for  the  case  of  primary  interest,  that 

of  low  input  signal -to-noise  ratio  |  ^  «  1 1  ,  the  degradation  in 

o 

performance  is  given  ty  the  factor  of  —  ,  the  same  as  in  the  absence  of 
interference  (aoe  Report  No.  2).  Thus  the  presence  of  Interference  does 


14)6 

net  alter  the  cost  of  clipping  as  measured  by  average  bearing  response  If  a 

conventional  detector  is  used.  This  leaves  open  the  question  whether  the 

effect  of  clipping  night  not  be  more  serious  under  a  measure  of  performance 

such  as  output  signal-to-noise  ratio  or  error  probability.  In  Report  No.  2 

the  output  signal-to-noise  ratio  has  been  computed  for  the  case  of  isotropic 

noise  only  and  the  resulting  figure  of  merit  turns  out  to  be  simply  a 

constant  (not  very  different  from  unity)  times  the  figure  of  merit  —  . 

®L 

The  corresponding  calculation  for  non-isotropic  noise  is  quite  tedious  and 
has  not  been  carried  out  to  date.  Also  left  open  is  the  question  whether 
the  inherent  cost  of  clipping  may  not  be  substantially  greater  when  the 
detection  procedure  is  not  confined  to  the  conventional  arrangement  of 
fig.  1 h. 
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VI.  Concluding  Remarks 

The  results  of  Sections  IT  to  IV  suggest  that  significant  gains  in 
detectability  can  be  made  in  certain  cases  of  strcng  interference  by  grlng 
to  some  instrumentation  more  nearly  optimal  than  a  simple  power  detector. 

No  analysis  has  been  made  to  date  of  the  equipment  required  to  implement 
the  likelihood-ratio  usioctor,  but  experience  with  other  likelihood-ratio 
detectors  suggests  that  it  may  be  rather  complex.  Therefore  it  becomes 
important  to  answer  two  questions: 

1)  Can  one  find  a  simple  modification  of  the  conventional  power 
detector  that  will  attain  a  performance  comparable  to  that  of 
the  likelihood-ratio  detector? 

2)  Are  the  assumptions  underlying  the  analysis  sufficiently  realistic 
to  make  the  predicted  improvement  practically  meaningful?  The 
deviations  from  the  analytical  assumptions  which  inevitably  occur 
in  practice  will  almost  certainly  degrade  the  performance  of  the 
likelihood-ratio  detector  relative  to  that  of  the  conventional 
detector.  Will  the  remaining  improvement  be  sufficiently  large 
to  Justify  the  increased  complexity  in  instrumentation? 

Further  study  is  required  to  resolve  each  of  these  questions.  The 
direction  which  such  en  effort  should  take  Is  indicated  in  part  by  the 
following  comments. 

It  appears  that  the  likelihood-ratio  detector  combines  the  outputs 
of  various  hydrophones  in  such  a  manner  as  t'o  achieve  an  at-least -approximate 
null  in  the  effective  array  pattern  in  the  direction  of  the  interference 

while  still  meints  fling  as  much  gain  as  possible  in  the  target  direction. 

N  N 

With  y  «  0  the  null  would  be  perfect.  For  finite  values  of  y  * 

compromise  in  made  between  interference  rejection  and  sensitivity  to  target 


signal.  Future  work  will  have  to  determine  whether  these  ideas  oan  lead  to 
a  simple  but  effective  suboptimal  instrumentation. 

As  far  as  the  realism  of  the  analytical  assumptions  is  concerned, 
the  following  points  certainly  deserve  attention! 

1)  The  analysis  assumes  that  the  power  level  and  spectral  properties 
of  signal,  interference  and  ambient  noise  are  lmovn.  Lack  of 
precise  knowledge  concerning  spectral  properties  may  not  be 
crucial.  Ir  terference  and  ambient  noir<e  power,  on  the  other 
hand,  are  apt  to  be  quite  critical  and  would  have  to  be  measured. 
Since  an  array  is  available  and  the  interference  is  assumed  to  be 
quite  strong  (so  that  it  is  easy  to  locate  in  bearing),  it  would 
not  be  difficult  to  make  power  measurements.  However,  the 
accuracy  of  such  measurements  in  the  finite  observation  time  T 
cannot  be  perfect,  and  the  resulting  degradation  of  detector 
performance  should  be  investigated. 

2)  The  analysis  assumes  that  the  interference  bearing  is  known. 

If  the  interference  is  strong,  its  bearing  can  be  determined 
quite  accurately.  Nevertheless,  the  measurement  is  subject  to 
some  error,  so  that  the  location  of  the  detector  11  null"  will 
be  inaccurate.  The  degradation  of  target  detectability  caused 
by  tills  imperfection  requires  investigation. 

3)  The  analysis  assumes  isotropic  ambient  noise.  Since  interference 
elimination  is  accomplished  at  the  expense  of  reducing  sensitivity 
tc  target  signals,  the  question  arises  whether  moderate  anisotropy 
in  the  ambient  noise  field  could  give  rise  to  false  target 


indications . 


I 
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it)  The  analysis  assumes  that  both  target  and  interference  are 
sufficiently  remote  so  that  the  resulting  wavefronts  at  the 
receiving  array  are  essentially  plane.  This  might  not  be  true 
for  a  very  strong,  and  hence  nearby,  interference.  There  is 
no  reason  to  expect  that  the  "nulling  out"  of  interference  could 
not  be  accomplished  in  this  case,  but  the  computational  procedure 
required  to  determine  the  output  signal-to-noise  ratio  would  be 
more  explicated. 

5)  There  is,  of  course,  the  very  basic  underlying  assumption  that 
signal,  interference  and  ambient  noise  are  stationary  Gaussian 
random  processes.  For  relatively  short  smoothing  times  the 
assumption  of  stationarity  should  be  qri.te  satisfactory. 

Whether  deviations  from  Gaussian  statistics  would  seriously 
degrade  the  likelihood-ratio  detector  relative  to  the 
conventional  detector  is  difficult  to  foresee,  but  the 
possibility  cannot  be  ruled  out  because  of  the  generally 
rather  critical  dependence  of  optimal  instrumentations  on 
analytical  assumptions. 

Finally,  it  should  be  stressed  that  the  development  of  Section  V 
represents  only  a  very  partial  treatment  of  the  clipping  problem  in 
multiple-target  situations.  At  the  very  least  one  should  obtain  error 
probability  curves  comparable  to  those  contained  in  Section  TJ  for  a 
conventional  detector  with  clipping.  Also  of  considerable  interest 
would  be  the  evaluation  of  a  likelihoocLratic  detector  operating  on 
clipped  data.  Such  a  computation  would  resolve  the  question  whether  or 
net  the  inherent  cost  of  clipping  is  the  same  in  the  presence  and 
absence  of  interference. 
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The  derivation  of  Eq.  (27)  fraa  Eq,  (26)  is  carried  out  fay  induction. 
A  trivial  c  ■><  putation  verifies  that  the  result  is  correct  for  M  ■  1  . 

Now  assume  that  Q”^(n)  is  given  by  Eq,  (27)  fo.v  M  -  M  and  deduce  the 
corresponding  inverse  for  M+ 1  . 

For  greater  compactness  the  argument  con  of  the  spectral  functions  is 
omitted  in  subsequent  manipulations  and  a  is  replaced  by  x.  Then  the 
noise  matrix  Q(n)  for  M+l  hydrophones  is  given  by 


Q(n)  *  I  to  X 
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The  matrix  will  he  treated  as  partitioned  by  the  dotted  lines  into 


the  form 


(A-2)1 


The  inverse  of  this  partitioned  matrix  is  given  b y 


Q'1^) 


A'1  +  A"^B jc  -  BT  A"1®]  1  BT  A-1 

-  a"1b[c  -  bt  A_1bJ  * 

-  [c  -  bt  a“V|  1  BT  A“1 

fc  -  BT  L’h]  1 

L  J 

(a-3  r 


A"1  is  given  by  Eq.  (27)  (hypothesis).  Since  C  -  A_1B  is  only  a 

2X2  matrix  the  inversion  becomes  quite  simple.  The  primary  difficulty 

is  the  computation  of  B^  A“^B  . 

T  -1 

The  elements  r^  of  BA  are  obtained  by  straightforward 
computation.  Thus  for  j  odd 


-  cos 


Mx  cos  -2yl  x  -  sin  Ife  sin  ^yi  x  -  eos(M-l)r  cosj^yi  -ij ; 


-  sin(H-l)x  sinjJyi-lj 

-  sinjM-iyijx  sin  x  + 


-  cos 


X  ...  -  cos 


H-l  +  jJ  oos|K»'^yi 


X  COS  X 


-  CCS  X  cos 


M-Jy-Jx  sin  x  ... 


x  cos  x  ▼  sin 

t 

x  ♦  sin  x  sinlM-Jyi 


^Kote  that  the  multiplier  Ihu  is  included  in  the  definitions  of  A,B,C. 
2 

See,  for  instance ;  Hohn 
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^  cos  |m  -  xr  Jm-1  +  |j  oos(h  - 
-|m  -  |co8  |m  -  X 

l  oos|m  -  * 


even 


In  completely  similar  fashion 

!M)riJ--i84,,i-4):c  iot;) 

||m  + 1 1  r2J  -  |  sin[M -  ^ir]x  for  3 odd 

||h  +  yj  r2j  -  J  oos|m  +  1  -  ^Jx  for  j  avoir 


Hence 


BT  A-1B  -  I  too  — i-w  X 


H  + 


cos  Mx  |-ain  Mx  i  cos  (M-l  )x 

1  L 

-sin(M-l)x 

•  #  • 

COS  X 

-sin  x 

' 

sin  Mx 

cos  K:  |  sin  (M-l  )x 

cos  (M-l  )x 

•  •  r 

sin  x 

COS  X 

(A-U) 


(A-5) 

(A~6) 

(A-7) 


cos  Mx 

sin  Mx 

-sin  Mx 

cos  Mx 

cos (M-l )x 

sin(M-l)x 

-sin  (M-l  )x 

• 

• 

• 

cos  (M-l  )x 

• 

• 

• 

COS  X 

sin  x 

-sin  x 

cos  X 

I  Ac O 


1! 


H  + 


(A-8) 


Therefore 
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C  -  B  A"AB  «  lAcafll  ♦ 


It  follows  that 


fc  bT.-Ib!"1  .  _i_ 

k»; 

'l 

o' 

I  u  —DR  D I  ■  ■■ 

L  J  N  to 

M  +  1  +  | 

.0 

1. 

(A-9) 


(A -10) 


fi 
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The  various  components  of  Eq.  (A-3)  are  now  easily  computed, 
,-l  —  , 


M  .  N 
M  +  j 


■1b[c  -  bV^I  B'A'1  -  -i-  - ±-»  -- L-  y-x  X 

L  J  N  to  M  +  1  +  |  [M  +  |) 


cos  Mx  i  sin  Mx 
-sin  Mx  I  cos  Mx 


c  os  (M-l  )x  |  sin  (H-l  )x 
-sin  (M-l  )x  |  coo  (M-l  )x 


cos  x  r  sin  x 


sin  x 


cos  x 


cos  Mx 

-sin  Mx 

cos  (M-l  )x 

-s  in  (M-l  )x 

•  •  • 

COS  X 

sin  x 

sin  Mx 

cos  Mx 

sin  (M-l  )x 

cos  (M-l  )x 

•  •  • 

sin  x 

cos  X 

1 


1 


1 


X 
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N  ba  M  ♦  »  M  ♦  1  + 


I 


» 

1 

0  coa  x 

aln  x 

! 

,  coa(M-l)x  ' 

sin  (M-l  )x 

i 

0  ' 

1  -sin  x 

COfi  X 

r  f 

“*  "  ! 

-sln(H-l)x  : 

008  (M-l  )x 

coa  x 

-aln  x  1 

0 

i 

•  •  • 

i  coo  (M-2  )x 

sin  (M-2  )x 

i 

nin  x 

t 

coa  x  i  0 

i 

1 

i 

.  . 

-aln  (M-2  )x 

cos  (M-2  )x 

cos  2x 

-ain  2x  coa  x 

-aln  x 

1  ? 

.  cos  (M-3  )x 

=in(M-3)x 

sin  2x 

• 

• 

cos  2x  i  aln  x 

•  »  • 

coa  x 

; 

o 

i 

» )x 

\  • 

coa(M-3)x 

ft 

• 

• 

cos  (M-l  )x 

*  •  • 

•  •  • 

-sin (M-l )x  ;  cos (M-2  )x  -ain(M-2  )x 

' 

- 1  - 

9  •  » 

:  •  ‘  1 

•  •  1 

•  '  i  |  o 

aln  (M-l  )x 

cos  (M-l  )x  aln  (M-2  )x 

coa  (M-2  )x 

1 

• 

i  o  ! 

i 
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Hence  ».  +  A^lc  -  BAT  I  BA" 


This  coincides  with  the  first  211  rows  and  columns  of  Eq,  (27  )  if  oat 
replaces  M  with  MA1  in  the  latter  expression.  With  the  a  me 
substitution  Eq.  (A-10)  goes  over  into  the  2X2  matrix  in  the  lower 
right  comer  of  Eq.  (27 ).  Thus  there  remains  only 

bV1  -  — X — - JJ> 

N  aw  M  +  1  +  | 


-cos  Mjc 

sin  Mx 

-cos  (K-l  )x 

sin(M-l)x 

-cos  (M-2  )x 

sin(M-2)xj... 

1 

-COS  X 

B 

-sin  Mx 

L 

-cos  Mx 

-sin(M-l)x 

-cos  (H-l  )x 

-sin(lt-2  )x 

-cos(H-2)x|... 

-sin  x 

(A-13) 


This  corresponds  to  the  first  2M  columns  of  the  last  »*o  rows  of  Eq.  (27 ) 
with  M  replaced  by  M  +  l  .  With  the  same  substitution  the  transpose  of 
Eq.  (A-13)  yields  the  first  2M  rows  of  the  last  two  columns  of  Eq.  (27). 
Thus  the  proof  of  Eq.  (27)  is  complete. 


Appendix  B  Computation  of  Tr  |[P(n)  (n )]  j 

It  is  apparent  from  Eq.  (28)  that  P(n)  Q“^(n)  consists  of  M  identical 
pairs  of  rows.  Thus  it  is  necessary  to  compute  only  one  such  pair,  say 
rows  1  and  2. 

For  H  even  the  two  rows  are 


S  1 


where 


*1  \  a2  b2  V2  V2  V2  "V2  ■*’  S2  "b2  *1  _bl 

_bl  61  “b2  fi2  •'*  “V2  V2  V2  V2  b2  a2  bl  ®1 


V  K  - 1 ♦ 


M-3  3-1 

T-Zcoalx-Z  cos  lx 
I" 1 


and 


H-J 


sin  lx 


<«3 


The  equivalent  expression  for  odd  M  is 


(2-1) 


(B-2  )J 


(B— 3 ) 


S  1 

IT 


M  + 


al 

bl  *2 

b2  *•*  Vl 

Vl 

Vl 

0 

Vi 

-Vi 

T 

'TT 

T 

T* 

T 

bl 

al‘b2 

a2 - Vl 

Vl 

0 

Vi 

Vi 

a,.  . 

ii-A 

TT 

“T 

TT 

nr 

TT 

a2  "b2  al  -bl 


b2  a2  '’l  *1 


(B-U) 


■*The  last  sum  of  this  expression  is  to  be  interpreted  as  zero  for  3  ■  1  . 
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where  *j  and  bj  are  still  given  by  Eqs,  (B-2)  and  (B-3).  Since  each  b^ 
occurs  both  with  positive  and  negative  sign  in  each  row  of  Eqe.  (B-l)  and 
(B-lt),  it  is  clear  that  the  b*s  make  no  contribution  to  Tr  j[p(n)  Q"*(n)]  j. 


Hence  Tr 


yields 


|[p(n)  Q_1(n)J2| 


depends  on  the  a's  only  and  a  single  computation 


Tr|[p(n)  Q_i(n)]  |  -(§) 


8^  +  ag  +  ...  aj^g i  for  M 


2(2a1  +  2a2 +...  2^  1  +  a^)  for  M  odd 

*T*  T 


Qcing  bad:  to  the  definition  of  a^  [Eq.  (B-2)J,  it  is  a  simple  matter  to 

N 

count  the  number  of  terms  of  the  form  M-1  +  y  >  cos  x,  oos  2x. ..  in  the 
sums  of  Eq,  (B— 5 ).  Che  finds  fear  even  H 


n»x 

a^  ♦  a2  +  ...  a^2  *  ^(M»l+  y)  -  ^  (M-  *)  cos  lx  (B-6) 


and  for  odd  M 


2a^  +  Z&2  *  ...  28^.  +  a^^  ■  M  -  2^  (H  -  l )  coe  tx 

"TT  T*  1*1 


Hence  for  both  even  and  odd  H 


/*  9)  ft  [" 

r|[p(n)  Q-X(n)]  (§)“  |m(H-1+})  -  2^  (H-  <)  cos 


This  agrees  with  Eq,  (29)  and  the  derivation  is  therefore  collate. 
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ABSTRACT 

The  problem  of  detecting  modulated  Gaussian 
directional  signals  la  reconsidered  under  the  condition 
that  the  noise  level  la  unknown.  It  appears  that 
results  obtained  in  previous  analyses  of  this  problem 
are  essentially  unaffected  by  the  added  uncertainty 
as  long  as  detection  is  by  arrays  with  a  large  number 
of  elements.  It  is  also  found  that  In  general  the 
cost  of  not  knowing  the  precise  noise  lavel  is 
approximately  equivalent  to  the  loss  of  one  half 
of  a  hydrophone  from  a  large  array. 


B-i 


I.  Introduction 


In  previous  analysis  of  the  detectability  of  underwater  signals,  it 
has  generally  been  assumed  that  the  background  noise  was  a  stationary 
Gaussian  random  process  with  zero  mean  and  known  power  spectrum.  Although 
this  assumption  may  be  unjustified  on  several  different  counts,  the  only 
aspect  considered  in  this  report  is  that  the  noise  is  nonetationary. 
Furthermore,  the  nonstationarity  ia  assumed  to  be  alow,  so  that  in  a 
relatively  short  observation  interval  the  noise  level  is  essentially 
constant. 

The  signal  is  assumed  to  be  a  Gaussian,  random  process  with  zero  mean 
which  is  distinguished  from  the  noise  ratdnly  by  the  fact  that  it  is 
directional,  while  the  noise  is  assumed  to  be  isotropic.  It  is  also 
possible  that  the  signal  is  amplitude  modulated  with  a  known  modulating 
function  whose  frequency  ia  high  relative  to  the  time  over  which  the 
noise  level  can  be  assumed  to  be  constant. 

Under  these  conditions  the  detection  problem  becomes  the  problem 
of  finding  a  Gaussian  signal  in  a  Gaussian  noise  of  unknown  level.  Tht 
optimum  detector  in  this  case  depends  on  what  is  known  about  the  noise 
level,  and  it-  ia  discussed  in  seme  detail  in  the  next  section. 

II.  Optimum  Detectors  for  Signals  in  Noise  of  Unknown  Level 

If  it  is  assumed  tliat  the  probability  density  functions  p3(S)  and 
F^j  (N )  of  the  signal  and  of  the  noise  level  are  knesm,  then  cne  can  in 
principle  compute  an  averaged  likelihood  ratio t 

B-l 


L(x) 


j  PS(S)  fi(5/s»N>  to  to 

o  o 


w 

/ 


FfcOU  dN 


(1) 


where  x  =  jjx^ , .  - . xj '  ia  the  sample  vector  representing  the  received 
signal  x(t),  and  f  1  (x/S,N )  and  f^j/N)  are  the  probability  density 
functions  of  x  given  that  the  signal  is  or  is  not  present,  respectively, 
and  that  the  signal  and  noise  levels  are,  respectively,  S  and  N.  (The 
prime  indicates  matrix  transposition, ) 

Although  it  generally  is  not  reasonable  to  assume  that  p<,(S)  or 
p^(N)  is  known,  Eq,  (1)  furnishes  a  clue  concerning  the  form  of  the 
optimum  detector.  If  it  is  assumed  that  f^^SjN)  and  fQ(x/:' )  are 
Gaussian  density  functions,  and  if  the  signal -to-nolse  ratio  is  small, 
Eq.  (1)  can  be  written  in  the  approximate  form^j 


L(x) 


0 


(2) 


*1 


5  x'Cf1?  cf-'x, 


where 


£  -  |  (x  x<)  ia  the  normalised  covariance  matrix  of  x  if 
N 

x(t)  consists  of  noise  only,  and 

P  -  ^  (x  x»)  is  the  normalized  covariance  matrix  of  x  if 
S 

x(t)  consists  of  sijpial  only.  A 
convenient  normaliz.'itirn,  which,  in 
effect,  defines  S  aid  fi  is 
tr  P  -  tr  g  -  n  . 

P  1  2  , 

-  Zp  tr(P  g  )  and  B?  -  S  tr  P  Q  are  constant 
Mas  terms.* 

From  Eq.  (2 )  it  can  be  seen  that  and  u2  are  sufficient  statistic?  in 
the  sense  that  they  contain  all  the  relevant  information  about  the  signal. 

Hence  the  basic  function  of  the  optimum  detector  must  be  the  computation  of  u^ 
and  u2  given  tne  received  signal  :c(t ).  Also  it  can  be  seen  that  if  the  decision 
rule  is  to  accept  the  signal  hypothesis  when  L(x)  exceeds  the  threshold  K, 
there  is  an  equivalent  decision  rule  that  accepts  the  signal  hypothesis  when 

*The  derivation  of  Eq.  (2 )  involves  the  expansion  of  the  matrix 
expression  jl  +  ^  P  C|”*J  in  a  binomial  series  of  the  form 
«  ia  in 

I  +  £  (-l/°  [j|]  (P  2"1)  and  retaining  only  the  first  term  in  the 
m-1 

IS  I 

77  1  where  1b 

the  eigenvalue  of  ?  having  the  largest  absolute  value.  For  instance, 
if  detection  Is  by“maana  ef  an  array  of  H  elements,  if  the  array  is  stesred 
on  target,  and  if  signal  and  noise  spectra  are  white,  >_  ■  M  and  therefore 

SI  ^ 

it  is  necessary  that  jj  -ocg  for  Eq.  (2)  to  be  a  good  approximation. 


g(u^,u2 )  >  0  ,  where  gOi^u,,)  is  a  function  depending  on  p^(N)  and  on 
the  type  of  detection  characteristic  that  is  desired. 

In  the  absence  of  any  information  abort  the  noise  level,  it  is  often 
desirable  to  employ  a  detector  with  a  constant  false-alarm  rate,  ^  a 
CFAR  detector.  It  is  easily  seen  that  such  a  detector  results  if 

g^.u,)  -  i^-aug  ( 

where  a  is  a  constant.  In  order  to  demonstrate  this  we  compute  the  false- 
alarm  rate  for  a  detector  with  this  characteristic.  The  statistics 
and  u,,  are  random  variables,  and  if  the  number  n  of  elements  in  x  is 
very  large,  as  is  usually  the  case,  the  distribution  of  n,  and  u2 
approaches  the  Gaussian  form  by  the  Central  Limit  Theorem.  Hence 
u^-au2  is  also  Gaussian.  Under  the  hypothesis  that  x(t)  consists  of 
noise  only,  it  is  easily  shown  ^  that  the  mean  and  variance  of  u^~  au^ 
are  given  by 


Ho  -  au ■  N(tr  P  Q-1  -an) 


\  2  2  " 
ao  “  \(u1-au2^/)]  -  (\-  au2)  *  2N2  tr(P  Q"1)  -2a  tr  P  Q”1  +a2n  (5) 

The  fal3e-alarm  probability  is  the  probability  that  u^  ~au^  >  0  when 
x(t)  consists  of  noise  only,  and  in  view  oi  Eqs.  (h)  and  (5)  it  is 
given  by  (  1 


an  -  tr  P  Q 


2  tr(P  S"1)  -  2a  tr  P  t}"1  +  a2n 


a  -  ^  erf  c 


(6) 


vhare 


erfo  (z) 


It  is  seen  that  the  noise  level  N  oeacela  out  in  this  expression  eo  that 
the  deteotor  has,  In  feet,  a  CFAR  characteristic,  It  ia  not  coopletely 
obvious ,  however,  that  it  is  the  options  GFAR  detecW,  since  it  is  easily 
shown  that  any  quadratic  fora  x'A  x  used  instead  of  a,  would  also  result 
in  a  CFAR  characteristic.  A  further  discussion  of  this  point  is  given  in 
Appendix  A.  The  general  form  of  the  deteotor  is  shewn  in  Fig.  1.  The  upper 
channel  fanning  the  test  statistic  u^  ia  equivalent  to  a  likelihood-ratio 
detector  for  noiao  level  known  pi*eeisely,  end  it  is  gtnerally  a  nonlinear 
filter  matched  to  the  expected  signal  structure.  The  lower  channel  is 


basically  an  estimator  of  the  noise  level. 


Figure  1  Optimum  CFAR  Detector 
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If  the  false-alarm  probability  a  is  specified,  the  argument  of 
erfc  in  Eq.  (6)  is  a  constant,  Ka,  and  therefore  Eq,  (6)  can  be  solved 
for  a.  The  result  is 


For  large  n  this  simplifies  to 


a  a?  |  tr(P  O’1) 


(7) 


(8) 


which  is  seen  to  be  independent  of  the  false-alarm  probability.  The 
reason  for  this  is  that  for  large  n  the  error  function  in  Eq.  (6)  approaches 
a  unit  step  function,  and.  therefore  any  value  of  a  other  than  sero  or  on a 
will  result  in  approximately  the  same  argument  for  erfc. 

In  order  to  compute  the  detection  probability  \-  b  the  moan  and 
variance  of  the  output  statistic  u^-aug  under  the  hypothesis  that 
x(t)  consists  of  signal  and  noise  must  be  found.  Under  the  assumption 
that  signal  and  noise  are  independent,  the  mean  i3 


tr(P  S'1)  -  a  tr(P  Q"1)] 


(9) 


and  if  the  signal -to-noise  ratio  is  very  small,  then  the  variaree 
2  2 

o^  ss  oQ  .  Then 


1-  B  -  erfc  <K  - 


C  *1 
tr(P  Q-a)  -  a  tr(P  %  x) 
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tr  (P  Q"1 )  -  2a  tr  F  Q_1  +  a2n 


(10) 


If  the  value  of  a  from  Eq.  (7 )  is  substituted  into  this  expression,  the 
result  is  (  _ 

if  r  2T* 

1-  p  -  erfc  Kfl-  £  I  |tr(P  Q"1)  --  j^P  Q"1)]  .  1— ~  tr(P  a"1) 


For  large  n  this  can  again  be  simplified  to 


1-9  -  erfc  <  -  Jf  ^tr(P  £ml)  -  |  |tr(P  Q_1  j]?  .  (12) 

'  S 

The  detection  probability  obviously  depends  on  Lhe  signal-1, o-noiae  ratio 

but  since  the  detector  structure  does  not,  the  detector  is  "uniformly 

optimum." 

It  is  clear-  from  Eq.  (12 )  that  the  detection  probability  is  determined 
by  the  magnitude  of  the  quantity 


-±  m±  jtr(p  Q-1)  -  -(tr  P  Cf1) 
\'2  2N  \  n 


3y  Eo.s,  (U)  and  (9),  d  is  also  seen  to  be  the  "output  aignal-to-noise 
ratio"  -uo)/ao  .  Thus  d  is  the  usual  figure  cf  merit  for  evaluating 
the  detection  system.  For  an  optimum  detector  where  the  background  noise 
level  is  known,  d  is  given  by  the  well-known  relation ^ 

d.  •yflj'f r<£;  S'1* 

This  can  be  seen,  for  instance,  by  setting  a  -  0  in  Eq,  (10).  Comparison 
of  Eqs.  (13)  and  (li*)  therefore  funaahes  a  convenient  indication  of  the 
cost  of  the  uncertainty  in  the  noise  level. 


III.  Evaluation  of  the  CFAR  Devactor 

The  figure  of  merit  d  of  Eq.  (13 )  is  not;  evaluated  for  some  special 
cases.  In  all  cases  considered,  detection  is  by  means  of  an  array- 
consisting  of  M  elements  properly  phased  so  that  the  array  is  steered 
"on  target."  The  signal  consists  of  amplitude-modulated  noise,  i.e. , 

s(t)  -  f(t)  y(t)  (15) 

where  y(-c)  is  a  stationary  Gaussian  noise  with  mean-square  value  S,  and 

o 

where  f  (t)  ■  1+b  cos  eoot  .  The  modulation  frequency  is  known,  and  it 

is  low  compared  to  the  bandwidth  of  y(t). 

Suppose  first  that  the  power  spectrum  of  y(t)  and  n(t)  is  uniform 

(white)  up  to  a  frequency  u  and  zero  above  this  frequency.  For  large  co^ 

C5) 

it  can  be  shown  that  this  implies  that  there  is  zero  correlation 
between  the  noise  received  on  different  hydrophones. 

According  to  the  sampling  theorem,  ^  the  signal  received  by  any  one 
hydrophone  can  be  represented  by  m  time  samples  during  an  observation 
interval  T,  v;here  m  ■  w^T/rt  .  Then  for  detection  by  an  array  of  M  elements 
one  can  use  the  convention  that  the  firet  m  samples  of  x  represent  the 
signal  on  the  first  hydrophone,  the  next  m  represent  the  signal  on  the 
second  hydrophone,  etc.  Then  the  dimension  of  the  sample  vector  is 
n  ■  Mm  . 

The  fact  that  the  array  is  steered  on  target  implies  that  the 
signal  components  at  the  different  hydrophones  are  100  per  cent  correlated. 
Hence  the  P  matrix  consists  of  M2  identical  submatrices,  which  are 
diagonal  if  y(t )  is  •  white  noise.  As  a  result  of  the  additional  factor 
of  amplitude  modulation,  the  general  element  of  the  P  matrix  is  given  by 


B-J> 


Pij  "  fk  for  IM"  **  i 


0  otherwise 


2  _  Ji, 


where  for  mr  <  i  <ia(r+l)  ,  k  -  i-mr  j  and  where  f^  ■  f  (t^)  - 
1+  b  cos  «  .  Furthermore,  the  assumption  concerning  the  noise  inplies 

that  g  -  I  ,  the  n-ddmenaional  unit  matrix.  Then  it  follows  directly 


w 

tr  l  2"1  "  K  J  fk2  »  Ita  -  n 


where  the  approximation  is  valid  by  the  Itf.eaann~Lebe  *guc  lemma  if  the 
observation  time  T  -  m(\  “  ^  2n/»e  .  Similarly, 


tr(P  (f1)  -  M2^  ^  M^m|l  +  ^ 


Hence  the  figure  of  merit  d  becomes 


s‘v?VJ*"2i1^rK 


If  the  signal  were  unmodulated,  b  ■  0  ,  and  therefore  the  ratio 
of  figures  of  merit  for  the  cases  of  modulated  and  unmodulated  signals  is 


m  *7-1 


ll  *  \  for  M»1  (20) 


If  the  noise  level  had  been  assumed  to  be  precisely  kncwn,  then,  by 
Bqs.  (lit)  and  (18),  the  ratio  of  d'e  for  modulated  and  unmodulated 
signals  would  have  been 


I] 
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(21) 


h ) 

for  all  M.  This  is  the  result  that  has  been  obtained  previously. v ' 1 
Since  b  cannot  exceed  unity,  the  increase  in  d  caused  by  modulation  is 
less  than  25  per  cent.  This  is  equivalent  to  saying  that  the  reduction 
in  jj  permitted  for  equivalent  performance  is  less  than  .9  db  if 
modulation  is  present. 

It  is  clear  that  for  large  arrays  the  effect  of  the  lack  of 
knowledge  of  the  noise  level  becomes  negligible.  In  fact,  if  the 
square-root  factor  in  Eq.  (l?)  is  expanded  by  means  of  the  binomial 
formula,  the  result  for  large  M  is  approximately 


whereas,  by  Eq.  (lU),  for  precisely  known  noise  level. 


(23) 


Thus  far  large  M  the  cost  of  not  knowing  the  noise  level  is  approximately 
one  half  of  a  lydrophone. 

The  situation  is  clearly  different  when  M  is  small.  As  an  extreme 
case,  consider  M  »  1  .  Then  with  modulation  and  unknown  noise  level 


d 


(2U) 


Without  modulation  d  »  C  ,  leading  to  the  obvious  result  that  an 
unmodulated  signal  is  not  detectable  by  a  single  hydrophone  if  the  noise 


■ 


level  is  completely  unknown.  Thus  modulation  plays  a  very  crucial  role 
in  this  case.  On  the  other  hand,  if  M  ■  2  ,  the  ratio  d^/d^  is  already 
less  than  "\[P ;  lienee  the  limiting  case  of  large  M  is  approached  very 
rapidly. 

17.  Nonuniform  Signal  and  Noise  Spectra 

The  results  of  the  previous  section  may  be  extended  to  nonuniform 
signal  and  noise  spectra  if  the  assumption  of  negligible  noise  correlation 
between  hydrophones  is  retained.  The  general  effect  of  modulation  with 
nonuniform  spectra  has  been  considered  previously^  and  the  general 
conclusion  was  that  for  a  modulating  frequency  very  much  lower  than  the 
frequency  for  which  the  spectrum  of  y(t)  begins  to  drop  off,  the  effects 
of  modulation  on  detectability  are  unaffected  by  the  shape  of  either  the 
signal  or  the  noise  spectrum.  Thus  in  this  section  we  consider  only 
unmodulated  signals. 

Let  the  signal  spectrum  be  SJi(o)  ,  where  SQ  is  zero-frequency 

spectrum  level  end  S(w)  the  normalized  spectrum,  defined  such  that 

lim  S(u)  ■  1  .  Similarly,  let  the  noise  sue ct rum  be  given  by  N  N(w)  .  * 
<o->0  ‘  0 

(g  \ 

Then  it  has  been  shown  in  previous  reports'  '  that 

o  m  „  2  r-/..  \  t2 


1  2  A  S  2  fs(®  )  * 

tr(P  Q  ;  -  2)  -2,  - —0(»4) 

ti VW  J 


where  0(«4)  is  the  array  gain.  '  As  is  shown  in  Reference  {?),  if 
the  observation  time  T  is  sufficiently  large  so  that  the  signal  and 
nciee  spectra  are  essentially  constant  over  a  frequency  interval  of 
Am  -  yjr  rad/ sec  ,  Eq.  (25)  can  be  expressed  in  the  integral  form: 

*It  ia  assumed  that  S  (co)  and  N (co )  have  finite  values  as  « — >0  . 


Similarly,  it  can  be  shown  that 


tr  (P  £_1) 


a  ? 

Finally,  since  there  are  fre:juency  samploa  in  time  T, 


Mu  T 
m 

n 


(27) 


(28) 


Substituting  Eqs.  (26),  (27),  and  (28)  into  Eq.  (13)  results  in  the 
figure  of  merit 
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(29) 


If  the  noise  correlation  between  different  hydrophones  is  negligible, 
then  G(u)~  M  .  Also,  it  is  often  true  that  the  signal  ar.d  noise  spectra 
are  sufficiently  similar  so  that  approximately  i!(u)  -  N(u)  ,  Using  this 
results  in 


d 


JS  5>Vi?77 
V  2"  No 


(30) 


This  equation  is  identical  to  Eq.  (1?)  with  b  -  0  since  the  number  of 

Em 

samples  m  in  Eq.  (l?)  can  be  e ousted  to  — *.  Also  we  find  that  the 

u 

figure  of  merit  for  noise  level  known  precisely  is  given  tv 


! 

I 
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(31) 


Hence  the  argument  of  Eq,  (22 )  can  be  applied  here  again  to  shew  that  the 
cost  of  ignorance  about  the  noise  level  is  approximately  |  hydrophone 
when  M  in  large. 

In  order  to  consider  a  case  where  S(o)  and  N(w)  are  not  identical. 


suppose  that 


.  o>  2 

-  --2 — , 

N(<c) 

o 


(32) 


A  possible  combination  of  signal  and  noise  spectral  densities 
leading  to  this  result  might  be 


S(u) 


»(«)  ' 


+  <\) 


(33) 

Oh) 


Thus  both  signal  and  noise  spectra  have  essentially  the  same  form  at 
low  frequencies,  but  at  frequencies  above  a>Q  the  noise  spectrum  levels 
off.  Then,  from  Eqs.  (26)  and  (27), 


and 


(35) 


(36) 


and  therefore 
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(37) 


For  m  «  to  this  raduces  to  ths  result  obtained  above 
m  o 

However,  for  to  »  to 
HO 


[*q.  (30)]. 


d» 


(38) 


as  to i^/to — y  »  .  The  limiting  value  of  d  is  the  same  as  the  value  obtained 
when  the  roise  level  is  known  precisely.  Thus  the  cost  of  not  know4.:  g  the 
noise  level  is  less  than  1/2  hydrophone  for  l&i^s  M,  and  it  approaches 
zero  for  large  uJI/^0  .  Detection  by  «  single  hydrophone  also  becomes 
feasible  under  this  condition. 

This  result  does  not  depend  critically  on  the  precise  form  of 

00 

,  but  only  on  the  fact  that  j  G(w)  da>  is  finite.  This 

0 

will  always  be  true  if  the  signal  spec. hum  falls  off  sore  rapidly  with 
increasing  frequency  than  the  noise  spectrum,  and  it  is  true  particularly 
for  narrow-band  signals.  Under  these  conditions  the  received  signal  at 
very  high  frequencies  consists  almost  exclusively  of  noise,  and  it  is 
theoretically  possible,  therefore,  for  the  high- frequency  noise  level  to 
be  quite  accurately  established.  Than,  if  the  form  of  the  noise  spectral 
density  in  precisely  known,  the  high-frequency  level  can  be  extrapolated 
down  to  low  frequencies,  and  the  noise  level  at  all  frequencies  would  be 
precisely  known. 


In  practice  this  sort  of  extrapolation  is  not  always  feasible. 
Thus,  in  the  example  noise  spectrum  of  Eq.  (3U).  the  frequency  a^  might 
be  the  frequency  at  which  the  locally  generated  white  noise  begins  to 
dominate  the  sea  noise.  Tills  frequency  depends  on  the  low-frequency 
level  of  the  sea  noiae  as  well  as  on  the  level  of  the  white  noise. 

Hence  in  this  case  the  high-frique.icy  noise  level  docs  not  necessarily 
contain  very  much  information  about  the  low-frequency  noise. 

It  can  be  seen  by  naans  of  Schwarts's  inequality  that 
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(39) 


(12)  Thus 

the  figure  of  merit  d  ic  always  somewhat  larger 


where  the  e quality  holds  only  when  the  integrand  is  a  constant, 
for  non-constant 

than  the  value  given  by  Eq.  (30).  This  indicates  that  the  optimum  CFAR 


detector  can  always  make  use  of  known  differences  between  signal  and 
noise  spectra  to  improve  the  detectability.  This  is  of  course  particularly 
important  if  detection  is  by  a  single  omnidirectional  hydrophone,  since  in 
this  case  differences  in  spectral  shape  provide  the  only  possibility 
for  detection.  On  the  other  hand,  for  large  M  the  improvement  cannot 
exceed  the  ^  hydrophone  loss  that  results  when  -  1  .  Moreover, 

it  is  shown  in  the  next  section  that  even  for  fairly  large  variations  in 


the  two  sides  of  Eq.  (39)  are  approximately  equal. 


VI.  The  Approximate  Effect  of  Noise  Correlation  Between  Hydrophones 

Noise  correlation  between  hydrophones  results  in  a  reduction  in  the 
array  gain  with  decreasing  frequency.  This  has  been  studied  in  some 
detail  in  previous  reports,'  and  the  exact  relation  between  G(a)  and 
<o  waB  found  to  be  fairly  complex,  A  typical  curve  of  0(a)  vs,  a  is 
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8 hewn  In  Tig.  2.  For  snro  frequency,  the  noise  corr*l«t ion  approaches 

100  per  oent,  and  therefore,  if  there  is  tom  self -noise,  11b  5f«)  ■  G  ■  1  . 

co -40  0 

(In  the  absenoe  of  self-noise  0Q  nay  differ  froa  unity,  hut  this  is  a 
singular  case  which  is  of  little  practical  interest. ) 


In  order  to  obtain  an  estinate  of  the  sffeot  of  noise  correlation,  we 
approximate  Q(w)  by 


Q(<o)  -  M  -  (M  -G  )  e"° 
0 


(UO) 


where  c  is  a  oonstart  ohesen  to  approximate  the  true  Q(»).  A  typical  curve 
of  approximate  0(co)  vs.  co  is  alco  shown  in  Fig.  2.  Furthermore,  since  it  is 


desired  to  observe  only  the  effect  of  G(o>)»  it  is  assumed  that 


S  (co 


»  1  . 


Substitution  of  Eq,  (1*0)  into  Eq.  (29)  and  performing  the  Integration  yields 
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For  noise  leval  precisely  known  the  result  would  he 
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For  a->0,  limiting  forms  for  d  and  do  are 
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The  bracketed  team  is  plotted  in  Fig.  3  for  several  values  of  H  • 
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for  all  ay  Thus  it  can  be  concluded  that  noiae  correlation  deea  not  have 
anj;  significant  effect  on  the  coat  of  not  knowing  the  preoise  noise  level. 
Although  this  conclusion  is  based  on  a  particular  expression  for  the  array 
gsjin,  it  can  be  seen  by  inspection  of  the  basic  relation  £lq.  (29)]  that- 
it  actually  depends  on  the  fact  that 


This  equation  is  obviously  not  true  in  general,  as  shown,  in  fact,  by 
Eq.  (39).  However,  if  G(u)  had  been  approximated  more  closely,  as  for 
instance  by  M-(M-G0)  e"cco  cos (ku  +  0)  ,  which  simulates  the  oscillations 
in  Q(<d)  better  than  Eq.  (hO),  Eq.  (US )  would  still  have  been  approximately 
correct.  On.  may  be  Justified,  therefore,  in  assuming  the  conclusion  of 
this  section  to  be  generally  true,  Al»o,  it  can  be  seen  by  inspection  of 
Eq.  (39 )  that  variation  of  with  frequency  would  generally  have  the 
same  kind  of  result. 

VII.  Conclusions 

If  the  noise  level  is  not  known,  it  is  desirable  ''.o  employ  a  detector 
having  a  GEAR  characteristic.  Such  a  detector  can  be  represented  as  a 
two-charnel  device  in  which  one  channel  is  a  standard  likelihood-ratio 
detector,  and  the  other  channel  cccsiste  of  a  noise  level  estimator.  When 
a  detector  of  this  type  is  employed  in  the  detection  of  a  Gaussian 
directional  signal,  the  following  results  are  obtained i 

a)  Tbs  improvement  in  deteotability  resulting  from  amplitude 
modulation  by  means  of  a  known  time  function  depends  on  the  number  of 
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elements  in  the  receiving  array.  If  there  is  only  a  single  element  in  the 
array,  amplitude  modulation  is  crucial  to  detection,  an  unmodulated  signal 
being  essentially  undetectable  if  the  noise  level  is  not  known.  However, 
if  there  are  many  hydrophones  in  the  array,  the  improvement  approaches 
that  obtained  when  the  noise  lev"!  is  known,  and  modulation  permits  a 
reduction  in  signal-to-noise  ratio  of  at  most  ,9  db  for  a  sinusoidal 
modulation.  Even  with  two  hydrophones  in  the  array,  the  effect  is 
equivalent  only  to  about  1.5  db  of  signal-to-noise  ratio, 

b)  The  effect  of  tho  unknown  noise  level  on  the  detectability  by 
large  arrays  is  generally  equivalent  to  the  loss  of  jy  hydrophone  from 
the  array.  This  figure  is  relatively  unaffected  by  noise  correlation 
between  hydrophones  or  by  the  shape  of  the  signal  or  noise  spectrum,  so 
long  as  the  signal  and  noise  cover  essentially  the  same  band.  However, 
if  the  signal  band  is  narrower  than  the  noise  band,  the  cost  of  ignoran  j 
about  the  noise  level  becomes  further  reduced,  and  approaches  zero  as 
the  ratio  of  signal  bandwidth  to  noise  bandwidth  approaches  zero. 

It  is  interesting  to  note  that  a  DMIS  detecting  system  approximates 
the  operation  of  the  optimum  CFAR  detector  quite  closely,  since  it 
displays  off-target  as  well  as  on-tcrget  information  simultaneously. 

The  difference  between  the  on-target  and  off-target  indications  is  very 
similar  to  the  difference  between  upper  and  lover  channels  of  the  CFAR 
detector  considered  in  this  report. 


Appendix  A  Optimality  of  the  CFAR  Detector  for  Detection  of  a  Gaussian 
Signal  In  Gaussian  Noise 

It  is  well  known  that  if  the  signal  and  noise  power  levels,  3  and  J], 
are  known,  the  optimum  detector  is  the  likelihood-ratio  detector.  It  can 
he  shown  ^ )  that  this  deteotor  generally  luinimitea  the  quantity  p  +  K  a  , 
whert  p  and  a  are  respectively  the  conditional  miss  and  false-alarm 
probabilities,  and  K  is  the  likelihood-ratio  threshold.  When  S  and  N 
are  not  known,  and  if  it  is  not  reasonable  to  assume  that  probability 
density  functions  for  S  and  N  can  be  defined,  then  a  conditional  likelihood 
ratio  must  be  employed.  It  has  the  form 


(A-l 


where  f^(a/S,N)  is  the  conditional  probability  density  of  x  given  that 
signal  is  present,  and  that  signal  and  noise  power  are  respectively  S  and  Nj 
and  where  f  (j^N  )  is  the  conditional  probability  density  of  x  given  that 
there  is  no  signal  and  that  the  noise  power  is  N.  Also  under  these 
conditions  the  error  probabilities  a  and  p  become  o(H)  and  p(S,N)j  i.e., 
they  are  conditional  on  the  signal  and  noise  levels  S  and  N  respectively. 

The  conditional  likelihood-ratio  deteotor  is  then  optimum  in  the  sense 
that  it  minimizes  the  quantity  p(N,S)  +  K  a(N )  relative  to  other  detectors. 

In  formulating  the  conditional  likelihood  ratio  one  assumes  that 
S  and  N  take  on  particular,  known  values.  Hence  if  the  signal  and  noise 
are  independent  Qauaaian  processes,  and  if  it  is  assumed  that  the  signal- 
to-ncise  ratio  is  very  small  (See  footnote,  page  3),  the  expression  for 
the  conditional  likelihood  ratio  has  the  usual  forms 
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L(a/S,N )  «  exp  j-  -jjj  x'Q_1T  Q_1x  -  tr  P  Q”1  -  tr(P  Q"1)  |  (A-2 ) 

The  conditional  false -alarm  probability  a(N )  is  the  probability  that 
exceeds  the  threshold  uq  when  x(t)  consists  of  noise 
only.  For  large  sample  size,  u^  is  approximately  Qaussian  by  the  Central 
Limit  Theorem,  and  its  mean  and  variance  for  x(t)  consisting  of  noise  only 
are  given  by 

u(N)-  M  -Ntr(PQ“1)  (A-3) 

o  \  X/jj 

2  2 

oo2(N)  -  -  ^Lj)  -  2N2  tr(P  Q'1)  (A-U) 


Hence 


a(N )  -  ^  erfc 


N  tr(P  Q"1)  -  u 


2H  "^tr(P  2_1) 
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(A-5) 


By  Eq.  (A-2 ) 


uo  -  ^  log  K  +  tr  ?  Q"1  +  tr(P  g"1) 


(A-6) 


It  must  be  ra-empbasized  that  in  this  formulation  S  and  N  are  given 

values,  and  therefore  if  K  is  fixed,  u  is  also  fixed.  But  with  fixed  u 

o  o 

it  is  clear  from  Eq.  (A-5)  that  a  will  change  as  N  changes.  Thus,  to 
obtain  a  CFAR  characteristic  it  is  necessary  that  uq  be  made  proportional 
to  N.  However,  since  N  is  not  known,  this  is  not  directly  possible,  and 
the  best  that  oan  be  done  is  to  make  u^  proportional  to  an  unbiased 

A 

estimate  N  of  Nj  i.e,,  to  let 

A 

u  -  a  N 
0 


(A-7) 
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A  simple  way  of  estimating  the  noise  level  is  to  measure  the  power  in  the 
received  signal;  i.e., 

n 

N  -  £  x*  -  x'x  (A-8) 

i-1 

A  more  general  form  of  estimator  is  the  quadratic  form 

N  ■  2  (A-?) 

The  matrix  A  is  an  arbitrary  n  X n  symmetric  matrix,  except  that  it  is 
convenient  to  require  that  it  satisfy 

tr(A  Q)  -  n  (A-10) 

Thia  is  merely  a  normalization  thai  specifies  a  particular  value  of  a  in 
Eq.  (A-7).  It  is  clear  that  Eq.  (A-8)  is  a  special  case  of  Eq.  (A-9) 
with  A  «  I  . 

A 

For  large  n  the  estimate  N  is  approximately  Gaussian  by  the  Central 
Lindt  Theorem.  Its  mean  value,  when  x(t)  ronsists  of  noise  only,  is 

(n)  -  N  tr  A  Q  -  Nn  (A-ll) 

N 

A 

Thus  the  estimate  is  unbiased,  as  required.  Also,  the  variance  of  N 
(for  x(t)  ocnsisting  of  noise  only)  is  easily  shown  to  he 

cfl2  -  2N2  tr(A  Q)2  (A-12) 

It  is  clear  that  the  threshold  u  is  also  a  Gaussian  random  variable. 

o 

Thus,  depending  on  the  value  of  uq  that  actually  emerges  from  the 
noise-level  estima  or,  the  faloe-alarm  probability  is  different  from 
observation  to  observation,  and  it  can  therefore  be  represented  by 
a(N,uo)  . 


Since  one  is  usually  Interested  in  an  overall  false-alarm  rate  rather 
than  the  false -alarm  probability  for  a  particular  observation,  one  would 
presumably  want  the  average  of  the  false-alarm  probabilities  over  uq. 

This  would,  for  instance,  yield  the  expected  number  of  false  alarms  in  a 
long  period  of  time  in  which  a  large  number  of  disjoint  observations  had 
been  made.  Without  getting  involved  in  the  details  of  the  computation  of 
this  average  false-alarm  probability,  it  is  fairly  clear  that  the  effect 
of  the  variable  threshold  is  to  broaden  the  curve  of  o  vs.  a ,  as  shown 
in  Fig.  A-i.  In  this  figure  a(H,uQ)  represents  a  particular  false-alarm 
probability  evaluated  with  an  average  noise  level  N  and  with  uq  -  a  N  , 

a  deterministic  quantity.  The  average  ^a(N,UQ  is  essentially  the 

Uo 

weighted  sum  of  curves  of  this  type  with  different  N's. 
a 


a 

Figure  A-l 

Fran  heuristic  reasoning  of  this  sort  it  can  be  concluded  that  the  smaller 

the  variance  of  uq,  the  steeper  the  curve  of  ^(N,uq)^  vs,  a  would  be. 

uo 

Therefore,  the  value  of  a  needed  to  obtain  a  given  small  value  of  a 

decreases  as  the  variance  of  u  decreases.  But  the  smaller  a  is,  the 

0 


higher  the  detection  probability  will  be.  Hence  it  ie  concluded  that  the 
optimum  system  results  when  the  variance  of  uq  is  a  minimum. 

As  a  result  of  Eqj.  (A-7)  and  (A -12 ),  the  variance  of  uQ  is 
2*$  tr(A  Q)2  .  Consider  the  non-negative  quantity 


-  2  tr  A  £  +  n 

-  n  >  0 


(A-13  ) 


where  the  second  step  follows  by  use  of  Eq.  (A-10).  The  equality  holds 
for  A  =  Q-''"  ,  and  therefore  the  minimum-variance  estimate  of  ft  is 


I 'S"1* 


(A-ll*) 


The  optimum  detector  that  emerges  from  this  discussion  is  then  the 


one  shown  in  Fig.  1. 
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The  major  result  of  the  work  of  Chapters  III  and  IV  is  that  in 
the  case  of  low  pre-detection  SNR,  the  detectabiliey  of  a  stochastic 
signal  of  unknown  center  frequency  is  governed  primarily  by  the  pre¬ 
detection  SNR  Re  in  a  band  of  the  width  of  the  signal,  even  though  the 
frequency  location  of  the  signal  may  be  unknown  within  the  wider 
processing  band.  Thus  if  the  signal  spectrum  and  the  observation  time 
are  fixed  and  the  processing  band  is  gradii&lly  widened,  the  signal 
detectability  (for  a  fixed  false-alarm  probability)  will  gradually 
decr<  ase,  but  the  decrease  will  be  slight  ween  compared  with  the 
increase  in  noise  power  which  results  from  widening  of  the  processing 
band. 

From  another  point  of  view  the  processing  band  and  the  observation 
time  may  be  regarded  as  fixed.  Then,  if  the  signal  power  is  confined 
to  a  frequency  band  r  times  narrower  than  the  processing  band 
insteal  of  being  uniformly  spread  over  the  processing  band,  the  pre- 
detection  SNR  is  increased  by  a  factor  r  and  signal  detectability 
is  accordingly  increased  in  spite  of  the  signal  frequency  uncertainty. 
The  work  cf  Chapters  III  and  IV  indicates  that  substantial  improvement 
in  detectability  can  be  achieved  in  this  manner  only  up  to  the  point 
where  the  pre-detection  SNR  Rg  becomes  on  the  order  of  unity. 


summary 
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This  investigation  is  concerned  with  the  detection  of  signals  of 
unknown  frequency  in  the  presence  of  broadband  additive  gaussian  noise. 
Several  signal  models  are  considered  and  in  each  case  the  structure 
of  the  optimum  detector  is  determined  and  the  signal  detectability 
is  calculated. 

Chapter  I  presents  the  background  and  description  of  the  problem 
to  be  considered.  A  power  series  approach  to  the  problem  which  was 
investigated  in  earlier  work  is  described  and  its  limitations  are 
discussed. 

In  Chapter  II  the  signal  to  be  detected  is  taken  to  be  a  sinusoid 
with  known  amplitude  and  phase  but  unknown  frequency,  the  frequency 
having  a  discrete  probability  distribution.  The  results  show  that  as 
the  post-detection  SNR  is  made  large  the  optimum  detector  becomes 
equivalent  to  a  band-splitting  detector  in  which  a  test  quantity  1b 
generated  and  threshold-tested  at  each  possible  value  of  the  unknown 
signal  frequency.  The  performance  of  this  detector  is  analysed  and 
is  compared  with  that  of  a  sub-optimum  detector  in  which  the  test 
quantities  are  summed  before  the  threshold  test.  Finally,  some 
work  is  described  in  which  the  results  of  the  present  investigation 
were  extended  to  the  problem  of  detecting  a  sinusoid  of  known  amplitude 
but  unknown  phase  and  frequency,  with  the  frequency  again  being  given 
by  e  discrete  probability  distribution. 

Chapters  III  and  IV  are  concerned  with  the  detection  of  a 
gaussian  stochastic  signal  of  unknown  center  frequency.  The  signal 
power  is  assumed  to  be  confined  to  a  frequency  band  which  is  r  times 
narrower  than  the  overall  frequency  band  being  processed  and  the  signal 
spectrum  is  assumed  to  lie  anywhere  within  the  processing  band  with 
uniform  probability.  The  optimum  detector  structure  in  this  case  is 
conjectured  to  be  a  band-sweeping  detectoi  the  limiting  form  of  the 
band-splitting  detector  derived  in  Chapter  II.  A  suitable  engineering 
approximation  to  the  band-sweeping  detector  is  then  found  and  its 
performance  is  evaluated. 

The  analysis  of  Chapter  III  is  based  upon  the  assumption  of  low 
pre-detection  SNR.  Experimental  data  is  presented  which  corroborates 
some  of  the  theoretical  results  obtained  in  this  chapter.  When  the 
pre-detection  SNR  Rg  (defined  in  a  band  of  the  width  of  the  signal 
spectrum)  is  on  the  order  of  or  larger  than  unity,  the  analysis  of 
Chapter  III  must  be  modified;  this  strong-signal  situation  is  considered 
in  Chspter  IV. 
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1.1  Preliminary  Remarks 

This  report  deals  with  the  detection  of  sinusoidal  or  narrowband 
signals  of  unknown  frequency  In  a  background  of  noise  having  known 
statistical  properties.  Much  of  this  work  has  been  reported  in  a  series 
of  earlier  progress  reports.  In  particular,  most  of  Chapter  II  has 
previously  been  submitted  as  Progress  Report  Ho.  15,  while  Chapters  III 
ani  IV  were  largely  covered  by  Progress  Report  Ho.  19.  Sane  portions  of 
Chapter  I  were  contained  In  Progress  Reports  Ho.  8  and  lU.  The  purpose 
of  the  present  report  Is  primarily  to  collect  all  the  material  on  this 
topic  In  one  place,  to  put  some  of  the  earlier  work  on  the  subject  Into 
proper  perspective  in  the  light  of  the  later  results,  and,  where 
appropriate,  to  make  a  number  of  extensions  of  the  work  already  reported. 

Motivation  for  the  Investigations  described  in  this  report  was 
derived  from  the  knowledge  that  signals  received  iron  passive  sonar 
targets  often  contain  a  number  of  low  frequency  sinusoidal  or  quasi- 
sinusoidal  components.  These  are  believed  to  originate  at  the  target 
vessel  as  rotatlng-machlcery  noises  and  upon  reception  are  observed  In  the 
spectrum  of  the  received  data  as  lines  f  some  small  but  non-zero  birnd- 
vidth.  Although  some  existing  sonar  systems  make  use  of  these  low  fre- 
que'cy  components,  no  analysis  has  been  made  to  date  to  determine  the 
ultimate  detectability  of  such  signals.  Hence  this  investigation  vas 
undertaken. 

The  frequencies  of  tht-»e  narrowbsnc  signals  are  related  to  the 
operating  speeds  of  various  machines  on  board  the  target  vessel  and 
cannot  be  knewn  a  priori;  however,  the  signals  do  appear  In  predictable 
regions  of  the  spectrum.  The  frequencies  of  the  Individual  signals  are 
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observed  to  vary  with  time,  but  these  variations  appear  to  he  relatively 
*lov  with  respect  to  the  processing  tines  which  are  typical  of  sonar 
detection  systems.  Therefore  the  signal  frequencies  nay  reasonably  be 
regarded  as  constant,  though  unknown,  throughout  the  observation  time  of 
the  received  signal. 

For  the  purposes  of  analysis,  some  reasonable  assumptions  can  be 
made  regarding  other  characteristics  of  these  signals,  i.e.,  statistical 
parameters,  bandvldths  and  spectral  shapes.  Thus  the  problem  to  be 
considered  is  one  of  detecting  a  narrowband  signal  with  given  statistical 
properties,  whose  frequency  is  unknown  but  may  be  characterized  by  a 
statistical  distribution  over  tiome  prescribed  range  of  the  spectrum. 

One  would  also  like  to  know  the  structure  of  the  detector  which  provides 
maximum  detectability  for  such  signals,  the  optimum  detector. 

In  general  several  such  narrowband  signals  as  have  been  described 
appear  simultaneously  in  the  received  data  at  a  number  of  frequencies, 
but  for  simplicity  this  investigation  will  consider  the  detection  of  a 
target  characterized  by  only  one  such  signal. 

The  problem  which  has  thus  been  outlined  in  physical  terms  belongs 
to  a  broad  class  of  problems  which  will  be  discussed  in  the  next  section, 
namely,  the  optimum  detection  of  signals  having  unknown  parameters. 

The  specific  problem  to  he  considered  will  then  be  described 
mathematically  in  Section  1.3. 

1.2  Optimum  Detection  of  Signals  with  Unknown  Parameters 
a)  The  likelihood  Ratis  Detector 

The  detection  of  a  signal  in  the  presence  of  noise  mey  be 
described  as  follows:  A  received  signal  v(t)  is  observed  during 
some  Interval  of  time  0,T  and  on  the  basis  of  this  observation 
one  of  the  following  two  decisions  is  made.  Either  1)  the  received 
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data  consists  of  noise  only,  and  v(t)  ■  n(t);  or  2)  the  received 
data  consists  of  signal  and  noise,  and  v(t)  ■  s(t)  +  n(t),  where 
the  noise  is  assumed  to  be  additive. 

Since  the  noise  (and  perhaps  the  signal  as  well)  is  a  random 
process,  these  decisions  are  statistical  in  nature  and  are  subject  to 
errors  of  false  alarm  and  false  dismissal.  The  conditional  probabil¬ 
ities  of  these  two  types  of  error  are  defined  in  the  following  manner: 
The  conditional  probability  of  false  alarm  a  is  the  probability  of 
deciding  that  a  signal  is  present  when  the  received  data  actually 
contains  v?Jy  noise.  The  conditional  probability  of  false  dismissal 
6  is  the  probability  of  deciding  that  only  noise  is  present  when 
the  received  data  contains  a  signal  and  noise. 

The  central  problem  of  signal  detection  Is  then  one  of  designing 
detectors  which  make  these  decisions  in  an  efficient  manner.  In  order 
to  detign  detectors  vhich  are  in  some  sense  optimum,  one  must  know 
the  statistical  properties  of  the  noise  and  the  description  (a  stat¬ 
istical  description  if  the  signal  i*  stochastic)  of  the  signal  to  be 
detected  or  be  able  to  make  estimates  of  these  characteristics.  If 
in  addition  a  criterion  of  goodness  is  selected,  by  which  the  per¬ 
formance  of  detectors  may  be  compared,  then  one  may  in  principle 
find  a  detector  which  yields  the  besc  performance  with  respect  to 
this  criterion.  8uch  a  detector  is  termed  an  optimum  detector. 

In  the  literature  on  detection  theory  several  approaches  have 
been  taken  to  this  question  of  selecting  an  optimum  detector.  Two 
representative  approaches  will  be  mentioned  briefly.  One  is  based 
on  the  theory  of  hypothesis  testing  as  originally  outlined  by  Heyman 
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and  Pearson!  who  proposed  the  use  of  hypothesis  tests  which  minim- 
lse  the  conditic.aal  probabilities  of  error.  In  termn  of  the  detec¬ 
tion  problem,  this  corresponds  to  using  a  criterion  of  goodness 
vhich  requires  that  the  detector  minimise  the  conditional  false 
dismissal  probability  for  some  pre-asslgned  value  of  conditional 
false  alarm  probability. 

A  second  approach  was  developed  by  Middletont^vho  analysed  the 
signal  detection  problem  from  the  point  of  view  of  statistical 
decision  theory.  In  this  type  of  analysis  the  detector  is  required 
to  make  decisions  in  such  a  way  that  a  certain  average  "risk"  is 
minimised. 

The  use  of  either  of  these  criteria  leads  to  a  Likelihood  Ratio 
(hereafter  LR)  detector  as  an  optimum  detector  structure !++When  the 
statistical  properties  of  the  noise  are  known  and  the  signal  is  a 
known  function,  the  optimum  detector  processes  the  received  signal 
by  forming  the  LR 


t  (▼)  » 


f(v/s) 

f(v/0) 


(1-1) 


where  v  and  a_  represent  sample-vector  forms  of  v(t)  and  o(t) 
respectively,  and  where  f(v/s_)  and  f(v/0)  are  the  probability 
density  functions  (hereafter  p.  d.  f.  'a)  of  v  conditioned  on  the 


t  See  Reyman  and  Pearson  (I).  The  Neyman-Pearson  theory  is  discussed 
in  many  books;  see  for  example  Cramer  (I,  Chap.  35)  and  Lehmann  (I). 

+t  See  Middleton  (II,  Part  b),  This  reference  also  presents  discuss¬ 
ions  of  several  other  decision  criteria  in  relation  to  detection  systems. 

ttt  Derivations  of  the  LR  detector  can  ba  found  in  many  references. 

See  for  example  Davenport  and  Root  (I,  Chap,  lb),  Helstrcm  (I)  and 
Middleton  (II,  Part  b). 
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presence  of  signal  and  noise  and  on  ths  presence  of  noise  only, 
respectively.  When  the  signal  s(t)  depends  upon  parameters  which 
are  unknown  hut  have  known  statistical  distributions ,  then  the 
optimum  detector  must  generate  a  LR  as  follows: 


t  (v) 


f(v/0) 


(1-2) 


where  the  average  indicated  by  O  g  represents  a  statistical  average 
taken  over  all  values  of  the  unknown  signal  parameters.  Since  only 
the  numerator  in  Eq.  (1-2)  depends  upon  the  signal  parameters,  the 
average  (  )  g  may  equivalently  be  taken  over  ths  entire  right  side  of 
Eq.  ( 1-2)  and  thus  l(v)  may  be  regarded  as  an  average  LR. 

The  optimum  detector  makes  a  decision  by  comparing  the  average 
LR  vlth  a  preset  threshold  k  .  This  threshold  test  is  Indicated  by 

<*(▼/•>>  8 


f(v/0) 


k 


(1-31 


If  the  threshold  is  exceeded  the  decision  is  made  that  signal  and 
noise  are  present  in  the  received  data  v  ;  otherwise  the  decision  is 
made  that  only  noise  le  present. 

The  threshold  setting  k  is  determined  by  the  particular  criteri¬ 
on  which  has  been  selected  to  evaluate  the  detector  performance. 

If  for  example  the  Heyaan-Pearson  criterion  had  been  chosen,  k 
would  be  set  at  a  level  to  produce  the  pre-asslgned  conditional  false 
alarm  probability.  The  threshold  test  Indicated  by  Eq.  (1-3)  would 
then  minimise  the  conditional  false  dismissal  probability  for  the 
pre-assigned  false  alarm  probability. 

The  LR  given  by  the  right  side  of  Eq.  (1-2)  prescribes  the 


operations  which  the  optimum  detector  auat  perfon  on  the  received 
signal  and  therefore  represents  the  structure  of  the  optimal  detector. 
This  structure  clearly  depends  upon  the  statistical  description  of 
the  noise  and  upon  the  functional  fora  of  the  signal  and  the  statis¬ 
tical  distribution*  of  its  unknown  pareaetera ,  Attention  will  now 
be  given  to  the  problem  of  detection  in  a  background  of  gaussiaa  noise, 
b)  Detection  in  Gaussian  Boise 

If  the  noise  is  a  zero-mean  gaussian  random  process,  the  p.d.f. 
of  the  received  signal  v  conditioned  on  the  presence  of  noise  only 
is 


f ( v/0)  « 


(2«)n/2(det  K)n/2  ** 


[-k’rt] 


(I-U) 


where  n  is  the  number  of  time  samples  of  the  received  signal  taken 
during  the  observation  interval  0,T  and  K  is  the  noise  covariance 
matrix.  Since  the  noise  is  additive,  the  p.d.f.  for  v  given  signal 
and  noise  is 


f(v/s)  ■  - -75 - -tt~  exp  \  -  |<v-s)  K-1(v-s)l  (1-5) 

(2*)n/2(det  K)n/2  !■  2 - -“J 

When  Eqs.  ( I-U)  and  (1-5)  are  substituted  into  Eq.  (1-2)  the  average 
LR  becomes 


1  (l)  "  K”*(v-s)J^  «P  £  |v  K_1i| 


(1-6) 


(1-7) 


It  thus  remains  to  carry  out  the  averaging  operation  over  the 
values  of  the  unknown  signal  parameters  in  specific  signal  cases. 
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When  the  signal  is  conpletely  known  the  averaging  operation  can  he 
dropped  and  the  LR  becoaes 


l  (v)  ■  exp  -  |s  K_1s_  ♦  s  K”Nr 


It  is  usually  convenient  to  interpret  the  detector  structure  froe 
log  t  (v)  rather  than  from  i  (v) ,  therefore 

log  i(v)  ■  -  gs'lC^s  ♦  i'jC^v  (I*9) 

The  operation  which  the  optimum  detector  performs  on  the  received 

signal  in  this  case  is  given  in  Eq.  (1-9)  by  the  term  j.K['1v  which 

may  be  interpreted  as  a  generalised  cross-correlation  of  the  received 

signal  v  with  a  replica  of  the  desired  signal  t.  .  The  term 
1  '  -1 

-  g  s_  K  £  is  a  constant  from  one  observation  to  the  next  and  acts 
as  a  bias  in  the  threshold  test, 
c)  Signals  with  Unknown  Parameters 

When  the  desired  signal  is  a  function  of  unknown  parameters, 
then  the  average  ^  \  g  in  Eq.  (1-7)  must  be  carried  out.  If  this 
average  can  be  carried  out  anlaytically ,  the  result  is  a  closed-form 
expression  for  the  detector  structure.  Such  results  can  be  obtained 
in  certain  instances.  One  example  is  the  Important  case  of  a  narrow- 
band  signal  with  unknown  phase. 


When  the  signal  to  be  detected  has  the  form 


s(t)  »  a  e(t)  cos(2wft  -  0) 


(1-10) 


with  known  amplitude  factor  a,  envelope  function  e(t),  and  fre¬ 
quency  f  ,  but  with  an  unknown  phase  0  whose  p.d.f.  is  uniform 
over  the  range  0,  2*,  the  statistical  average  over  phase  can  he 
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carried  out  analytically,  and  thia  leads  to  a  closed -for*  represen¬ 
tation  of  the  detector  structure!  Furthermore  it  can  be  shown  that 
this  structure  is  optimum  regardless  of  the  signal  amplitude  if  the 
amplitude  is  one  sided**  (confined  to  positive  values  or  confined 
to  negative  values).  That  is  to  say,  if,  in  addition  to  the  phase, 
the  amplitude  factor  in  Eq.  (1-10)  !o  unknown  and  has  a  one-sided 
statistical  distribution,  the  detector  structure  derived  for  the 
case  of  random  phase  will  yield  maximum  signal  detectability  for  any 
fixed  level  of  false  alarm  probability,  regardless  of  the  •signal 
amplitude.  This  point  will  be  discussed  more  fully  in  a  later  chapter, 
where  a  specific  problem  of  thia  type  will  be  considered. 

If  the  frequency  f  of  the  narrowband  signal  is  not  known 
a  priori,  then  the  development  of  the  average  LR,  as  given  by  Eq. 

(1-7)  for  detection  in  gaussian  noise,  requires  an  averaging  with 
respect  to  f  .  Unfortunately  such  an  average  cannot  be  carried  out 
in  closed  form,  and  other  methods  must  be  used  to  determine  the 
optimum  detector  structure  in  such  cases.  It  is  cases  of  this  type 
with  which  the  work  of  this  dissertatibn  is  concerned. 

There  is  one  other  type  of  signal  for  which  the  optimum  detector 
structure  has  been  obtained  analytically:  a  gaussian  stochastic 
signal  having  a  known  spectrum.  The  detection  of  such  signals  in 
gaussian  noise  has  been  investigated  in  detail  by  Middleton!**  (A 
specific  case  of  thia  type  will  arise  in  later  chapters).  If  the 
center  frequency  of  the  signal  spectrum  is  unknown,  however,  the  LR 

t  Derivations  of  this  result  are  widely  available  in  tfc*  literature. 
See  for  example  Helatrm  (I,  Chap.  V)  and  Middleton  (II,  Sec.  20.1-3). 

ft  See  Helstrom  (I,  pp.  157-158)  for  a  discussion  of  this  point, 
ttt  See  Middleton  (I)  and  (II,  Sec.  20,b-T). 
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must  again  be  averaged,  end  this  cannot  be  done  in  closed  form. 

For  situations  in  which  the  signal  involves  unknown  parameters 
and  the  average  LR  cannot  be  obtained  in  closed  form,  one  technique 
which  has  been  proposed  for  obtaining  the  detector  structure 
consists  of  expanding  the  average  LR  in  a  power  series  and  approx¬ 
imating  the  detector  structure  by  using  certain  low  order  terms 
of  the  series.  This  technique  will  be  discussed  in  Section  I.k, 
where  it  will  be  shown  teat  the  technique  is  not  satisfactory  in 
cases  of  narrowband  signals  of  unknown  froquency.  First  the  specific 
problems  to  be  considered  will  he  discussed. 

1.3  Description  of  the  Problem 

As  has  been  stated  this  research  is  concerned  with  the  optimum 
detection  of  a  signal  of  unknovn  frequency  in  a  background  of  noise 
having  known  statistical  properties.  Two  distinct  problems  of  this 
type  will  be  considered,  corresponding  to  two  different  models  of 
the  signals  to  be  detected.  In  e* case  the  olse  is  assumed  to 
be  gausslan  with  a  flat  spectral  density  of  level  IQvolt  / cps 
extending  from  zero  frequency  up  to  some  cutoff  frequency  vhlch 
is  much  higher  than  the  highest  possible  signal  frequency.  It  is 
assumed  that  the  noise  is  additive  and  independent  of  the  signal. 

The  two  signal  models  to  be  considered  are  as  follows: 

1)  In  the  first  case  the  signal  to  be  detected  is  a  sinusoid 
of  known  amplitude  and  phase,  but  unknown  frequency.  The  unknown 
frequency  is  assumed  to  have  a  discrete  probability  distribution  over 
m  possible  values.  Since  the  phase  of  the  signal  is  assumed  to  be 
known  for  each  possible  value  of  the  signal  frequency,  this  signal  will 
be  termed  a  "coherent"  sinusoid.  Hie  structure  and  performance  of  the 
optimum  detector  for  such  a  signal  will  be  found.  This  idealised 
signal  model  will  serve  tc  give  insight  into  the  particular 
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question  of  finding  an  optima:  structure  for  the  detection  of  signals 
of  unknown  frequency.  This  esse  will  be  analysed  in  Chapter  II. 

2)  The  seconl  case  deals  with  the  detection  of  a  narrowband 
gaussian  stochastic  signal  of  known  average  power  and  known  band¬ 
width  Bg  cp*.  The  center  frequency  of  this  signal  is  not  given 
a  priori  but  Is  known  only  to  lie  somewhere  within  a  wider  frequency 
band  of  width  B  cps  .  It  is  assumed  that  B  ■  rBg ,  r » 1 „  where 
r  is  called  the  frequency  uncertainty  ratio.  The  fozn  of  the  opti¬ 
onal  detector  will  be  obtained  for  this  case  by  extending  the  results 
obtained  for  the  case  in  which  the  signal  frequency  has  a  discrete 
distribution  to  cases  in  which  the  frequency  has  a  p.d.f.  over  a 
continuous  frequency  range. 

Of  particular  interest  in  this  case  is  the  question  as  to  what 
enhancement  in  signal  detectcbllity  can  be  obtained  from  the  know¬ 
ledge  that  the  signal  power  is  confined  to  a  band  appreciably  narrower 
than  overall  frequency  band  B  being  processed,  even  though  the  exact 
frequency  location  of  this  signal  is  not  known  in  advance.  This  prob¬ 
lem  will  be  treated  in  Chapters  III  and  IV.  Chapter  III  will  deal 
with  the  situation  of  lew  pre-detection  SIB.  When  the  pre-detaction 
SUB  is  high,  the  analysis  must  be  modified  somewhat;  this  will  be 
done  in  Chapter  IV, 

T.J»  A  Power  Series  Approach  and  Its  Linltatlons 

It  was  pointed  out  in  Section  1.2  that  there  are  situations  of 
interest  in  which  the  averaging  of  the  LB,  as  indicated  by  Eq.  (1-2) 
cannot  be  carried  out  In  closed  form.  One  approach  tc  this  problem 
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which  hu  been  proposed^  is  based  on  an  expanelon  of  the  average  LR 
(or  scute  monotone  function  of  the  average  M)  in  a  power  series 
involving  linear,  quadratic  and  higher  order  operations  on  the 
received  signal  v  .  This  gives  a  series  representation  of  the 
optimum  detector  structure.  Under  certain  conditions  It  may  then 
be  possible  to  obtain  an  accurate  approximation  of  the  detector 
structure  from  one  or  more  low-order  terms  in  the  series.  If  higher- 
order  terms  can  safely  be  neglected.  An  analysi8++vaa  carried  out 
In  order  to  determine  the  conditions  under  which  such  a  technique 
could  be  applied  to  the  detection  of  signals  of  unknown  frequency  In 
gausslan  noise. 

In  that  analysis  three  signal  cases  were  considered: 

1)  A  broadband  gausslan  stochastic  signal  vhose  spectral 
density  Is  flat  over  a  band  of  width  B  cps  and  zero  outside  the 
band. 

2)  A  narrowband  gausslan  stochastic  signal  with  bandwidth 
Bg  cps  and  center  frequency  ffi  cps  .  Here  tQ  was  assumed 
equally  likely  to  lie  anywhere  In  the  band  B  »  and  B  vas  assumed 

D 

to  te  much  smaller  than  B. 

3)  A  limiting  case  of  2)  In  which  B#-*-  0,  thus  producing  a 
sinusoidal  signal  of  unknown  phase  and  frequency  vhose  amplitude  is 
constant  over  each  observation  interval,  but  considered  over  all 
observations.  Is  a  random  variable  with  a  Rayleigh  p.d.f. 

t  See  Middleton  (II,  p.  Sl9ff.). 
tt  See  Levesque  (I). 
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[Cue*  2)  and  3)  are  essentially  Identical  with  those  which  will 
he  treated  by  different  means  In  Chapters  III  and  IV  of  the  present 
investigation.] 

An  expansion  of  the  detector  structure  was  obtained  by  first 
developing  the  average  LR,  of  the  form  given  in  Eq.  (1-7),  in  a  povsr 
series  and  then  taking  the  average^  ^ g  term  by  term.  Then 
log  t(v)  was  expanded  in  a  second  power  series.  Tor  each  of  the 
three  signal  cases  described  above,  the  "deflections"  of  certain 
terms  were  calcualted.  A  deflection  is  defined  here  as  a  change  in 
the  averse  value  of  a  term  in  going  from  the  noise-only  situation  to 
a  signal -plus -noise  situation.  In  order  that  any  terms  in  the  series 
be  considered  negligible  in  describing  the  operatic*.  ~>f  the  detector, 
it  is  necessary  that  their  deflections  be  negligible. 

The  results  of  the  analysis  are  sunmariaed  in  Appendix  A.  They 
shov  that  in  the  broadband  gaussian  signal  case  higher  order  terms 
in  the  expansion  can  be  neglected  on  the  basis  of  low  pre-detection 
SNR  .  For  the  case  of  narrowband  signals,  however,  end  even  more 
for  the  sinusoidal  signal,  the  higher-order  terms  msy  become  signif¬ 
icantly  large  if  the  poet -detect ion  SNR  is  made  large  by  a  long 
Integration  time.  Thus  dropping  higher-order  terms  on  the  bssis  of 
low  pre-detection  8NR,  as  is  suggested  by  Middleton*,  is  Justified 
only  in  cases  vbere  the  poet-detection  SNR  is  also  small,  cases 
which  are  not  of  interest  vbere  high  signal  detectability  is  required. 
Thus  the  application  of  this  pover  series  technique  to  the  problem 
at  hand  would  involve  the  use  cf  a  number  of  terms  in  the  pover  series 


t  See  Middleton  (II,  discussion  on  p.  821). 
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representation  (a  number  depending  upon  the  pre -detection  SIR  and 
the  observation  tine)  in  order  to  adequately  describe  the  detector 
structure.  This  procedure  is  cog.'* none  and  thus  a  new  approach 
to  this  problem  has  been  undertaken  and  will  be  outlined  in  the 
following  chapter. 


CHAPTER  II 
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DETECTION  OP  A  COHERENT  SINUSOID 
OF  UNKNOWN  FREQUENCY 


11. 1  Introduction 

The  detection  of  a  alnuaold  of  known  amplitude  and  phase,  hut 
unknown  frequency,  in  a  background  of  broadband  gausslan  noise  will 
now  be  considered.  Since  the  phase  of  the  signal  is  assumed  to  be 
known  for  each  possible  value  of  the  frequency,  the  signal  Is  term¬ 
ed  a  "coherent"  sinusoid.  The  unknown  frequency  Is  assumed  to  have 
a  discrete  probability  distribution  over  m  possible  frequency 
values.  A  geometric  interpretation  of  t(v)  ,  given  by  Eq.  (1-2), 
and  of  the  threshold  test,  given  by  Eq.  (1-3),  Is  proposed;  from 
this  point  of  view  the  structure  of  the  optimum  detector  will  be 
developed.  Then  signal  detectability  will  be  calculated.  Optimum 
detector  performance  will  also  be  compared  with  that  of  a  sub¬ 
optimum  structure  derived  from  a  power  series  expansion  of  the 
average  LF. 

11. 2  Likelihood  Ratio  Detection  of  a  Signal  of  Unknown  Frequency 

Since  signal  frequency  f  is  the  only’  unknown  parameter  In  this 

signal  case,  the  average  in  Eq.  (1-2)  simply  implies^ 


0=45 


The  expression  for  i(v)  may  now  be  re-written  aa 


t  (v) 


where 

L(2/f)  -  -f(V/or 


(II-l) 


(II-2) 


ia  a  LR  calculated  for  a  particular  value  of  f  . 

If  the  frequency  f  has  a  diacrete  probablltiy  diatribution 
over  a  finite  aet  of  value* , 

w 

*(v)  •  l  p.  L(v/f.)  (II-3' 

i-1  1  1 


where  a  ia  the  total  number  of  poaaible  values  of  f  and  p^  is 
the  probability  cf  the  1th  value.  In  general  the  quantities 
log  L(  v/f^ )  can  be  generated  more  conveniently  than  Lfv/f^  . 

With  this  in  mind  the  average  LR  can  be  written  as 


(II-l*) 


Thus  the  optimum  detector  calculates  the  quantities  log  Lfv/f^), 
forma  the  sum  in  Eq.  (Il-b),  and  compares  this  with  a  pre-aet 
threshold  k  .  If  the  threshold  is  exceeded,  the  decision  la  made 
that  the  dealred  signal  is  present  in  the  received  data.  This  teat 
ia  indicated  by 

m 

l  p.  exp  flog  L(v/f,)l  <  k  I'll— 5) 

i«l  1  J 


I 


> 


G-l6 


The  decision  scheme  css  be  visualised  la  geoaetrlc  terse  if  the  teat 
quantities  log  L(v/fJ  are  taken  aa  coordinates  in  an  s-disenaional 
hyperspace.  The  apace  is  divided  into  tvo  regions,  which  nay  be 
called  the  "signal”  and  "no  signal"  regions.  The  boundary  between 
these  two  regions  is  determined  from  Eq.  (11—5)  by  the  equality 


m 

l  pa  exp  [log  L(r/fj)j  » k  (II-6) 


For  a  given  received  signal  v,  the  coordinates  log  Lfv/f^)  define 
a  point  in  the  m-dineusional  space.  If  the  point  lies  In  the  "signal" 
region,  the  decision  is  nade  that  the  desired  signal  is  present  with 
noise.  If  the  point  lies  in  the  "no  signal"  region,  the  decision  is 
made  that  noise  only  is  present.  A  specific  case  will  now  be  consld- 


II. 3  Detection  of  a  Coherent  31nuaold  -  Two-Frequency  Case 
a)  The  Decision  Plane 

If  the  desired  signal  is  a  sinusoid  with  known  aaplitude  and 
phase  and  with  a  frequency  f  that  can  take  cn  any  one  of  m  dis¬ 


crete  values,  then  froo  Eq.  (il-k). 


B 

*(v)  ■  l  exp  [  log  Kv/f^  j 


( II— 7 ) 


As  an  example,  let  a  ■  2  and  Pi  ■  Pg  *  ^  •  Equation  (II-7) 


now  gives 


Kv)  ■  j  exp  [log  L(v/fj)j  ♦  exp  [log  L(v/fg)j  (II-8) 


Using  Eq.  (ii-6),  the  boundary  between  the  two  decision  regions  ia 
given  by 

|  exp  |log  l  {v/f^j  +  |  exp  £  log  L(v/f2)j»  k  (ll-j) 
or 

log  L(v/f2)  ■  log  |  2k  -  exp  £log  Ur/t^)  j  j  (II-l^) 

Threshold  curves  given  by  Eq.  (11-10)  are  plotted  in  Fig. II. 1  for 
several  values  of  k  .  It  should  be  noted  that  the  curves  all  become 
asysqttoMcnlly  parallel  to  the  coordinate  axes.  In  practice  one  of 
these  curve?  is  chosen  to  divide  the  plane  into  "signal"  and  "no  sig¬ 
nal"  decision  regions.  For  a  received  signal  vector  v  ,  log  Kv/f^) 
and  log  L(v/fg)  are  calculated  and  these  quantities  define  a  point 
in  this  decision  plane.  If  the  point  lies  above  or  to  the  ri&nt  of 
the  chosen  threshold  curve,  the  decision  is  made  that  the  desired 
signal  Is  present.  If  the  point  lies  below  and  to  the  left  of  the 
curve,  the  decision  is  made  ;hat  noise  only  is  present. 

If  the  number  of  possible  values  of  the  frequency  is  made  larger , 
the  decision  plane  of  Fig,  II .1  is  replaced  by  an  m-dimensionel  deri¬ 
sion  space,  and  tbe  threshold  curve  is  replaced  by  an  m-dlmensicnal 


decision  surface. 


Tis.  n.i 


Optimum  Threshold  Cur to a 
Two-Frequency  Case 

Threshold  Curves:  - 

Asymptotes : - — 
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Thus  the  operation  of  the  optima  detector  in  this  cue  consists  of 
s  general  cross-correlation  of  the  received  signal  with  the  desired 
signal  at  each  of  the  possible  signal  frequencies. 

In  order  to  calcualte  the  detectability  of  the  signal,  the  con¬ 
ditional  p.d.f.'a  of  log  Lj  and  log  Lg  aust  he  obtained.  Since 
the  noise  is  gausslan  and  Bqs.  (11-12)  and  (XX-13)  describe  linear 
operations  on  the  received  signal,  the  quantities  log  L.  and  log  Lg 
are  gausslan  ran don  variables.  The  required  naan  values  of  log 
are  calculated  as  follows : 
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\ io*  h),  •  -2  vrti  *  <Si 


-  -Ili'lL"1*! 


(II-ll*) 


log  i^y  -  -yai'rti  ♦  +  ®N 

■  /Sx+  N  \  /  Sx+ 

*  -|«1,r1i1  +  —  n 


i  ,„-i 

*  2  *■!  -  2-1 


(11-15) 


<^*4>  #  <1;  *  >>( 


-  |  •1'K"1s1  + 


(11-16) 


The  variances  of  log  1^  are 


var. 


[  log  J  -  |  s^K’1^  ♦  ^’K"1!  1^>  ' 


-  4rWV 


■  K  K'1  ^ 


i  'K  », 
“1  “  “ X 


9. 


(n-17) 
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The  noise  is  assumed  to  have  a  flat  spectrum  over  a  band  extending 
from  sero  frequency  up  to  a  sharp  cutoff  at  V  ops  .  Thus  samples 
of  the  noise  taken  at  a  rate  2W  qre  independent,  and  the 
noise  covariance  matrix  K  is  diagonal.  One  can  therefore  vrite 

V  S'1!,  '  j  j,  V»l> 
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and 

Ji'S'V  ■  ?  ^  «iV 

vhere  N  it  the  variance  of  the  nolle. 

If  the  apeotral  level  of  the  nolle  li  Rq  volt^cpa,  then 
*?  *  HqW  and,  from  reiulti  of  ladling  analysis. 


1 

N 


•id,) 


•A»*J 


T 

i 


dt  s,(t)  ag(t) 


■*  0 


(11-22) 


where  T  la  the  observation  time  of  the  received  signal.  The  zero 
result  in  Eq.  (11-22)  follova  from  the  fact  that  i^(t)  and  Bg(t) 
are  sinusoids  of  different  frequencies.* 

Similarly, 


(11-23) 


It  will  be  convenient  to  define  a  detection  index: 


d 


2 

r 


r 

i 


dt  s^(t) 


(11-24) 


vhere  s(t)  maybe  either  s^(t)  or  ig(t),  since  the  signal  is 
assumed  to  have  the  same  amplitude  at  either  frequency.  It  should 
be  noted  that  the  detection  index  is  proportional  to  the  power  in 


t  [it  is  assumed  that  the  smallest  spacing  between  possible 
frequency  values  is  much  larger  than  the  reciprocal  of  T  .  It 
can  be  shown  that  if  2*(f,-f-)T  >_  10,  then  ths  exact  value  of 
s^1  IT^ig  is  at  most  one  tench  as  large  as  s^'  JT1^). 
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the  received  signal  end  to  the  observation  tine  end  inversely  pro¬ 
portional  to  the  spectral  level  of  the  noise.  This  detection  index 
■ay  also  be  regarded  as  the  post-detection  SRR. 

With  the  aid  of  Sqs.  (IX-20)  through  {ZZ-S*},  the  averages  in 
Eqs.  (II-lb),  (ZZ-15)  and  (ZZ-16)  aay  now  he  written  as 

(11-25) 

(11-26) 

(11-27) 

(11-28) 

(11-29) 

(II-3C) 

Similarly, 


var„  [log  l2  ]  -  d 

(11-31) 

w81+  ■  [l0«  \  "  d 

(ZZ-333 

w82e  I  [**  **  ]  "  * 

(ZZ-33) 

C—  2W 

To  construct  the  Joint  p.d.f. ’*  for  the  test  quantities,  the  correla¬ 
tion  coefficient  is, require!. 


■  0  (II-3«*) 

Thus  the  test  quantities  log  1^  and  log  Lg  are  uncorrelated,  and, 
since  they  are  gausslan  random  variables,  independent.  With  the 
following  change  of  variables, 

x1  -  log  Lj 

Xg  ■  log  Lg 

the  Joint  p.d.f. 's  can  be  written  a* 
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The  centers  of  fchsss  three  density  functions  ere  plotted  in  the 
decision  plane  of  Fig.  11.2,  together  with  e  typical  optimum  thresh¬ 
old  curve.  It  ir.  particularly  interesting  to  note  that  if  the  thresh¬ 
old  curve  remains  fixed  and  the  detection  index  d  become  large, 
the  prscise  shape  of  the  threshold  curve  sear  the  origin  of  the 
decision  plane  becomes  less  inportant  vith  regard  to  the  conditional 
probabilities  of  error.  This  is  because  the  region  near  the  "comer" 
of  the  curve  becomes  a  region  of  steadily  smaller  probability  measure 
vith  respect  to  the  three  p.d.f. *s  as  d  increases.  With  this  in 
mind  the  decision  scheme  may  be  s implifled  when  d  is  large  by  re¬ 
placing  the  optimum  threshold  curve  vith  its  straight-line  asymptotes, 
also  shown  in  Fig.  11.2.  The  decision  scheme  corresponding  to  this 
new  threshold  cjxre  can  be  stated  as  follows:  If  either  log 
or  log  Lg  is  above  the  threshold  value  log  2k  ,  the  decision  is 
made  that  a  signal  is  present.  Thus  a  threshold  test  is  performed 
at  each  of  the  possible  frequencies  at  which  the  signal  may  appear 
and  a  final  decision  about  the  presence  of  the  signal  is  made  on  the 
basis  of  the  individual  tests.  This  type  of  decision  scheme  will  be 
referred  to  in  a  general  vay  as  a  "band-splitting"  scheme.  As  d 
is  made  increasingly  large,  the  region  (shown  in  Fig:. XI. 2)  between 
the  optimum  threshold  curve  and  the  band-splitting  threshold  carve, 
oskes  a  steadily  smaller  contribution  to  the  conditional  probabilities 

t  The  mean  value  of  each  of  the  test  quantities  has  a  magnitude 
equal  to  d/2  ,  and  a  standard  deviation  equal  to  thus  as  d 
becomes  larger,  each  of  the  density  functions  becomes  narrower  with 
respect  to  ite  mean  value. 

tt  The  term  "band  splitting"  is  more  appropriate  whsi-a  a  continuous 
frequency  bind  is  being  searched  for  a  signal  by  means  of  a  bank  of 
band-paas  filters.  For  ccnvienience  a  sat  of  correlation  detectors 
will  be  regarded  aa  a  special  cast  of  tbs  filter  bank. 
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Fig.  II. 2.  Optimum  Tiire  ahold  Curv*  and  Ita  Band-Splitting  Approximation 

Two-Fraquency  Caaa 


of  error.  Therefore  It  can  he  stated  that  the  optimum  detector 
becomes  asymptotically  a  band-splitting  detector  as  the  detection 
Index  d  Is  made  Increasingly  large. 

A  different  situation  prevails  as  d  approaches  tero,  how¬ 
ever.  Figure  II. 3  shows,  for  a  low  value  of  d,  the  arrangement  of 
centers  of  the  p.d.f. 's  with  respect  to  a  typical  optimum  threshold 
curve.  As  d  Is  made  very  small,  the  shape  of  the  threshold  curve 
for  large  magnitudes  of  log  and  log  Lg  becomes  less  signif¬ 
icant  in  the  determination  of  the  error  probabilities.  Only  v.he 
shape  of  the  threshold  curve  in  the  region  of  the  closely  spaced 
p.d.f. 's  is  important,  and  a  straight  line  with  slope  -1  can 
serve  as  a  good  approximation  to  the  curve  in  that  region.  Such  a 
straight-line  threshold  is  also  pictured  in  Fig.  II. 3. 

It  is  shown  in  Appendix  B  that  if  log  ^L(v/f)^  is  expanded 
in  a  power  series  and  the  lowest-order  coherent  term  in  the  series 
is  used  to  approximate  the  operation  of  the  optimum  detector,  then 
that  approximation  corresponds  precisely  to  a  straight-line  thresh¬ 
old  as  pictured  in  Fig.  II. 3.  That  is,  for  this  case  of  a  coherent 
sinusoid  having  one  cf  two  known  frequencies,  a  power  series  analysis 
with  small-signal  approximations  leads  to  the  teat 

log  1^  ♦  log  L2  *  2  log  k  -  ?  (I1"38 

It  is  nov  clear  that  the  approximation  leading  to  Eq.  (11-38)  is 
valid  only  if  the  detection  index  d  is  much  smaller  than  unity, 
and  it  must  be  noted  that  it  la  not  sufficient  that  the  pre-detection 
8HR  be  small,  since  d  also  depends  on  the  integration  time,  as  shown 


Fig.  II. 3.  Optimum  Threshold  Curve  and  Its  Small -Signal  Approximation 

Two-PVequeney  Case 
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by  Eq.  (II-210*.  In  the  weak-signal  situation,  where  d  is  made 
ouch  larger  than  unity  by  means  of  a  long  integration  time,  the 
band-splitting  detector  will  provide  a  better  approximation  to  the 
optimum  detector . 

The  detector  structure  implied  by  Iq.  (11-38)  will  be  referred 
to  hereafter  as  a  "sum-and-test"  detector, 
c)  Detection  Probabilities  -  Two-Frequency  Case 

The  conditional  false-alarm  and  false-dismissal  probabilities 
will  be  calculated  for  the  optimum  detector  and  for  the  sub-optimum 
detector  derived  by  the  small-signal  analysis  of  Appendix  B.  Signal 
detectability  curves  will  then  be  obtained. 

Optimum  Detector 

The  conditional  false  alarm  probability  a  can  be  visualized 
vlth  the  aid  of  Fig.  II. 2.  It  is  the  probability  that  the  point 
(log  L1 ,  log  Lg)  lies  above  or  to  the  right  of  the  optimum  threshold 
curve,  given  that  noise  only  Is  present.  Fran  Eq.  ( 11-35), 


log  [2k-exp(x2)J 


(11-39) 


t  It  will  be  recalled  that  this  Is  the  conclusion  which  was 
stated  in  Sec.  1.1*  in  the  discussion  of  the  power  series  technique 
and  its  suitability  for  problems  involving  the  detection  of  signals 
of  unknown  frequency. 
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After  a  change  of  variables. 


(ll-bO) 


The  double  integration  in  Eq.  (11-1*0)  cannot  be  carried  out  in 
closed  fora,  but  it  may  be  numerically  evaluated  to  any  desired 
degree  of  accuracy.  To  facilitate  computations  in  this  report, 
the  optimum  threshold  curve  will  be  replaced  by  the  band-splitting 
threshold  for  large  values  of  d.  A  graphical  estimation  of  the 
detectability  for  low  values  of  d  will  then  be  curried  out.  For 
the  band-splitting  approximation,  the  conditional  false  alarm  pro¬ 
bability  is  given  by 
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where 


*(x) 


1 

it* 


x 

[  dt 


e*P  I  "  ~T 


The  function  *(x)  la  the  Hormal  Probability  Integral,  available 
in  tables*. 

The  conditional  false- dianiaaal  probability  ia  the  probability 
that  the  point  (log  ,  log  Lg)  lies  to  the  left  of  and  below  the 
optimum  threshold  curve  in  Fig.  II. 2  when  a  signal  ia  preaent  in 
the  received  data.  Given  that  the  two  signal  frequencies  are 
equally  likely,  this  probability  can  be  calculated  with  respect 
to  either  one  of  the  aignal-plus- noise  distributions.  Thus 


log  2k 


d*2  '^?  CXP 


L-(  _±) 

2d  I  *2  2) 


log  [2k-exp(xJ] 


dx. 


•tend 


2' 
exp 


(11-1*3) 


After  a  change  of  variables, 


1 

£7 


j  a’  exp  ("  ^~)  j  1,1  “"(-%) 


( II— 1*  U) 


t  See  Rational  Bureau  of  Standcrda  (I). 
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Again,  for  the  band-splitting  approximation  the  false-disaissal 
probability  is  approximated  by 


log  2k 


dv  exp 


v 

2 


1 


du  exp 


( II-U5 ) 


u 
2  j 


(11-46) 


From  Eqs .  (II-4l)  and  (11-46),  the  conditional  detection 
probability  1  -  6  is  plotted  in  Fig.  II. 4  as  a  function  of 
for  fixed  values  of  the  conditional  false-alarm  probability  a  . 

The  curves  are  estimated  for  the  region  of  ‘  1  -8  belov  80  per 
cent.  Detection  probabilities  on  the  order  of  99  per  cent  or 
better  will  usually  be  desired,  and  whis  is  veil  vithin  the  range 
where  the  band-splitting  detector  provides  a  very  accurate 
approximation  to  the  optimum  detector. + 

Sum-And-Test  Detector 

From  Eq(u-35)  and  with  the  aid  of  Fig.  II. 3 

«• 

*  *  1 

“  (d/2  ♦  log  k)  (11-47) 


+  Eq.  (11-44)  was  evaluated  by  means  of  hand  computations  for 
a  tev  points  in  Fig.  II. 4  in  order  to  check  the  accuracy  of  the 
band-splitting  approximation.  When  Rq.  (11-46)  gives  8 ■  .500  the 
exact  expression  Eq.  (11-44)  gives  .485,  an  error  of  approximately 
3  per  cent.  The  percentage  error  falls  off  rapidly  as  8  decreases. 
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Do  taction  Probability,  1  -  P  (par  oant) 
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After  a  change  of  variable. 


(11-48) 


Similarly, 


(11-49) 


From  Eqs.  ( 11-48)  and  (11-49),  values  of  1  -0  are  plotted  in 
Fig.  II. 4  as  a  function  of  JK  for  three  fixed  false -alarm  prob¬ 
abilities.  It  is  seen  that  the  conditional  detection  probability 
for  this  sub-optimum  scheme  steadily  falls  away  from  that  of  the 
optimum  detector  as  the  detection  index  Increases.  As  the  uncertainty 
about  the  frequency  of  the  desired  signal  is  increased  to  a  larger 
number  of  possible  values,  the  difference  between  the  performance 
of  the  sum-and-test  detector  and  that  of  the  optimum  detector 
becomes  more  pronounced. 

II. 4  Detection  a  Coherent  Sinusoid  -  m-Frequency  Case 
a)  The  Decision  Space 

The  work  of  the  previous  section  has  shown  that  in  the  detection 


1. 


of  a  coherent  sinusoid  with  an  unknown  frequency  vhich  can  have 
one  of  two  values,  the  optimum  detector  becomes  asymptotically  a 


0-35 


band-splitting  type  of  detector  as  the  post-detection  8 SR  becones 
large.  If  the  unknown  signal  frequency  is  equally  likely  to  have 
any  one  of  m  possible  values,  the  decision  space  becomes  an 
n-dimensional  hyperspace,  and  the  threshold  surface  dividing  the 
space  into  "signal"  and  "no  signal"  regions  is  obtained  from 
Eq.  (11-6)  with  Lfv/f^  ■  Ii£  ,  as 

J  l  exp  (log  L.)  -  k  (11-50) 

i-1 

As  the  detection  index  is  made  very  large  and  a  received  signal  is 
tested,  two  different  situations  will  occur,  depending  upon  the 
presence  or  absence  of  a  signal: 

1)  If  no  signal  is  present,  all  a  of  the  test  quantities 
log  1^  will  have  large  negative  mean  values,  equal  to  -  d/2 
[See  Eq.  (11-25)]. 

2)  If  signal  is  present,  m-1  of  the  test  quantities  will 
have  mean  values  equal  to  -  d/2  ,  and  one  test  quantity  will  have 
a  mean  value  equal  to  0/2  [See  Eqs.  (II -27)  and  (11-26)]. 

Thus  it  is  of  interest  to  examine  the  shape  of  the  threshold 
surface  in  regions  of  the  hyperspace  where  the  test  quantities 
have  large  negative  values.  If  Eq.  ( 11-50)  ie  solved  for  on*  of  the 
test  quantities  In  terms  of  the  others, 

exp (log  Lj )  ■  mk  -  exp(log  L9)  -  ...  -  exp(log  Lb)  ( 11-51) 
or 

log  1^  ■  log  [mk  -  exp(log  Lg)  -  ...  -  expdog  L^)]  (11—52) 
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When  log  L. . log  L  haw  large  negative  values,  the 

c  n 

exponentials  in  Eq.  (11-52)  become  very  small,  and 

log  ■  log  a  k  (11-53) 

Hub  the  asyopototes  of  the  optimum  threshold  curve  are  hyper¬ 
planes  perpendicular  to  each  of  the  a  coordinate  axes  of  the 
decision  space.  These  asymptote  planes  are  analogous  to  the 
asymptote  lines  of  the  tvo-diaensicnal  case. 

It  is  seen  then  that  as  the  detection  index  becomes  large 
the  precise  shape  of  the  threshold  surface  near  the  origin  of  the 
decision  space  becomes  less  important  with  respect  to  error  prob¬ 
abilities  and  the  optimum  threshold  surface  may  be  approximated  by 
a  set  of  a  hyperplanes.  The  decision  scheme  corresponding  to 
this  approximation  can  be  stated  as  follows :  If  one  or  moreo  of 
the  test  quantities  log  1^,  log  Lg,  ...  ,'.og  is  above  the  thres¬ 
hold  log  m  k  ,  decision  Is  made  that  a  signal  is  present. 

If  all  m  test  quantities  are  belov  log  m  k  ,  the  decision  is 
made  chat  noise  only  is  present.  As  in  the  tvo-frequency  case, 
this  detection  scheme  vlll  be  referred  to  as  a  "band-splitting" 
scheme. 

It  can  be  stated  in  general,  then,  that  the  optimum  detector 
for  the  detection  of  a  coherent  sinusoid  whose  unknown  frequency 
is  given  by  a  discrete  probability  distribution  becomes  asymptotically 
a  band-splitting  detector  as  the  detection  index  d  becomes  large. 

For  small  values  of  post-detection  SHF,  the  vork  of  Appendix  B 
shows  that  the  optimum  detec  or  can  be  approximated  by  a  sum-end-test 
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detector.  For  the  m-frequency  case  the  approximation  leads  to  the 
test 

a  . 

I  log  L.  >  b  log  k  -  (m-1)  (II-5U) 

1-1  1  * 

The  threshold  surface  corresponding  to  this  sub-optimum  scheme  is 
given  by 

J  log  L.  -  m  log  k  -  (m-1)  §•  (11-55) 

i-1  1 

end  this  is  seen  to  be  a  hyperplaae  in  the  m-dimensional  decision 
space.  This  1b  analogous  to  the  straight-line  threshold  shown  in 
Fig.  II. 3  for  the  small-signal  approximation  in  the  two-frequency 
case. 

b)  Detection  Probabilities  -  m-Frequency  Case 
Optimum  Detector 

For  large  values  of  d  the  optimum  detector  will  be  approx¬ 
imated  by  the  band-splitting  detector  to  simplify  the  computation 
of  the  error  probabilities.  For  small  values  of  d  the  detect¬ 
ability  will  then  be  estimated. 

The  conditional  false-cdarm  probability  is  the  probability 
that  one  or  more  of  the  test  quantities  exceeds  the  threshold  log  mk, 
given  that  noise  only  is  present.  That  is, 

a  ■  P  [At  least  one  of  the  test  quantities  log  is 
above  its  threshold,  given  that  noise  only1is 
present , ] 

■  1  -  P  [All  the  test  quantities  log  are  below 

their  thresholds,  given  that  noise  cdly  is  present.] 
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The  nondition&l  false-dismissal  probability  is 

0  ■  P  (All  the  teat  quantities  log  L.  are  belov 
their  thretholda,  given  that  a1slgnal  is 
preaent  at  any  one  of  the  possible  frequencies . ] 

It  is  shown  in  Appendix  C  that 

a  »  1  -  (1  -  ai)n  (11-56) 

and 

0  «  0^1  -  at)  B“1  (II-5T) 

where 

a.  *  P  [log  is  above  its  threshold,  given  that 
no  signal  is  present  at  the  frequency  f^] 

f\  *  P  [log  is  belov  its  threshold,  given  that 
a  signal  is  present  at  the  frequency  f,.J 

The  probabilities  are  assumed  equal  for  all  i  ■  1,  2,  ...,  m, 
and  the  probabilities  01  are  assumed  equal  for  all  i  *  1,  2,  ...,  m. 
The  error  probabilities  a  and  0  can  be  bounded  as  follows:  From 
an  expansion  of  Eq.  (11-56)  one  obtain? 

a  <  s  Oj  (11-58) 

and  from  Eq.  ( 11-57)  one  obtains 

0^  (11-59) 

These  bounds  are  very  accurate  for  m  ai«  1.  It  is  seen  from 
Eqs.  (11-58)  and  ( 11-59)  that  if  the  threshold  for  each  log  1^ 
is  held  fixed  and  the  number  of  possible  frequencies  is  increased, 
the  false  alarm  probability  will  be  approximately  proportional  to  m, 


while  the  false  dismissal  probability  will  remain  approximately 
unchanged. 


The  conditional  p.d.f.'s  for  log  1^  are  needed.  Let 
xt  -  log  Lt  .  The,  from  Eqs.  (11-25),  (11-26),  (11-27),  (11-31), 
(11-32)  and  (11-33), 


If  the  threshold  for  each  test  Quantity  is  log  mk  , 

(11-62) 

From  Eqs.  (11-56),  (11-57)  and  (11-62),  the  conditional  detection 
probability  1  -  0  can  be  calculated  as  a  function  of  /f  for  a 
fixed  value  of  the  conditional  false  rlara  probability  a  and  for 
any  number  m  of  signal  frequencies.  Results  of  these  calculations 
for  a  "  -01  and  m  ■  l,2,l»,fl  and  128  are  shown  in  Fig.  II. 5.  It 
can  be  seen  from  the  figure  that  the  set  of  detection  curves  for 
different  values  of  m  becomes  a  set  of  parallel  straight  lines  as 
d  becomes  large,  vith  the  detectability  becoming  poorer  as  m 
increases,  as  vould  be  expected.  The  asymptotic  fora  of  the  detect¬ 
ability  curves  for  small  error  probabilities  can  easily  be  derived 
using  the  bounds  of  Eqs.  (11-59)  and  (11-59)  For  small  values  of  m^ 
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the  bounds  become  very  good  approximations  and  using  Eq.  (11-58) 
together  vith  Eq.  (11-62),  one  can  write 

1 -•(»¥♦ 

The  conditional  detectability  1  -8  is  to  be  calculated  at.  s 
function  of  *^f  for  a  fixed  value  of  a,  therefore  let  a  *  a* 
where  a  is  the  chosed  fixed  false-alarm  rate.  Row,  frost  Eq.  (11-63), 


(n-63) 


|  log  m  k  *  r1  (l  -  -  yf  ( 11-61+ ) 

where  *“*(z)  denotes  the  "inverse  Kormal  Probability  Integral", 
that  is,  the  number  x  for  which  z  ■  #(x)  [See  £q.  ( 11—42) j . 

From  Eqs.  (11-59)  and  (11-62),  an  approximation  is  obtained 
for  the  conditional  i alse-dismissal  probability  as 


Inserting  Eq.  (II-6U)  into  Eq.  ( 11-65),  one  obtains 


The  conditional  detection  probability  is  then  approximately 


(11-65) 


(11-66) 


(11-67) 
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The  right-h»!ad  side  of  Eq.  (11-6?)  is  seen  to  be  of  the  general  form 


Cl* 


[C8  * 


+  c. 


+  c. 


(11-68) 


where  C^.Cg,  and  are  constants.  This  general  form  represents 

a  linear  function  of  /r  on  the  normal  probability  scale1  of  Fig.  II. 5. 

Thus  the  asymptotes  of  the  detectability  curves  for  the  optimum 

detector,  given  by  Eq.  (11-67),  plotted  for  various  values  of  m 
* 

or  various  values  of  a  are  a  family  of  parallel  straight  lines, 
the  horizontal  displacement  of  each  line  being  determined  by  the 
quantity  ♦  (1  -  2a  /m).  If  a  is  held  fixed  and  is  is  increased. 


a  »  const. 

Thus  the  detection  curve  moves  steadily  to  the  right  as  m  incrases, 
representing  steadily  poorer  detectability  with  increasing  uncert¬ 
ainty  about  the  signal  frequency,  as  is  seen  in  Fig.  II. 5.  The 
same  trend  is  observed  if  m  is  held  fixed  and  a  is  decreased; 
that  is, 

*_l  (i-  -4j-  - 

m  ■  const. 

This  is  the  trend  exhibited  by  the  optimum  detector  curves  in  Fig.  II.  1* 
for  the  two-frequency  case. 

Sum-And-Teat  Detector 

For  the  sum-and-test  detector,  the  test  quantity  is 


y  ■  £  log  L 

i-1  1 


(11-69) 
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When  noise  only  is  present,  each  of  the  quantities  log  hss 
a  mean  value  -  d/2  and  a  variance  d  .  Thus 


f(y/0)  •  . -1  exp 


(11-70) 


When  a  signal  is  present  at  one  of  the  m  possible  frequencies, 
m  -  1  of  the  quantities  log  1^  will  have  a  mean  value  -  d/2 
and  one  will  have  a  mean  value  d/2  .  Thus 


f(y/si) 


y  +  (m  -  2) 


(11-71) 


If  y  is  compared  with  a  threshold  m  log  k  -  (m  -  l)  ^  ,  the 
conditional  error  probabilities  are  given  by 


(11-72) 


Curves  of  conditional  detection  probability  1  -8  as  a  function 
of  /d  are  shown  in  Fig.  11.5  for  the  sum-and-test  detector.  The 
curves  are  plotted  for  a  ■  .01  and  values  of  m  «  1,2, **,8,  and  128. 
As  was  seen  for  the  optimum  detector,  the  signal  detectability  with 
tht  sum-and-test  detector  becomes  poorer  as  m  increases.  An 
expression  for  1  -  6  as  a  function  of  /d  and  any  fixed  false- 
alarm  rate  a  *  a  and  for  any  value  of  m  can  be  found  as  follows: 
From  Eq.  (11-72), 


(11-73) 


Thus 

yfiogk-  rhi  -za)  -y|J 

From  Eqs.  (11-72)  and  (lI-7*»), 


where  t 

band  side  of  Eq.  (11-75)  is  seen  to  be  of  the  general  form  of 
expression  (11-68)  and  thus  represents  a  linear  function  of  /S 
on  the  normal  probability  scale  of  Fig.  II. 5.  Since  /cf  enters 
Eq.  ( 11-75)  in  the  form  /d/m'  ,  the  slope  of  the  detectability 
curve  will  vary  with  m  ,  decreasing  as  m  increases.  Thus  if 
a  family  of  detectability  curves  for  the  sum-and-teat  detector  is 
plotted  for  a  fixed  value  of  a  ,  the  slope  of  each  curve  will 
approach  zero  as  m  becomes  increasingly  large,  as  is  seen  in 
Fig.  II. 5.  The  horizontal  displacement  of  the  curves  is  governed 
by  ♦  (1  -  2  a  )  and  thus  a  family  of  curves  plotted  for  a  fixed 
value  of  m  consists  of  a  set  of  parallel  lines,  with  the  detect- 
ability  becoming  steadily  poorer  as  a  is  made  smaller;  this  is 
seen  in  Fig.  II.  1*. 

Fig.  II. 5  shows  that  as  the  uncertainty  about  signal  frequency 
increases,  the  performance  of  the  sum-and-tost  detector  declines 
more  rapidly  than  that  of  the  optimum  detector.  In  the  operation 
of  the  sum-and-test  detector,  an  increase  in  the  number  of  possible 
values  of  the  signal  frequency  requires  an  identical  increase  in 
the  number  of  noisy  correlator  outputs  to  be  eumscd  before  the 
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(Il-Tfc) 


threshold  test;  thus  the  post-detection  SNR  varies  inversely  with 
d  ,  as  is  seen  in  Zq.  (11-72)*  However,  the  opticus  detector, 
when  visualised  in  terns  of  its  asymptotic  form,  the  band-splitting 
detector,  effectively  searches  out  the  "best"  (that  is,  the  largest) 
of  the  n  outputs  and  then  uses  this  ir*  the  threshold  test. 
Increasing  n  simply  increases  the  number  of  test  quantities 
among  which  the  detector  must  search,  but  the  detector  vill  still 
seek  out  the  "best"  output  for  use  in  the  threshold  test.  As  more 
outputs  are  to  be  examined,  the  conditional  false  &1 am  probability 
increases,  therefore  the  threshold  must  be  adjusted  slightly  up¬ 
ward  to  maintain  the  same  false  alarm  rate;  this  change  in  threshold 
level  leads  to  a  slightly  lover  conditional  detection  probability. 

A  useful  basis  for  comparison  of  the  optimum  detector  with  the 
sum-and-test  detector  is  that  of  pre-detection  SNR  or  integration 
time  required  for  a  desired  level  of  performance.  This  comparison 

is  made  in  Fig.  II. 6  in  a  plot  of  d  /d  .  vs.  m  ,  for  a  »  .01, 

sum  opt 

and  0  *  .50;  where 

d  *  detecti<5n  index  required  with  the  Bum-and-test 
detector  for  error  probabilities  a  *  .01  and 
8  *  .50. 

d  t  *  detection  index  required  vitn  ihe  optimum 
p  detector  for  error  probabilities  a  »  .01  and 
8  «  .50. 

Since  the  detection  index  d  is  seen  from  Eq.  ( II— 2h )  to  depend 
linear ly  upon  the  pre-detection  SNR  and  linearly  upon  the  integration 
time,  the  ratio  d  _/d  .  may  be  interpreted  as  either  a  ratio  of 

SuBi  OpX 

required  input  SNR  for  a  fixed  integration  time  or  a  ratio  of 
required  integration  times  for  a  fixed  input  SNR.  It  is  seen  from 
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Fig.  II.6.  Comparison  of  Optimum  Dstector  with  Sum-and-D©t< 
Ratio  of  Required  Detection  Indices  for  cx  ■  .01,  8  ■  .$0 
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the  figure  that  the  logarithm  of  this  ratio  increases  in  an 

approximately  linear  fashion  with  the  logarithm  of  m  . 

11.5  Detection  of  a  Slnuslod  of  Random  Phase  and  Unknown  Frequency 
In  Gaussian  Boise 

After  the  results  presented  in  this  chapter  were  originally 
reported*,  they  were  extended  by  Hill**tc  ►he  problem  of  detecting 
a  sinusoid  of  known  amplitude  but  unknown  phase  and  unknown  fre¬ 
quency  in  broadband  gaussian  noice.  The  signal  frequency  was  assum¬ 
ed  to  hare  a  discrete  probability  distribution  over  m  possible 
values  as  was  assumed  in  the  present  investigation,  but  the  phase 
was  assumed  to  be  unknown  with  a  uniform  p.d.f.  over  the  range 
0,2*  .  This  signal  was  termed  an  incoherent  sinusoid.  Hill 
employed  the  geometric  decision-space  approach  developed  here  and 
snowed  that  in  the  case  of  unknown  phase  the  optimum  detector 
again  becomes  a  band-splitting  detector  as  the  post-detection  SNR 
is  made  large.  Signal  detectability  curves  were  computed  and 
compared  with  the  corresponding  results  obtained  for  the  coherent- 
sinusoid  case.  Detectability  curves  are  presented  in  Fig.  11.7 
for  both  the  coherent  and  incoherent  signals,  for  the  2-frequency 
ca«e  (m  ■  2)  .  Conditional  detection  probability  is  plotted  as  a 
function  of  the  detection  index  /d  for  several  values  of  the 
falne  il arm  probability  a.  The  curves  for  coherent  signals  are 
tboee  previously  shown  in  Fig.  XX. b.  It  is  seen  from  Fig.  IX. 7 
that  for  each  value  of  a  the  detectability  curves  corresponding  to 
coherent  and  incoherent  signals,  respectively,  become  parallel 

t  See  Levesque  (IX ) 

tt  Hill,  F.  S.,  Jr.,  unpublished  research,  January,  1965. 


straight  lines  aj  /&.  increases.  Thus  the-  randenm  ss  of  the 
phase  results  in  an  approximately  constant  "cost"  in  in  the 
region  of  high  detectability.  This  is  the  same  trend  which  is 
exhibited  in  a  single-frequency  analysis*. 

In  Fig.  II. 8  are  plotted  detectability  curves  for  the  inco- 
herent  case  with  m  *  2k  U,  3,  and  128,  and  for  a  ■  10  and 
10  .  It  can  be  seen  by  comparing  the  curves  for  a  ■  10 

with  Fig.  II. .5  that  the  curves  for  the  incoherent  case  once  again 
become  parallel  to  the  corresponding  curves  for  the  coherent  case. 

A  useful  measure  of  the  loss  in  detectability  due  to  unknown 
phase  is  the  increase  in  pre-detection  8NR  required  to  achieve  a 
desired  level  of  performance  with  the  observation  time  T 
assumed  fixed.  For  a  ■  .01  and  0  »  .50  the  required  increase 
in  SNR  varies  from  1.5  db  to  1.0  db  as  m  varies  from  2  to 
128  .  Similar  losses  in  pre-detsetion  8NR  are  exhibited  at  a  ■  10 


t 


See  for  example  Helstrom  (I,  discussion  on  pp.  158-186), 


Dotectlor  Probability,  1-  p  (per  ~-nt) 
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11,6  Comment* 

The  result*  obtained  In  thi*  chapter  have  shown  that  the 
optima  structure  for  the  detection  of  a  coherent  sinusoid  with  a 
discrete  frequency  distribution  become*  a  band-splitting  detector 
as  the  post-detection  SNR  is  nade  large.  This  work  could  be 
extended  directly  to  the  detection  of  any  incoherent  sijpial  whose 
frequency  is  given  by  a  discrete  probability  distribution.  For 
such  a  case  the  threshold  test  would  again  be  given  )y  Eq.  ( II— 5 ) 
and  the  threshold  surface  by  Eq.  (11-6).  The  major  departure  from 
the  foregoing  analysis  would  be  the  ncn-gaussian  statistics  of  the 
test  quantities  log  .  However,  regardless  of  the  precise 

form  of  the  distributions  of  log  L(v/?^)  ,  these  distributions 
would  again  move  away  tv oo  the  m-dimensional  "corner"  of  the 
decision  threshold  surface,  and  the  surface  could  again  be  accurately 
approximated  by  its  asymptote  planes.  Thus  once  again  the  band- 
splitting  detector  should  emerge  as  an  accurate  representation  of 
the  optimum  detector  structure. 

The  next  two  chapters  vill  consider  a  somewhat  more  generalized 
problem,  one  of  detecting  a  narrowband  signal  whose  frequency  is 
given  by  a  p.d.f.  over  a  continuous  frequency  range. 


CHAPTER  III 


DETECTION  07  A  NARROWBAND  GAUSSIAN  SIGNAL 
OF  UNKNOWN  CENTER  FREQUENCY  -  PART  I 
WEAK  SIGNALS 


III.l  Introduction 

This  chapter  and  the  following  chapter  vill  deal  with  the 
problem  of  detecting,  in  broadband  gauasian  noise,  a  narrowband 
gaussian  signal  of  bandwidth  Bg  .  The  center  frequency  of  this 
signal  is  not  known  in  advance  but  is  assumed  to  lie  within  a 
frequency  band  of  width  B  ,  where  B  ■  rBg  and  r>  0  .  The 
quantity  r  will  be  referred  to  as  the  frequency  uncertainty 
ratio.  The  optimum  structure  for  the  detection  of  such  a  signal 
will  be  determined  and  a  satisfactory  engineering  approximation 
to  the  optimum  detector  will  be  found. 

The  signal  detectability  vill  also  be  determined.  Of  par¬ 
ticular  interest  is  the  question  sb  to  what  improvement  jr  detect¬ 
ability  is  obtained  vhen  the  signal  power  is  confined  to  a  band 
r  times  narrower  that  the  frequency  band  B  being  processed 
rather  than  being  uniformly  spread  over  the  band  B  .  This  im¬ 
provement  in  detectability  will  be  determined  for  several  values 
of  r  .  Experimental  data  on  optimum  detector  performance  vill 
be  presented  and  compared  with  theoretical  results. 


If  the  unknown  centur  frequency  haa  a  probability  distribution 
over  a  discrete  set  of  m  values,  Eq.  (III-3)  becomes 


c- 


wfacrs  p,  is  the  probability  that  the  center  frequency  has  the 
value  1  ^  .  The  optimwa  detector  forms  the  sum  in  Eq.  (ill-k) 
M  compares  the  sum  with  a  preset  threshold  V: 


n 


l  p  exp  [log  Ur/t  .)]  <  k 
i-1 


( III— 5) 


The  average  LR  given  by  Eq.  (Ill-k)  and  the  threshold  test 
given  by  Eq.  (III-5)  are  analogous  to  Eq.  (XI-U)  and  (II-5) 
deriv  in  the  preceding  chapter  for  the  detection  of  a  conerent 
sinusoid  whose  frequency  vas  given  by  a  discrete  probability 
distribution.  Iu  that  chapter  a  geometric  interpretation  of  the 
average  LR  and  of  the  threshold  test  vas  proposed  and  that  inter¬ 
pretation  vas  used  to  derive  the  asymptotic  form  of  the  detector 
structure.  A  slightly  different  approach  vill  be  taken  here. 

Suppose  that  the  stochastic  signal  is  narrowband  and  the 
discrete  center-frequency  values  f^  are  separated  by  frequency 
intervals  at  least  as  large  as  the  signal  bandwidth.  Then  when  the 
observation  time  is  long,  i.e.,  several  times  as  large  as  the 
reciprocal  of  the  signal  bandwidth,  test  quantities  log  L( v/fcl ) 
and  log  L(v/fcj)  will  be  independent  'or  i  4  J*.  If  the  post¬ 
detection  8NR  is  made  large  in  order  to  insure  high  detectability, 
and  if  a  signal  of  center  frequency  fck  is  present  in  the  received 
data,  the  test  quantity  leg  L(v/fck)  will  on  the  average  have  a 


t  It  vill  ’  seen  in  the  next  section  that  tne  formation  of  a 
test  quantity  log  Uv/fgj)  requires  three  basic  operations: 
filtering  of  the  received  signal  with  a  pre-detection  filter 
matched  to  the  signal  spectrum  and  centered  at  frequency  f  , 
followed  by  a  nonlinear  operation  and  finally  integration.  If 
the  pre-detection  filters  centered  at  fc^  and  fc .  have  non¬ 
overlapping  frequency  responses  and  if  the  observation  time  is 
long  with  respect  to  the  reciprocal  of  the  filter  bandvidths,  then 
the  filter  outputs,  and  hence  log  L(v/f  .)  and  log  L(v/f  )  are 
independent .  c  “ 
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high  value.  The  remaining  m-1  of  the  test  quantities  will  on 
the  average  have  small  values.  The  exponential  operation  in 
Eq.  (III-5)  suppresses  low  values  of  log  and  emphasises 

high  values.  Therefore  when  a  signal  is  present  in  the  received 
data  the  dominant  term  in  the  summation  in  Eq.  ( III— 5 )  is  that 
corresponding  to  the  actual  center  frequency  of  the  signal  to  he 
detected.  As  the  separation  is  Increased  between  the  average  value 
of  log  L(v/fci)  with  only  noise  present  and  the  average  value 
with  signal  of  center  frequency  f  ^  and  noise  present,  the  thresh¬ 
old  test  on  l(v)  can  be  closely  approximated  by  a  test  on  the 
largest  term  in  the  summation,  that  is, 

max  [log  L(v/fci)  +  log  Pj]  ^  log  k  ( III-6) 

A  test  of  this  form  is  referred  to  as  a  maximum  likelihood  test. 

If  at  least  one  of  the  m  quantities  [log  L(v/fcl)  +  log  pt] 
exceeds  the  threshold,  the  maximum  of  the  quantities  will  have 
exceeded  the  threshold.  Hence  the  test  prescribed  by  Eq.  (ill— 6) 
can  be  accomplished  by  a  band-splitting  detector,  in  which 
log  L(v/fcl)  is  generated  at  each  of  the  m  possible  center 
frequencies  and  is  compared  with  a  threshold  as  follovs: 

log  L(v/fcl)  <  log  k  -  log  pA 


(III— 7) 
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If  one  or  nore  of  the  test  quantities  exceeds  its  threshold,  the 
decision  is  made  that  a  signal  is  present  in  the  received  data*. 

Ibis  hand-splitting  detector  is  precisely  the  detector  structure 
which  was  derived  in  Chapter  II  using  the  geometric  interpretation 
of  the  average  LR  and  the  threshold  test. 

The  foregoing  argument  has  made  use  of  the  assumed  independence 
of  the  test  quantities  log  L(v/fc^)  in  order  to  state  that  when 
a  signal  is  present  and  the  post-detection  SHR  is  high,  one  of  the 
terms  in  the  summation  in  Eq.  (ill-1*)  will  dominate  and  the  remaining 
terms  may  be  ignored.  If  the  number  m  of  possible  locations  of 
the  signal  center  frequency  in  a  fixed  frequency  range  is  steadily 
increased,  test  quantities  generated  at  neighboring  frequency  values 
will  become  correlated.  Then,  when  a  signal  is  present,  two  or 
more  test  quantities  will  on  the  average  have  high  values.  However 
the  test  quantity  log  Ltv/f^)  ,  where  f  ^  is  the  true  signal 
center  frequency,  will  have  a  higher  average  value  than  any  other  test 
quantity  log  L(v/fci)  .  The  exponential  operation  in  Eq.  (Ill-1*) 
will  cause  the  average  difference  between  exp  [log  L(v/fcJ^]  and 
exp  [log  L(v/fci)]  ,  i  i  k,  to  be  of  exponential  order  in  the 
difference  between  the  average  values  of  log  Lfv/f^)  and 
log  L(v/fcj)  ,  the  difference  between  these  latter  average  values 

increasing  with  the  post-detection  SHF.  Thus  as  the  post-detection 


t  Since  it  is  not  required  in  the  detection  problem  that  the  actual 
center  frequency  of  the  detected  signal  be  identified,  it  does  not 
matter  that  on  some  occasions  the  threshold  will  be  exceeded  at  more 
than  one  frequency,  though  a  signal  can  be  present  at  only  one 
possible  center  frequency. 
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SHR  is  made  very  large  the  test  quantity  log  Uv/t^)  will  again 
dominate  in  the  summation  which  represents  l  (v)  aud  the  threshold 
test  in  Eq.  (ill -5)  may  he  accurately  approximated  by  a  test  on  the 
largest  term  in  the  summation,  a  test  which  is  implemented  by  a 
band-splitting  detector,  as  was  found  in  the  case  of  independent 
test  quantities. 

Thus  it  may  be  concluded  that  the  optimum  detector  for  the 
detection  of  a  stochastic  signal  whose  center  frequency  is  given 
by  a  discrete  probability  distribution  asymptotically  becomes  a 
band-splitting  detector  aa  the  post-detection  SNF  becomes  increas¬ 
ingly  large,  regardless  of  the  spacing  of  the  possible  values  of 
the  signal  center  frequency. 

If  the  number  m  of  frequency  values  in  a  fixed  range  is 
Increased  Indefinitely,  a  limiting  situation  will  be  reached  in  which 
the  center  frequency  of  the  stochastic  signal  Is  unknown  over  a 
continuous  frequency  band.  If  this  frequency  band  has  a  width 
B  cps,  the  average  LR  as  given  by  Eq.  (III-3)  may  be  written  as 

l  (v)  *  dfc  p(fc)  exp  [log  L(v/fc)]  (III-8) 

B 

The  optimum  detector  now  generates  exp[log  L(v/fc)J  as  a  contin¬ 
uous  function  of  frequency  and  averages  this  over  the  band  B  with 
respect  to  the  p.d.f.  of  the  signal  center  frequency.  As  in  the 
case  of  a  discrete  frequency  distribution,  the  exponential  oper¬ 
ation  in  Eq.  (III-8)  emphasizes  large  values  of  log  L(v/fc)  and 
suppresses  low  values  so  that  if  a  signal  is  present  in  the 
received  data  and  the  post-detection  SNR  is  made  large,  the  function 


dxpflog  L(v/f,)}  will  cm  the  average  have  a  large  peak  near 
the  true  value  of  the  signal  center  frequency,  and  this  peak  vlll 
provide  the  major  contribution  to  the  integral  in  Eq.  (III-8). 

Thus  it  can  again  be  seen  that  if  the  post-detection  SUB  is  made 
very  large,  a  test  on  l(v)  can  he  closely  approximated  by  a  test 
on  the  peak  value  of  p(f.)  tines  exp[log  L(v/fc) ]  or  equivalent¬ 
ly  by  a  test  on  [log  p(fQ)  +  log  L(v/fc)].  This  test  can  he  imple¬ 
mented  hy  means  of  a  "band-sweeping"  detector,  in  which  log  L(v/fc) 
is  generated  as  a  continuous  function  of  frequency*  and  the  following 
test  is  made: 

log  L(v/fc)  <  log  k  -  log  p(fc)  (III-9) 

If  the  threshold  is  exceeded  anywhere  in  the  hand  B,  a  decision  is 
male  that  a  signal  is  present.  The  foregoing  discussion  does  not 
constitute  a  proof  of  the  asymptotic  optimality  of  the  hand-sweeping 
detector,  hut  is  simply  an  extension  of  the  similar  result,  obtained 
for  the  case  of  a  discrete  frequency  distribution,  to  the  limiting 
case  of  a  continuous  distribution.  Since  the  asymptotic  optimality 
of  a  hand-splitting  detector  can  he  demonstrated  for  any  discrete 
distribution  of  signal  frequencies  however  dense,  it  seems  reason¬ 
able  that  the  limiting  form  of  the  hand-splitting  detector,  the 


t  Elsewhere  the  term  "sweeping"  is  often  used  to  describe  a 
filter  or  other  electronic  device  some  parameter  of  which  is 
continuously  varied  as  a  function  of  time  while  the  device  is 
processing  a  signal.  It  must  be  emphasized  that  the  hand- 
sweeping  detector  described  here  does  not  operate  in  this  fashion. 
Rather,  the  detector  genesates  the  .function  log  L(v/te)  simul¬ 
taneously  for  all  frequencies  fc  :ln  the  hand  B,  and  log  I»(v/fc) 
at  each  frequency  is  generated  from  the  same  set  of  samples  of 
v(t)  ,  taken  in  the  time  interval  0,T  . 


band-sweeping  detector,  is  also  asymptotically  optimum  as  the 
post-detection  SNR  is  made  increasing  large.  Thus,  the  asymptotic 
optimality  of  the  band-sweeping  detector  will  be  conjectured  without 
further  attempt  at  a  rigorous  proof. 

The  performance  of  the  band-sweeping  detector  will  now  be 
analyzed  to  determine  the  detectability  of  a  narrowband  gausslan 
signal  of  unknown  center  frequency  in  regions  of  high  signal 
detectability.  In  regions  of  low  detectability,  where  the  analysis 
of  the  optimum  detector  is  not  tractable ,  the  signal  detectability 
can  be  estimated.  This  is  no  loss,  however,  since  the  only  situations 
of  real  interest  are  those  where  high  detectability  is  obtained. 

A  practical  implementation  of  the  band-sweeping  detector  would 
employ  a  densely  spaced  bank  of  narrowband  filters,  each  matched 
to  the  expected  signal  band,  spanning  the  overall  band  of  frequency 
uncertainty.  It  is  clear  that  as  more  filters  are  added  to  the 
filter  bank,  the  instrumentation  approaches  the  band-sweeping 
detector.  It  is  thus  of  practical  interest  to  determine  how 
densely  the  filters  must  be  spaced  in  order  to  achieve  satisfactory 
performance.  The  question  will  be  answered  by  considering  succes¬ 
sive  band-splitting  approximations  to  the  band-sweeping  detector. 

III. 3  Narrowband  Gaussian  Signal  of  Unknown  Center  Frequency 

The  problem  to  be  considered  is  as  follows:  A  narrowband 
gaussian  random  signal  is  to  be  detected  in  the  presence  of  broad¬ 
band  gaussian  noise.  The  spectral  level  of  the  noise  is  assumed 
to  be  known,  as  are  the  signal  power  and  the  signal  bandwidth  Bgcps. 


The  center  frequency  of  the  signal  is  not  known  however,  except 
that  it  lies  somewhere  in  the  frequency  band  being  processed,  a 
band  of  width  B,  where  B  2  Bg  .  In  various  situations  the  signal 
bandwidth  may  be  narrower  than  B  by  varying  amounts.  Thus 
it  is  of  interest  to  determine  the  signal  detectability  as  a  function 
of  the  relative  magnitudes  of  B  and  Bg  ,  as  veil  as  a  function 
of  signal  and  noise  powers  and  the  integration  time. 

For  convenience  of  analysis,  the  following  assumptions  will 
be  made: 

1)  The  background  noise  has  a  flat  spectral  density  of  level 
2 

Hq  volt  /cps  from  zero  frequency  up  to  a  cutoff  frequency  W  cps, 
where  W  is  much  higher  than  the  highest,  possible  signal  frequency. 
The  noise  may  thus  be  considered  white  with  respect  to  the  narrov- 
band  signal. 

2)  The  signal  is  assumed  to  have  a  rectangular  spectrum  of 

width  B_  centered  at  acme  frequency  f  .  The  total  average 
O  C 

p 

signal  power  will  be  A  /2  . 

3)  The  p.d.f.  for  the  signal  center  frequency  is  assumed  to 
be  uniform  over  the  band  B  ,  and  the  band  B  1b  an  integral 
number  of  times  wider  than  the  signal  bandwidth,  that  is 

B  ■  r  Bs  (III-10) 

where  r,  the  frequency  uncertainty  ratio,  is  assumed  to  take  on 
Integer  values. 

The  assumed  model  of  the  signal  spectrum  is  shown  in  Fig.  III.l  . 


Fig.  III.l  Spectrum  of  the  Signal  to  be  Detected 


As  was  stated  in  Section  III. 2,  the  optimum  detector  will  be 
approximated  by  a  band-sweeping  detector.  It  was  conjectured  that 
this  detector  becomes  asymptotically  optimum  as  the  signal  detect¬ 
ability  is  increasingly  imporved.  Thus  the  detector  must  calculate 
log  L (v/fc)  for  values  of  ffi  in  the  band  B.  The  quantity 
L(v/fc)  is  the  LR  calcualted  for  a  gaussian  signal  in  gaussian 
noise  given  that  the  center  frequency  of  the  signal  spectrum  is 
known  to  be  ffi  .  L(v/fc)  is  easily  derived.  When  a  signal  is 
present,  the  received  sample  vector  v  is 

v  -  s  ♦  n  (III-] 

where  £  is  a  sample  vector  from  the  gaussian  signal  process  and 
n  a  sample  vector  from  the  gaussian  noise  process.  If  the  signal 
and  noise  processes  are  independent,  then  v  is  a  sample  vector 
from  a  gaussian  process  with  covariance  matrix  P  ♦  K  where  P 
is  the  signal  covariance  matrix  for  a  given  value  of  the  narrowband 
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center  frequency  f  ,  and  K  ia  the  noise  covariance  matrix, 
c  — 

Thva,  given  that  signal  is  present,  the  p.d.f.  of  the  received 
signal  v  is 


_ 1 _ 

(2«)n/2  [det(P  +  l)]1/2 


exp  [-  j  v'(P  ♦  jO-1vj 

(III-12) 


vhere  n  is  the  total  number  of  samples. 

When  noise  only  is  present  in  the  received  signal,  the  p.d.f. 
for  v  is 

f(v/0)  -  - - - exp  [-  |  v*  K-1v]  (III-13) 

(2*)n/2  (det  K)1/2 

Hence  the  LR  evaluated  for  a  given  value  of  the  narrowband  center 
frequency  is 


L(v/fc) 


det  K  11/2  I 
det  (P~+  K)  exp| 


(III-IU) 


It  is  necessary  at  this  point  to  establish  the  precise 

structure  of  the  vector  and  matrix  forms  v,  P  and  K  used  in 

Eq.  ( III— lU )  .  Since  the  assumption  is  being:  made  that  the  signal 

spectrum  is  rectangular  with  width  BQ  centered  at  f  ,  then  in 

o  c 

forming  the  quantity  L(v/fc)  for  a  particular  value  of  , 

none  of  the  noise  spectrum  outside  the  corresponding  band  Bg 

centered  at  f  need  be  considered.  Thus  if  the  received  signal 
c 

v(t)  is  ideally  pre-filtered  to  the  band  Bg  ,  v  represents  a 
vector  of  samples  of  a  band-pass  signal  v(t)  taken  during  the 
observation  time  T  .  Sampling  analysis  indicated  that  for  BgT»  1  , 


J. 


the  signal  v(t)  can  be  completely  described  by  complex  samples 
taken  every  1/Bg  seconds.  Each  conplex  sample  z(t^)  consists 
of  a  sample  of  the  received  signal  v(t)  and  a  sample  of  its 
Hilbert  Transform  f(t),  that  is, 

z(ti)  «  v(t4)  ♦  J  ^(tt)  (III-15) 

For  BgT>>  1  the  following  properties  of  a  function  x(t)  and  its 
Hilbert  Transform  £(t)  can  be  demonstrated.  These  two  statements 
will  not  be  proven  here,  but  follow  directly  from  the  properties 
of  the  Hilbert  Transformation? 

1)  The  mean-squared  value  of  a  function  x(t)  is  equal  to 
tl  •  mean-squared  value  of  its  Hilbert  Transform  Jt(t)?^ 

2)  When  the  function  x(t)  is  a  bandpass  function  strictly 
limited  to  t\  band  of  width  W  cps ,  samples  of  the  Hilbert  Trans¬ 
form  <(t)  taken  at  intervals  of  ~  sec.  are  uncorrelated,  as 
are  samples  of  x(t)  .  Also,  samples  of  x(t)  and  of  Jt(t)  are 
uncorrelated  at  the  same  instant  of  time  or  at  instants  separated 
by  intervals  of  gsec.,  that  is 

x^J  iitj'J  -  o  ,  tt  -  tj  ■  0  ,  J  ,  |  .  (IXI-16) 

Thus  it  is  seen  that  when  the  received  signal  v(t)  is  a  gaussian 

process  strictly  band-limited  to  a  band  of  width  B  cps  and  when 

o 

BgT>>  1  ,  v(t)  can  be  represented  by  a  vector  v  of  2BgT 
independent  samples.  Furthermore,  the  matrices  P  and  K  can 
be  written  as  diagonal  matrices  {  of  order  2BgT  )  ,  that  is, 

,2 

P  -  I  (III-1T) 

t  See  Deutsch  (I,  Chap.  1/. 

tt  This  property  can  be  stated  either  in  termr  of  time  averages  or 
in  terms  of  ensemble  averages ,  the  only  requirement  being  that  the 
process  x{t)  be  wide  sense  stationary.  See  the  previous  reference 
for  a  discussion  of  this  point  and  for  further  references. 
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and 

I  • 

5  I 

dn-i8) 

where  I,  is  the  identity  matrix 

and 

X  ■ 

"oBS 

(III -19) 

is  the  total  noise  power  in  the  narrow  signal  hand.  The  determinants 
appearing  in  Iq.  (XZX-lk)  then  become 

(III -20) 

(in-21) 


det  K  ■  Is 


det(P  ♦  K)  •(-£-  *  Jlj 


How  Eq.  (III-1U)  can  be  written  acre  simply  as 
L(v/fc)  ■ 


+  H 


n/2 


n/2 

| 

exp 

1 

1 

.1 

VI  v 

“  2 

T+r 

H 

/ 

25 


♦  1 


exp  (-  r 


L  2H 


+  1 


n 


I'll) 


h 
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The  test  quantity  log  L(v/f  )  is  given  by 


log  L(v/fc)  ■  -  j  l0* 


fjd.  ,1 

1 

1 

la  ] 

"  2 

! 

2H  A 

4 

— ,  VI  V 

2r 

(Ili -23) 
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The  operation  on  the  received  signal  is  seen  to  he  a  linear  function 
of  the  quadratic  form  v'I_  v  ,  and  it  is  clear  that  any  linear 
function  of  v  would  serve  as  (in  equivalent  test  quantity. 

For  purposes  of  analysis  and  computation.,  it  will  he  convenient 
to  take  as  a  test  quantity^ 


Q(  f ) 


v  - 


n 

2 


♦ 


(III-2U) 


At  this  point  an  input  or  pre-detection  SNR  will  be  defined  as 


-  A 


S  2N 


2NoBS 


(in-25) 


and  is  simply  the  signal-to-noise  power  ratio  in  a  band  Bg 
containing  the  desired  signal.  An  input  SNR  may  also  be  defined 
with  respect  to  the  overall  band  to  be  processed: 


(111-26) 


o 

In  the  work  immediately  following,  Rg  as  given  by  Eq.  (III-25) 
will  be  more  useful,  but  at  certain  later  points  in  this  work, 

F  will  also  be  a  convenient  measure  of  SNR.  The  distinction  will 
always  be  made  clear  by  the  subscript  S  . 


t  Since  the  test  quantity  is  specifically  a  function  of  center 
frequency,  it  should  be  written  as  Q(f  )  ;  however,  for  simplicity 
Q(f)  will  be  used. 


as 
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From  the  definition  of  Rg,  Eq.  ( III-2U )  may  be  rewritten 


(III-27) 


For  small  values  of  input  SIR  Rg  ,  Jq.  ( III-27 )  represents  a 
close  approximation  to  the  right  sift*  of  Eq.  (III-23),  but  Q(f) 
is  always  a  valid  test  statistic,  being  a  monotone  function  of 
log  L(v/f  )  ,  regardless  of  the  sice  of  Rg.  Hence  if  the  received 
signal  is  ideally  p re-filtered  to  a  band  lg  cps  wide  centered  at 
f  »  f ,  the  calculation  of  the  test  quantity  simply  requires  the 
formation  of  the  vector  product  of  v  with  itself,  v'I_  v  .  From 
the  discussions  following  Eqs.  (Ill -l**)  and  (ni-15),  the  vector 
product  becomes 

v 

v'l  v  *  l  v.2  ♦  t  2  (III-20) 

I»1  1 

From  property  1)  stated  in  tnat  discussion,  one  can  write  that 
for  BgT»  1, 

BT  B-T 

l  v  2  •  l  f*  (III-89) 

i-1  i»l 

and  thus  Eq.  (III-30)  may  be  written  approximately  as 


v'l  v 


i-1 


(HI-30) 


If  the  summation  in  Eq.  (III-30)  is  approximated  by  an  integration, 
the  operation  on  the  filtered  received  signal  v(t)  is 

T 

I'll  *  2Bg  J  dt  v2(t)  (HI-31 ) 

0 

Thus  for  long  observation  times  (BgT»  1  )  the  formation  of  the 
test  quantity  Q(f)  at  a  particular  value  of  center  frequency 
f  ■  f  requires  a  filtering  of  the  received  signal  v(t)  to  a 
band  of  width  Bg  cps  centered  at  f  t  followed  by  squaring  and 
integrating  operations.  This  set  of  operations  simply  represents 
a  measurement  of  the  energy  in  the  received  signal  in  the  corres¬ 
ponding  band  B  during  the  interval  T  . 
s 

Since  v  is  a  vector  of  samples  from  a  gauss lan  random  process , 
the  quadratic  form  v'l  v  has  e  Chi-Squared  p.d.f .  with  n  degrees 
of  freedom.  However,  in  a  weak-signal  situation  n  is  made  very 
large,  corresponding  to  a  large  time-bandwidth  product;  and  as  n 
is  made  large,  the  Chi-Squared  p.d.f.  becomes  gaussian. 

Thus  only  the  mean  and  variance  of  Q(f)  are  required,  and 
they  are  calculated  as  follows:  T’ith  only  noise  present. 


(III-32) 


varH  [Q(f)J  ■  ws  [v'I_  vj 

-nV] 

•(£)  [tA*^r^-nV] 


Ml 
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When  a  signal  is  present  in  the  received  data,  the  mean  and  variance 

of  Q(f)  depend  upon  the  relative  frequency  positions  of  the  band- 

sweeping  filter  and  the  narrowband  signal  spectrum.  When  the 

filter  is  centered  at  a  frequency  f  separated  tram  the  true 

signal  center  frequency  by  at  least  Bg  cps,  then  the  filter  does 

not  overlap  the  signal  spectrum,  and  the  mean  and  variance  of 

Q(f)  are  given  by  Kqs.  (III-32)  and  (III-33).  When  the  filter  is 

exactly  aligned  vith  the  signal  spectrum  at  f  ■  f  ,  the  wean  and 

c 

variance  of  Q(f)  are  easily  shown  to  be 


and 


var8+I[Q(f)]  -  |Rg2  El  ♦  Rg]2 


(HI-35) 


In  any  intermediate  situation,  where  the  pass-band  of  the  band- 
sweeping  filter  overlaps  a  fraction  a  of  the  narrowband  signal 


spectrum,  the  total  average  signal  (desired  signal)  power  in  the 
0A2 

filter  output  is  -g—  .  Thus  it  can  easily  be  shown  that  the 
mean  and  variance  of  Q(f)  are 

Es+N[Q(f)3  -  |  Rg2(2o  -  1)  ,  0<  1  (111-36) 

and 

vars+N[Q(f)]  -  |  Rs2  [l  +  cRg]2  ,  0<  o  <  1 

(II  7' 

When  o*0,  representing  no  overlap,  Eqs  (111-36)  and  ( III— 37 ) 
give  the  results  of  Eqs  (III-32)  and  (III-33);  and  when  o  *  1  , 
corresponding  to  alignment  of  the  filter  with  the  signal  spectrum, 

Eqs.  (111-36)  and  (HI-37)  become  identical  to  Eqs.  (III-31*)  and 
(III-35) . 

From  results  of  sampling  analysis  the  number  of  time  samples 
n  in  the  time  interval  T  is 

n  »  2  B  T  (111-38) 

1J 


where  .T  is  the  observation  time  of  the  received  signal.  When 
Eq.  (111-38)  is  substituted  into  Eqs.  (III-32),  (III-33),  (111-36) 
and  (III-37). 
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V«f»--K*V  (III-39) 

■  h*  V  mi  jo) 

Is+NtQ(f)]  -  \  (2o  -  1)  RgSgT  ,  0  <  oil  (III-Ul) 

*ars+N[Q(f)]  -  Rs2  fl  ♦  oRg]2  BgT  ,  0<  o  <  1  (III-h2) 


Thus,  when  the  time-bandwi dth  product  BgT  is  made  much  larger 
than  unity,  as  will  alvays  be  true  if  small  received  signals  are 
to  be  enhanced  to  a  detectable  level  by  long  integration  tine,  the 
test  quantity  Q(f)  calculated  at  each  possible  value  of  signal 
center  frequency  will  become  a  gaussian  random  variable.  Its 
p ammeters  are  given  above,  and  depend  upon  the  presence  or  absence 
of  desired  signal  and  the  degree  of  overlap  of  the  band-sweeping 
filter  with  the  signal  spectrum.  The  detectability  of  the  narrow¬ 
band  gaussian  signal  with  unknown  center  frequency  can  now  be 
considered. 

At  this  point  it  is  convenient  to  define  a  detection  index  D 


as 


D  -  RgSgT 


(111-1*3) 


which  may  also  be  regarded  ae  a  measure  of  post-detection  or 
output  SHR.  Since  Q(f)  can  be  treated  as  a  gaussian  random 
variable,  the  signal  detectability  will  be  a  function  of  the 
deflection  of  Q(f)  and  the  variance  of  Q(f)  in  the  noise-only 
case  and  in  the  signal -plus-noise  case.  The  deflection  of  Q(f) 
is  simply  the  difference  betveen  the  averages  in  Eqs.  (III-39) 
and  (ill-l*.,) ;  using  Eq.  (III-U3)  this  becomes 
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AE  lQ( f ) ]  ■  \  (20 >  Rg2BsT 

■  oD  ,  0  <_  o  <_  1 

The  variance  of  Q(f)  given  noise  only  becomes 


varN(Q(f)]  ■  D 


and  given  that  signal  and  noise  are  present, 


(111-1*1*) 


(111-1*5) 


var  „[Q(f)]  «  ll  ♦  oR.)2  ,  0  <  o  <  1  (111-1*6) 


Inspection  of  Eq.  (III-46)  shows  that  if  the  pre-detection 


SNR  Rg  is  much  smaller  than  unity,  then 
varg+jj[Q(f)J  *  D 


(111-1*7) 


which  is  equal  to  the  variance  given  by  Eq.  (111-1*5),  indicating  that 
if  the  input  SNR  is  very  small,  the  variance  of  tae  p.d.f.  for  Q(f) 
is  essentially  unchanged  with  the  arrival  of  a  signal.  Ir  3ucfc  cases, 
the  input  SNR  and  the  integration  time  determine  the  detectability 
only  through  the  detection  index  D  (the  spectrum  overlap  o  will 
disappear  when  the  average  detectability  is  computed) ,  which  means 
that  the  signal  detectability  can  be  presented  as  a  function  of  the 
single  variable  D  for  various  value*  of  the  frequency  uncertainty 
ratio  r  .  When  Rt  is  on  the  order  of  unity  or  greater,  it  is 
seen  from  Eq.  (111-1*6)  that  detectability  will  then  be  a  function 
of  two  variables,  D  and  Rg  (or,  equivalently,  BgT  and  Rg). 
Advantage  will  be  token  of  the  compactness  of  presentation  afforded 
by  low  input  SNR  by  treating  this  case  separately  in  the  following 
section.  The  strong- signal  case  will  be  treated  ir.  Chapter  IV. 


? 
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III.1*  Signal  Detectability  In  the  Weak-81tgial  Case 
a)  Frror  Probabilities 

In  this  section  attention  will  be  turned  to  the  calculation 

of  the  detectability  of  a  gnus si an  stochastic  signal  of  total 
a2 

average  power  having  a  rectangular  spectrum  of  bandwidth  Bg 
centered  at  an  unknown  frequency  ?  .  Here  the  assumption  will  be 
made  that  the  pre-detection  SUB  is  small,  that  is, 

h  •  « 1 

O  B 

As  was  indicated  earlier,  the  signal  detectability  vill  be 

calculated  by  analysing  the  performance  of  a  band-sweeping  detector, 

since  it  is  conjectured  that  this  detector  becomes  asymptotically 

optimum  as  the  post -detect ion  SIB  is  made  very  large.  The  band- 

sweeping  detector  would  generate  Q(f)  ,  given  by  Eq,  (III-21*) , 

as  a  continuous  function  of  frequency  f  within  a  band  B  cps 

wide  which  is  known  to  contain  the  center  frequency  f  of  the 

c 

signal  when  a  signal  is  Indeed  present.  It  has  been  assumed  thr.t 
the  p.d.f.  for  ffi  is  uniform  over  the  uncertainty  band  B  so 
that  Q(f)  is  to  be  compared  with  a  uniform  threshold: 

Q(f)  <  K'  (III-U9) 

A  practical  approximation  to  this  detector  consists  of  discrete  set 
of  densely  spaced  (possible  overlapping)  filters  covering  the 
B-band,  each  of  bandvidth  ,  .  The  discussion  following  Eq.  (HI-27) 
showed  that  the  output  of  each  of  these  filters  is  to  be  squared  and 
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then  integrated  over  the  observation  interval  0,T  .  Each  of 
these  integrator  outputs,  Qt^)  ,  is  then  compared  with  the  con¬ 
stant  threshold  k'  ;  and  if  one  or  more  of  these  outputs  exceeds 
its  threshold,  a  decision  is  made  that  sign hi  is  present.  Such 
a  detector  may  be  referred  to  as  a  band-splitting  approximation 
to  the  band-sweeping  detector.  As  the  number  of  filters  placed 
in  the  B-band  is  increased,  the  performance  will  approach  that  of 
the  band-sweeping  detector.  It  is  of  practical  interest  therefore 
to  determine  how  densely  the  band-splitting  filters  must  be  spaced 
in  order  to  achieve  detection  performance  reasonably  close  to  optimum. 

Let  the  number  of  filters  in  a  given  band-splitting  detector 
be  given  by  b  .  If  each  of  the  integrator  outputs  Qt^)  is  tested 
against  the  threshold  k'  ,  the  conditional  false  alarm  probability, 
given  that  on±y  noise  is  present,  is 

a  ■  P  [at  least  one  k‘  /  noise  only]  ,  i  *  1,  2,  ...,b 

■  1  -  P  tall  Q{ f ± ) <  k •  /  noise  only]  .  ,  i  -  l,2,...,b 

(ill -50) 

Given  that  signal  and  noise  are  present,  the  conditional  false 
dismissal  probability  is 

6  ■  P  (all  Q( f ± ) <  k*  /  signal  and  noise]  ,  i  «  1,2,  ...,b 

(HI-51) 

Two  successive  approximations  to  the  bend-sweeping  detector  will 
be  considered,  each  employing  rectangular  filters  of  width  Bg. 

In  the  first  approximation  the  number  of  uniformly  spaced  filters  b 


Will  be  equal  to  r,  vhere  r  la  the  ratio  of  signal  frequency 
uncertainty.  It  esn  b-  ncun  thn-  this  describes  a  set  of  non¬ 
overlapping  rectangular  filters  completely  covering  the  band  3. 

In  the  second  approx  lost  ion,  b  will  equal  <:r  .  Is  each  case 
the  conditional  detection  probability,  1-0  ,  is  to  be  calculated 
as  a  function  of  the  detection  index  D  for  a  fixed  conditional 
false  alarm  probability. 

b)  First  Approximation  -  Won -overlapping  Filters  (b  »  r) 

When  the  frequency  responses  of  the  band-splitting  filters 
do  not  overlap,  then  under  the  assumption  of  long  observation  time 
(Bg?>> l)  being  made  in  this  chapter,  their  outputs  are  linearly 
independent,  and  any  tvo  test  quantities  Q(f^)  and  Q( f ^ ) ,  1  i  J, 
are  independent!  The  conditional  false  alarm  rate  given  by  Eq.  (III-50) 
can  then  be  written  as++ 


b 

o  -  1  -  n  P  (Q{f. )  <k' /noise  only]  (III-52) 

i  -  1  1 


Each  of  the  terms  in  the  product  in  Eq.  (III-52)  can  be  interpreted 
as  the  complement  of  a  false  ala.«  rate  for  the  1th  output  Qffj)  , 
that  is. 


b 

o  ■  1  -  n  [1  -a.  I 
i-1  1 


(III-53) 


where 


aj  ■  P  (Q(f± )>  k’/noise  only]  ,  i  ■  1,2,. ..,b  (III-51*) 


t  See  Appendix  D,  which  deals  with  the  correlation  properties 
of  test  quantities  Q(fi). 

tt  See  Appendix  C. 
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When  the  Integration  time  is  long,  Q(f^)  la  a  gauaaian  random 
variable  with  mean  and  variance  obtained  from  Eqr.  (111-39),  (lII-**3), 
and  ( III-U5)  aa 

F1f[Q(fi)J  -  -  \  D  ,  i  ■  1,2,. . .b  (HI-55) 

var^Q^)]  ■  D  ,  i  -  1,2,. ..b  (III-56) 

The  conditional  p.d.f.  for  Q( f A )  ,  given  noiae  only,  ia  then 

"  2 

f(x/0)  -  *“  exp  -  -|d  (x  *  |)  (111-57) 

vhere  x  ■  Q(f^)  .  The  falae  alarm  probability  for  the  ith 
output  o  is  then  • 


-x 
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When  signal  and  noise  are  present,  signal  power  will  in  general 
appear  in  the  outputs  of  two  adjacent  band-splitting  filters,  a 
fraction  a  of  the  total  average  signal  power  appearing  in  one 
and  the  remaining  fraction  1  -a  appearing  in  the  other.  This 
situation  is  indicated  in  Fig.  III. 2.  When  signal  is  present, 
two  of  the  filters  will  share  the  total  signal  power,  as  shown, 
and  b  -  2  of  the  filter  outputs  will  contain  noise  power  only. 
Therefore  the  conditional  false  dismissal  probability  is 


B  »  P[2  outputs  Q(f^)  <  k'  ,  given  that  signal  spectrum 
overlaps  tbs  corresponding  frequency  bands,  and 
b  -  2  outputs  Q{ f A )  <  k'  ,  given  that  only 
noise  is  present  in  these  bands.) 

Since  none  of  the  filter  responses  overlap  one  another,  the  b 
outputs  Q( f^)  are  independent  and  B  may  be  calculated  as 


(III-60) 


Under  the  assumption  being  made  in  this  section  that  the  input 
SKA  is  low,  as  Indicated  in  Eq.  ( 111-1*8),  the  mean  and  variance 
of  Q (fj)  in  a  filter  band  containing  a  fraction  a  of  the  total 
signal  power  are 

Eg+NtQ(fi)]  «  (2o  -  1)  |  ,  0<o<l  (III-61) 


vaVH  tQ(fi)}  " 


D 


(111-62) 


IH. 2.  Non-overlapping  Filter  Response  Functions  and  a  Typical  Signal  Spectrum 


The  p.d.f.'s  for  Q^) 


in  the  heads  containing  signal  power  are 


r 


l 

O-Tfl 


thus 


and 


t(x/o)  ■  exp  /  -  gp 


f£*F 


f(x/l  -  a)  ■  — exp 
*'2*1? 


x  -  (2o  -  1)  | 


_1 

2D 


x  ♦  (2o  -  1) 


1. 

I  ' 


•  111-53) 


(III-6t) 


From  the  above  distributions. 


,  0  £  o  <_  1 

Similarly, 

"id-.)’? 

|  ,  0  <  o  <  1 

(111-65) 


(III-66) 


1 

i  ■» 


r 
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With  Eqa.  (III-53),  (111-59),  (III-60),  (III-65)  and  (III-66)  the 
conditional  detection  probability  1-8  can  be  calculated  as  a 
function  of  the  detection  index  D  for  a  fixed  value  of  false 
alarm  probability,  vhich  determines  the  threshold  k*  ,  and  a 
prescribed  value  of  the  frequency  uncertainty  ratio  r  .  At  each 
value  of  D  ,  of  course,  the  detectability  is  c  function  of  the 
tignal  spectrum  overlap  0  .  It  has  been  assumed  that  over  the 
ensemble  of  all  observations  of  the  received  signal,  the  narrow- 
band  signal  spectrum  will  be  centered  at  all  possible  frequencies 
in  the  band  B  with  uniform  probability  density.  Therefore, 
ignoring  end  effects  near  the  edges  of  the  band  B  ,  the  signal 
overlap  0  vill  take  on  all  values  in  the  range  0,1  with  uniform 
probability  density.  Thus  at  each  value  of  detection  index  D 
the  average  signal  detectability  may  be  oomputed,  representing 
an  average  detectability  over  all  possible  locations  of  the  signal 
spectrum  within  the  band  of  signal  frequency  uncertainty. 

Signal  detectability  has  been  calculated  for  a  case  in  which 
r  ■  5  ,  that  is,  a  case  in  vhich  the  baEd  of  signal  frequency 
uncertainty  is  five  times  as  vide  as  the  signal  bandwidth  . 

Figure  III. 3  shows  the  detectability  obtainable  with  a  first- 
approximation  detector  as  analysed  in  this  section,  a  detector 
ciuplujiug  »  bank  of  five  ncr. -overlapping  rectangular  filters 
covering  the  entire  band  being  processed.  The  pertinent  curves 
are  those  labelled  "b  ■  r  ■  5  ",  The  curve  denoted  as  "maximum" 

t  Where  r  i'  as  low  as  5,  end  effects  are  not  really  negligible 
in  the  calculation  of  error  probabilities.  Nevertheless,  end 
effects  were  ignored.  In  this  way  the  results  obtained  for  r  ■  5 
can  be  generalised  to  higher  values  of  r  ,  where  and  effects  indeed 
become  negligible. 
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Detection  Probability,  1- P  (per  cent) 
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indicates  signal  detectability  obtainable  vben  the  spectrus  of  the 
narrowband  signal  happens  to  be  precisely  aligned  with  any  one  of 
the  five  filters,  that  is,  when  a  ■  1  .  The  curve  denoted  as 
"minimum"  refers  to  the  least  favorable  frequency  location  of  the 
signal,  when  the  signal  power  is  divided  equally  between  two  adjacent 
filters,  that  is,  when  c  ■  |  .  The  "average"  curve  gives  average 

detectability  over  all  values  of  J  ,  as  discussed  in  the  previous 
paragraph.  All  curves  in  Fig.  III. 3  have  been  derived  for  a  fixed 
value  of  conditional  false  alam  probability  a  ■  .01  . 

It  is  evident  from  Pig.  Ill <3  that  if  a  bank  of  non-overlapping 
filters  is  to  be  used  in  detection,  the  performance  is  very  sen¬ 
sitive  to  the  actual  location  of  the  signal  center  frequency,  a 
wide  variation  in  detectability  resulting  from  the  range  of  values 
of  a  .  Thus  a  second  and  better  approximation  to  the  band-sweeping 
detector  will  next  be  considered. 

c)  Second  Approximation  -  Overlapping  Filters  (b  ■  2r) 

A  detector  will  now  be  considered  which  employs  a  bank  of 

b  -  2r  uniformly  spaced  rectangular  filters  covering  the  entire 
processing  band  B  .  Since  each  filter  has  a  bandwidth  Bg  ,  and 

since  B  -  rBg  ,  tbe  centers  of  the  filters  are  spaced  at  frequency 

intervals  cf  h  B_  .  The  outputs  of  the  filters  end  <*f>n«equently 

the  test  quantities  Q(f1)  are  no  longer  independent,  and  from 

Eq.  (III-50),  the  conditional  false  alerm  probability  is  now 
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a  ■  1  -  P  [all  <  k*  /  noise  only] 

■  1  -  P  [Q^  <  k*  /  noise  only] 

*  p[t  <  k*  /  <  k * ,  noise  only] 

•  P[Q3  <  k'  /  ^  <  k',  Qg  <  k'  .  noiM  only] 

•••  Pl<L  <  k'  /  Q.  <  k'  ,  <  St'  . Qu  ,  <  k'  ,  non* 

*  only] 

(111-67) 

v*.  ire  for  simplification  ^  i  Qtf^). 

Whan  b  ■  2r  ,  the  output  of  each  filter  ia  correlated  vith 
that  of  each  of  the  two  (except  for  end  effects,  which  shall  be 
ignored)  neareet-nelghborlng  filters  but  not  vith  that,  jf  any  sore 
reaote  filter.  Thus  and  are  partially  correlated  for 
| i  —  J |  ■  1  ,  but  uncorrelated  for  |i  -  ;j|>  1  .  With  this  fact, 

the  false  alarm  probability  can  be  written  aa 


a  ■  1  -  <  k'  /  noise  only] 

•  P[Qg  <  k'  /  <  k'  ,  noise  only] 

•  P[Q3  <  k'  /•  Qg  <  k'  ,  noise  only] 

PiC^  <  i'  !  <  k'  ,  noise  onlyj^ 

-  [Pl«i  <  k '  /  noise  oiily] 

"  /ptQj,  <  It*  <  k'  ,  noise  only]j 


»  1 
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It  end  effects  near  the  edges  of  the  processing  band  are  ignored, 
the  false  alarm  probability  becomes  approximately 


a  1  -  iptQg  <  h'  i  Qj_  «  k‘  ,  noise  only) 


(111-69) 


The  Joint  p.d.f.  for  ^  and  0g  is  needed.  From  Section  III. 3, 


W  -  V^1  "  -  2 


*  var„(Q*3  *  D 


rH[Ql]  •  varNlQ2 
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(III-71) 


The  calculation  of  the  correlation  coefficient  relating  Qx  and 

^  is  not  carried  out  here,  but  is  left  to  Appendix  D.  The 
derivation  is  straightforward  and  for  the  case  at  hand,  in  which 
b  •  2r  ,  the  correlation  coefficient  is 


covariancejjlQjand  Qgl 

yvarjjlQjj1  l/vaTjjiftgj 


(III-72) 


The  joint  p.d.f.  for  ^  and  Qg  given  noise  only  can  now  be 
written.  If  -  x  and  dg  »  y  ,  then  from  Ev.  (IH-70),  (III-71) 


and  (III-72) , 


f(x,y/0) 


—  eJ - —  (x  ♦  |)2  -  2|j)(«  ♦  |)  (y  +  l) 

'i\2  IsuFl-f^^l  /  ^ 


0-8* 


From  Sq.  ( 111-69), 


*  1  -  |  P[y  <  k'  /  x  <  k'  ,  noise  only) j 

.  i .  Mi  *  *  y.  / 

1  \  P[x  <  k*  /  noise  only]  / 


(111-7*) 


•ad  th«n  from  Eq.  (111-73) 


P[y  <  k',  x  <  k'  /  noise  only] 


2*D 


L“  i 


2D  1  -/if  I 


»rr 


du 


exp  ( — =i - 

\‘[  -Ilf 


♦M' 

»2  -  2(|)“'  *  '2jj 
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The  integral  in  Eq.  (111-75)  is  of  the  fore 


I»(h,k,p) 


du  j  dv 

h  k 


Zn^l  -  p2' 


•*P 


i  (u2  -  2puv  ♦  vZ) 


2(1  -  P  ) 


J 

(111-76) 


4* 

This  Integral  baa  been  tabulated  for  various  values  of  the  limits 
h  and  k  and  the  correlation  coefficient  p  .  If  Eq.  (111-76)  la 
substituted  Into  Eq.  (117-75), 


t  See  Rational  Bureau  of  Standards  (II) 
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P  [y  <  k'  ,  x  <  k '  /  noise  only}  »  L 


The  denominator  in  Eq.  ( III— T**)  ia  ■  imply 


P  [x  <  k'  /  noiae  only]  ■  j 


From  Eqs  (III-7h) ,  (111-77)  and  (111-78) 


•(if-a-ftf-s)  •*' 
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/5V  k‘\ 

V 

*  till 

a  *  1  -( 
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The  conditional  prohability  of  false  dismissal  will  now  be 
calculated.  When  a  Blgnal  is  present,  the  remarks  following  Eq.  (17.1-67) 
regarding  pair-wise  statistical  dependence  of  the  test  quantities 
still  hold,  and  from  Eq.  (III-51)  the  false  dismissal  probability 
is 

6  «  P  fQ1  <  k'  /  8  i-  3] 

•  P  [Qg  <  k'  /  Qj_  <  k'  ,  8  +  K] 

•  P  (Qj  <  k»  /  ^  <  k’  ,  8  +  H) 

•"  P  <  k’  /  «Jh_1<  k?  ,  S  v  N]  (m-80) 
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When  i  narrowband  signal  is  present ,  the  signal  spectrin  will  in 

general  overlap  the  pass  bands  of  four  of  the  band-splitting 

filters,  (see  Fig.  XXI. fc)  thereby  increasing  the  average  power 

in  the  output o  of  these  four  adjacent  filters,  and  the  aean  values 

of  the  four  corresponding  test  quantities  Qi  will  accordingly 

be  increased.  Since  the  pre-detection  SIR  is  assun«d  to  be  low, 

the  presence  of  signal  will  not  affect  the  variances  of  these 

four  /s  ,  nor  will  the  correlation  coefficient  p  relating 

adjacent  Q^'s  be  affected.  The  regaining  t  -  4  quantities 

will  have  statistics  unchanged  from  the  noise-only  condition. 

Let  the  filters  be  numbered  consecutively  starting  from  the 

low-frequency  end  of  the  band  B  .  Let  the  lowest  numbered  filter 

which  passes  part  of  the  signal  spectrua  be  the  Jth  filter, 
th 

Then  the  J  filter  and  the  next  three  filters  along  the  frequency 
scale  share  the  signal  power  as  follows: 

Jth  filter :o(-|-) 

(m)th  filter:  (o  ♦  .5)/-£-) 

*  C.  / 

(j+2)th  filter:  (1  -  o^f-) 

(j+3)th  filter:  (.5  -  ol^rj 

Thus  the  mean  values  of  the  four  corresponding  test  quantities  are 
obtained  from  Iq.  (III-61)  as 


III.U.  Overlapping  Filter  Besponse  Functions  and  a  Typical  Signal  Spec4 
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WV  • (2e  - » I 
!  •>  I 

WW  ■-<»•-  *>  I 

ES+*^ftJ+3^  "  *  *2  ^  2 


0  <  o  <  .5 
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A  total  of  five  of  the  conditional  probabilities  In  Zq.  (111-80) 
will  be  affected  by  the  presence  of  signal:  The  through 

(jv3)th  terns  Indicated  above  and  also  the  (j+J»)th  ten,  since 
Qj+ll  is  correlated  with  ^  .  Therefore  if  end  effects  are 
ignored,  the  false  dlsalssal  rats  as  given  by  Zq.  (111-00)  is  the 
product  of  b  tens,  b-5  of  then  of  the  fon 


P  [^  <  k'  /  ^  <  k*  ,1] 


i  r'«- a 


(III-83) 


The  five  remaining  tens  In  the  product  are 


r 

!, 


L 


P  [QJ+1  <  k'  /  Qj<  k,  S  ♦  If] 


1 1-*  (<» 
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p  <V  <i'  >  V  ‘  *' 1  6  *  "  * 


[.(<*.!)  y?‘|).(^-^)4] 

?[1**  (2oV?- ^)] 
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(111-87) 


P  [QJ+lt  <  k'  /  Qj+3  <  k',  S  +  If]  - 


'•w-si'-M-y-t 


‘-wj; 
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Thus,  if  the  first  term  in  Eq.  (III-80)  is  approximated  by  the  right- 
hand  side  of  Eq.  (111-83)  in  order  to  eliminate  end  effects,  the 
conditional  false  disaiseal  probability  is  obtained  frca  the  above 
equations  by 
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8  »  [Kq.  (HI-83)Jb’5  [Kq.  (III-8b)l  [Kq.  (111-85)3  [Kq.  (III-86)) 
•[Kq.  (m-8T))  [Kq.  (m-88)]  , 

b  ■  2r  _ 

(111-89) 

As  in  the  analysis  of  the  firit -approximation  detector ,  signal 
detectability  may  be  calculated  aa  a  function  of  the  detection 
index  0  for  a  fixed  value  of  falee  alara  probability  a  and  a 
fixed  value  of  the  frequency  uncertainty  ratio  r  ,  using  Xqa .  ( III— T9) 
and  (III-89).  At  each  value  of  0  signal  detectability  must  be 
averaged  with  respect  to  the  signal  spectrum  overlap  0  .  These 
confutations  have  been  carried  out  for  the  case  in  vhich  r  ■  5  , 
and  the  resulting  curves  of  average  detectability  at  a  false  alarm 
probability  a*  .01  are  plotted  in  fig.  III. 3,  labelled  as 
"b  »  2r  ■  10".  It  is  seen  from  the  figure  that  vben  the  number  of 
band-splitting  filters  is  twice  the  frequency  uncertainty  ratio, 
the  variation  in  signal  detectability  due  to  the  randomness  in  the 
frequency  location  of  the  narrowband  signal  is  greatly  reduced  fro* 
the  correepcnding  variation  with  the  first-approximation  detector. 

It  is  clear  that  a  third  and  better  approximation  to  the  optimum 
detector,  say  a  15-band  or  20-band  dstector,  would  further  improve 
detectability,  but  only  marginally,  8ince  the  ultimate  optimum 
detectability  curve  would  lie  above  the  "averr^-''  c’irre  obtained  for 
b  •  2r  ■  10  and  belcw  the  "maximum"  curve  for  the  same  value  of 
b  ,  it  is  seen  from  Pig.  III. 3  that  for  values  of  1-8  in  excess 
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of  95  per  cent,  this  detector  will  yield  an  average  signal  detect¬ 
ability  which  is  within  3  per  cent  of  the  optimum.  It  may  thus  be 
concluded  that  a  band-splitting  detector  with  a  number  of  filters 
equal  to  twice  the  frequency  uncertainty  ratio  represents  a  very 
satisfactory  c onpremise  between  complexity  of  implementation  and 
efficient  signal  detectability. 

With  this  result  at  hand,  Eqs.  ( III— 79)  and  (111-89)  may  be 
used  to  derive  detectability  curves  for  various  values  of  the  signal 
frequency  uncertainty  ratio  r  .  In  Fig.  III. 5  signal  detectability 
is  plotted  for  a  fixed  false  alarm  rate  a  ■  .01  for  values  of 
r  ■  1,  5  and  25  .  The  curve  for  r  ■  1  is  obtained  from  Eqs.  ( 111-58) 
and  (111-65)  with  o*l  and  represents  the  most  favorable  situation 
with  regard  to  detecting  the  narrowband  signal,  that  in  which  the 
center  frequency  is  known  a  priori.  For  r  ■  5  and  25,  b  *  2r 
as  Indicated,  and  these  two  curves  give  average  detectability  with 
respect  to  all  possible  values  of  signal  spectrum  overlap.  It 
is  seen  that  the  curves  fdr  r  ■  5  and  25  become  parallel  to  that 
for  r  ■  1  as  4?  increases  and  are  displaced  further  to  the  right 
as  /  increases.  If  the  curves  are  compared  at  a  given  value  of 
detection  probability,  this  trend  may  be  interpreted  as  meaning  that 
the  initial  uncertainty  regarding  the  center  frequency  of  the  narrow- 
band  signal  iesults  in  a  fixed  "cost"  in  /S  for  a  particular  value 
of  r  as  47  becomes  large.  Since 


(III-90) 
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The  coat  in  &  nay  he  regarded  as  a  cost  in  pre-detection  SIR 
for  a  fixed  value  of  the  tine-bandwidth  product  BgT  .  Similarly, 
if  the  curves  are  compared  at  a  given  value  of  S  ,  an  Increase 
in  the  uncertainty  ratio  r  is  seen  to  produce  a  decrease  in  signal 
detectability. 

From  another  point  of  view,  let  the  total  signal  power  and  the 
overall  bandwidth  B  be  given.  If  the  signal  power  were  snree^ 
uniformly  across  the  band  B  Meng  processed,  signal  detectability 
would  depend  upon  the  pre-detection  8BR  R,  where 
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If,  however,  the  same  signal  power  is  confined  to  a  narrower  band 


of  width  Bg  ,  it  has  been  shown  that  detectability  depends  upon 
Rg  as  a  pre-detection  SNR,  thus 

.2 


•  rH 
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Thus  knowledge  that  the  signal  bandwidth  is  r  times  narrower 
than  the  band  beUng  processed  leads  to  an  Increase  in  the  pre¬ 
detection  SIR  by  the  factor  r  and  a  resulting  increase  in  detect¬ 
ability  for  a  fixed  false  alarm  probability. 

The  uncertainty  «gardlng  the  actual  frequency  location  of  the 
signal  makes  necessary  the  use  of  a  bank  of  band-splitting  filters 


C-9k 

which  in  effect  search  the  overall  band  8  .  Aa  the  frequency 
uncertainty  ratio  r  increases ,  the  number  of  filters  required 
also  increases  and  if  a  constant  false  slant  probability  is  to  be 
maintained,  the  threshold  level  must  be  raised,  which  tends  to 
offset  somewhat  the  increase  in  detectability.  The  net  result, 
however,  is  a  gain  in  signal  detectability. 

A  useful  measure  of  this  gaiu  in  detectability  can  be  obtained 
as  follows:  Suppose  that  the  bandwidth  B  and  the  observation 
time  T  are  fixed  and  that  prescribed  values  of  false  alarm 
probability  a  and  false  dismissal  probability  8  are  require!. 

One  can  then  calculate  the  pre-detection  SUB  B  required  to  achieve 
this  performance  in  each  of  the  following  two  cases: 

1)  In  one  case  assume  that  the  signal  power  is  uniformly 
distributed  over  the  band  B  . 

2)  In  the  second  case  uasume  that  the  signal  power  is  confined 

to  a  hand  of  width  B  *  ^  B  ,  and  that  the  signal  lies  at  some 
o  r 

unknown  frequency  within  the  hand  B  . 

Let  sad  Rg  be  the  values  of  pre-detection  SNR  R  [given  by 
Eq.  (Ill -91)1  required  to  produce  the  prescribed  values  of  a  and 
B  in  cases  1)  and  2),  respectively.  The  ratio  R^Rg  then 
represents  the  net  Increase  in  effective  pre-detec i ion  SNR  for  a 
fixed  level  of  performance  achieved  when  the  signal  spectrum  is 
r  times  narrower  than  the  overall  band  being  processed. 

Figure  III. 6  shows  the  ratio  R^/Rg  as  a  function  of  r 
for  false  alarm  probability  a  »  .01  and  false  dismissal  probability 
B  ■  .50  .  The  daahed  line  in  the  figure  corresponds  to  the  ratio 
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F^/Rg  *  r  and  represents  tbc  gain  in  p  re -detection  SlfR  which 
could  be  obtained  by  narrowing  the  signal  spectrum  by  the  factor  r 
is  the  frequency  location  if  the  signal  spectrum  were  known  in 
advance.  Thus  the  vertical  displacement  of  the  curve  for  R^Rg 
from  this  dashed  line  represents  the  loss  in  pre-detection  8HR 
due  to  frequency  uncertainty.  It  can  be  seen  that  this  loss  is 
fairly  constant  at  approximately  24b  for  values  of  r  between 
5  and  30. 

Therefore  it  may  be  concluded  that  in  the  weak-signal  case, 
most  of  the  enhancement  in  pre-detection  SKR,  achieved  when  the 
signal  spectrum  is  appreciably  narrower  than  the  processing  band, 
is  retained  in  spite  of  the  frequency  uncertainty. 

The  work  of  this  chapter  has  been  a  weak-signal,  long-observation- 
time  analysis.  The  assumption  of  a  long  observation  interval  has 
been  rather  heavily  relied  upon  at  certain  points,  notably  in  repre¬ 
senting  the  pre-detection  filtering  operation  by  a  rectangular 
frequency  response  curve.  Without  this  device  the  calculation  of 
detection  probabilities  would  have  been  vastly  more  complicated, 
if  possible  at  all.  The  assumption  of  long  observation  time  is 
of  course  quite  reasonable  when  high  detectability  is  to  be  achieved 
in  a  weak-signal  situation.  In  Chapter  IV  the  assumption  of  a 
weak  input  signal  will  be  dropped. 

Before  proceeding  to  the  next  chapter,  the  results  of  some 
experimental  work,  related  to  the  work  of  this  chapter,  will  be 
presented. 


C-97 


III . 5  Experimental  Verification 

Experimental  work  was  carried  out  to  obtain  a  check  on  some 
of  the  theoretical  results  obtained  in  Section  III.it.  A  band¬ 
splitting  detector  was  constructed  employing  a  bank  of  fire  band¬ 
pass  pre-detection  filters,  each  filter  being  followed  by  a  full- 
wave  rectifier  and  a  low-pass  filter.  Each  of  the  pre-detection 
filters  had  a  half-power  bandwidth  of  50  cps  and  rolloffs  of 
+  18  db  per  octave.  The  filter  responses  were  aligned  in  such  a 
way  that  the  upper  half-power  frequency  of  one  filter  coincided 
with  the  lower  half-power  frequency  of  the  adjacent  filter.  The 
five  filters  covered  the  frequency  range  from  1,000  cps  to  1,250  cps. 
Each  low-pass  filter  consisted  of  a  simple  EC  pi -section.  Diagrams 
of  the  detector  circuits  are  shown  in  Appendix  E. 

The  detector  was  operated  in  two  different  configurations: 

1)  In  the  first  configuration,  a  threshold  test  was  made 

on  the  output  of  each  individual  low-pass  filter,  a  decision  being 
made  in  favor  of  the  presence  of  a  signal  whenever  at  least  one 
filter  output  exceeded  its  threshold.  This  system  is  shown  diagra- 
matically  in  Tig.  III. 7. 

2)  In  the  second  configuration  the  five  low-pass  filter  out¬ 
puts  were  summed,  and  a  threshold  test  was  made  on  this  sum.  This 
cystem  is  shown  in  Fig.  III. 6  and  will  be  termed  a  sum-and-teut 
detector . 

The  first  configuration  represents  an  approximation  to  the 
idealized  band-splitting  detector  described  and  analyzed  in  the 
work  of  this  chapter.  The  second  configuration  is  analogous  to  the 
suboptimum  sum-and-test  detector  discussed  in  Chapter  II  in  connection 
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vith  the  detection  of  a  coherent  einuaold  of  unknown  frequency. 

The  sum-and-test  detector  effectively  proceaeea  in  toto  the  frequency 
band  covered  by  the  five  prs-datectiou  filter* ,  since  the  enhance' 
oent  in  SIR  provided  by  band  splitting  is  offset  by  the  summation 
of  the  five  low-pass  filter  outputs. 

these  two  detector  structures  were  used  to  detect  a  sinusoid 
of  unknown  frequency  ie  broadband  gaussian  noise. 

The  additive  noise  was  generated  by  mans  of  a  standard  OR 
noise  source.  Statistical  measurements  of  the  noise  output  indicated 
that  the  noise  exhibited  a  gaussian  distribution  out  to  amplitudes 
equal  to  four  times  the  standard  deviation. 

The  detection  of  the  sinusoid  using  the  band-splitting  detector 
is  equivalent  to  the  detection  of  any  weak  signal  of  the  seme  power 
when  the  signal  frequency  is  such  that  all  the  signal  power  appears 
in  the  pass  band  of  one  of  the  pre-detection  filters.  That  is,  only 
the  average  signal  power  is  of  consequence  in  determining  the  detect¬ 
ability.  Ihus  the  detection  of  the  sinusoid  with  this  detector 
configuration  la  approximately  equivalent  to  the  upper-bound  situation 
analysed  in  Section  III. 4,  Article  b  ,  where  non-overlapping  pre¬ 
detection  filters  were  considered  and  where  the  gaussian  signal  vas 
assumed  to  be  exactly  aligned  vith  the  pass  band  of  one  of  tba  filters. 

When  the  second  detector  configuration,  the  sum-and-test  detector, 
is  used,  the  performance  should  be  comparable  vith  a  power  detector 
processing  the  overall  frequency  band  1,000  -  1,250  cps  to  detect  a 
weak  signal  in  that  bard.  This  can  be  seen  as  follows:  If  each  of 
the  d re -detection  filters  had  on  ideal  rectangular  frequency  response 
function  and  if  each  were  followed  by  a  squarer  and  then  an  ideal 
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integrator,  tbia  detector  would  simply  be  measuring  the  energy 
in  eaoh  of  tbe  five  banda  and  then  aiming  these  energy  measurements. 
Since  tbia  sum  ia  equal  to  tbe  total  energy  in  tbe  overall  band, 
tbe  operation  of  tbe  detector  would  be  equivalent  to  meaauring 
thia  total  energy  directly.  The  eum-aad-teat  detector  which  was 
actually  built  repreaenta  an  approximation  to  thia  idealised 
detector. 

Experimental  data  was  obtained  with  the  two  detector  atructurea 
described,  giving  signal  detectability  as  a  function  of  tbe  pre¬ 
detection  SITS  and  tbe  integration  time  for  several  fixed  values  of 
tbe  false  alarm  probability.  A  block  diagram  of  tbe  instrumentation 
used  la  shown  in  Appendix  E. 

The  results  are  presented  in  Elga.  111.9  through  111.11.  The 
acquisition  of  data  was  of  necessity  confined  to  a  restricted  range 
of  error  probabilities.  Level  drift  in  tbe  high-gain  d.c.  amplifier 
made  it  difficult  to  run  the  large  numbers  of  teats  which  would 
have  been  necessary  in  order  to  obtain  reliable  statistics  at  low 
error  rates.  Together  with  the  experimental  data  are  plotted  per¬ 
tinent  curves  obtained  from  the  theoretical  analysis  of  Section  Ill.fc. 

The  data  obtained  with  the  band-aplitting  configuration  are  to  be 
compared  with  the  upper  bound  on  detectability  obtained  in  Section  Ill.fc, 
Article  b  ,  for  the  specific  case  b  ■  r  ■  5  •  The  data  obtained 
with  the  sus-and-test  configuration  are  to  be  compared  with  the 
theoretical  detectability  baaed  upon  the  SXR  in  tbe  overall  frequency 
band  being  processed,  that  is  detectability  for  the  case  b  *  r  ■  1. 

It  is  seen  from  the  figures  that  the  experimental  results  are  in 
reasonably  (.lose  agreement  with  the  theoretical  results.  The 
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enhancement  in  detectability  obtained  vlth  the  hand-splitting  detector 
is  clearly  evidenced. 

It  is  seen  that  the  measured  detectability  curves  ore  almost 
consistently  steeper  than  the  theoretical.  Ibis  seems  to  be  due  to 
tvo  factors:  First,  the  electronic  noi&e  source  used  in  these 
measurements  produces  noise  with  an  amplitude  distribution  which  is 
truncated  at  some  finite  amplitude.  Thus  the  rare  but  intense  noise 
peaks  which  would  contribute  to  errors  at  lew  probability  levels  are 
simply  not  produced.  Second,  the  level  croeeings  counter  does  not 
respond  to  threshold  crossings  which  ore  arbitrarily  short  in  duration. 
That  is  to  soy,  the  Instrumentation  introduces  additional  post- 
detection  smoothing. 
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CHAPTER  IV 

DETECTION  OF  A  NARROWBAND  GAUSSIAN  SIGNAL 
OF  UNKNOWN  CENTER  FREQUENCY  -  PART  II 
STRONG  SIGNALS 


IV.  1  Detection  Analysis  In  the  Strong-Signal  Cue 

In  Chapter  III  the  pre-detection  SNR  Rg  ,  defined  In  the 

narrow  bend  B_  containing  the  signal  spectrum  was  assumed  to  he 

s 

much  smaller  than  unity;  in  this  chapter  the  assumption  will  he 
dropped.  When  Rg  becomes  on  the  order  of  or  greater  than  unity, 
the  analysis  of  Chapter  III  must  he  modified  in  two  ways,  one  which 
affects  the  form  of  the  optimum  detector  for  short  observation 
tiw.s  and  another  wlhch  affects  the  signal  detectability  when  the 
observation  time  is  very  long> 

1)  The  signal  detectability  is  always  a  monotone  increasing 
function  of  the  pre-detection  SNR  Rg  and  the  time-bandwidth  product 
BgT  .  When  Rg  is  small,  as  was  assumed  in  Chapter  III,  BgT  must 
of  necessity  be  large  in  order  that  high  detectability  can  be 
achieved.  This  requires  that  BgT  be  »  1,  which  implies  that 
the  observation  time  is  many  tinus  longer  than  the  correlation 
time  of  the  narrowband  signal..  In  such  a  situation  the  optimum 
detector  can  only  perform  energy  measurements  on  the  received 
signal,  and  the  analysis  of  Chapter  III  is  applicable.  If,  however. 
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Rg  it  made  arbitrarily  large,  BgT  ia  not  neceaaarily  required 
to  be  »  1  in  order  for  high  detectability  to  be  obtained.  If 
BgT  ia  on  the  order  of  unity,  then  the  aignal  ia  highly  coherent 
over  the  obaervatlon  interval  0,T,  and  in  view  of  thia  coherency 
the  form  of  the  optimum  detector  must  be  re-examined.  It  should 
be  noted,  however,  that  if  BgT  ia  aiade  much  larger  than  unity, 
the  optimum  detector  will  proceaa  the  received  aignal  in  the 
purely  incoherent  fashion  described  in  Chapter  ITI ,  regardleaa  of 
the  magnitude  of  the  pre-detection  SNR  F,, . 

2)  When  the  time-bandwidth  product  BgT  ia  »  1,  the  aignal 
to  be  detected  must  be  regarded  aa  completely  incoherent.  However 
when  Rg  la  large,  the  variance  of  the  teat  quantity  Q(f)  given 
aignal  and  noise  cannot  be  accurately  given  by  Eq.  (111-1*7). 

Inatead,  the  variance  muat  be  calculated  uaing  Eq.  (111-1*2),  which 
ia  repeated  here  as 

varg+H(Q(f)]  -  (1  ♦  0Rg)2  RgSgT  ,  0  «  o  <  1  (IV-l) 

where  o  la  the  fraction  of  the  aignal  apectrum  which  appears  in 
the  paaa  band  of  the  rectangular  filter,  centered  at  frequency  f  ■ 
used  in  generating  Q(f)  .  (For  example,  vhen  the  aignal  apectrum 
ia  precisely  aligned  vith  the  pass  band  of  the  filter,  o  »  1.) 

It  can  be  aeen  by  comparing  Zqa.  (IV-l)  utd  ( 111-1*0)  that  the 
effect  of  high  Input  SHF  is  to  increase  the  variance  of  the  signal- 
and-noise  distribution  of  Q(f)  .  It  can  be  shown  that  thia  growth 
in  the  variance  of  Q( f )  has  the  effect  of  making  the  gausaian 
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assumption  for  Q(f)  in  the  signal -end-noise  situatioo  inaccurate 
as  Rg  becomes  »  1  .  For  this  reason  an  exact  Chl-equexed 
distribution  for  the  test  quantity  will  be  used.  It  must  also  be 
noted  that  in  the  strong-signal  case  detectability  cannot  be  cal¬ 
culated  in  terns  of  a  detection  index  alone,  but  rather  Rg  and 
BgT  must  both  be  specified. 

tie  case  of  short  observation  time,  i.e.,  BgT  «  1,  will  be 
considered  first. 

IV. 2  Detection  for  Short  Observation  Times  (BgT  «  1) 
a)  Detector  Structure 

The  signal  to  be  detected  has  been  described  as  having  total 

2 

average  power  A  /2  in  a  rectangular  spectrum  of  width  Bg  centered 
at  some  frequency  f,  .  The  a.c.f.  for  this  signal  is  given  by 

-  .2 

9f  b(t)  ■  sine  Bgt  cos  2»fct  (IV-2) 

'  where 

When  the  observation  time  t  of  the  signal  is  long  compared  vith 
the  correlation  time,  that  is,  when  BgT  »  1  ,  then  the  signal  may 
be  accurately  represented  by  complex  samples  taken  at  a  rate  Bg  , 

e 

as  was  discussed  in  Section  IIX.3-  That  discussion  showed  that 
under  the  assumption  of  long  obssrvstion  tine,  the  signal  covariance 
matrix  P  could  be  written  as  a  diagonal  matrix.  Kovevt-r,  vhen 
BgT  is  on  the  order  of  unity,  tbs  narrowband  signal  can  no  longer 
be  accurately  described  by  templet  taken  at  the  rate  Bg  .  and  the 
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signal  oust  Instead  be  sampled  at  a  such  higher  rate. 

It  has  been  assumed  that  the  background  noise  Is  gausslan 
vith  a  flat  spectrum  extending  up  to  frequencies  much  higher  than 
the  hlghebt  possible  signal  frequency.  Let  it  be  assumed  that  the 
noise  spectrum  extends  fren  zero  frequency  and  is  sharply  cut  off 
at  a  frequency  W  cps  ,  which  is  chosen  so  ihat 

2WT  »  1 

The  signal  may  now  be  represented  by  real  time  samples  taken  at  a 
rate  2W  ,  so  that  samples  of  the  noise  are  independent.  Prom  Eq.  (IV-2) 
the  sampled  a.>. ,f.  of  the  desired  signal  is  now 

^S(ti  "  V  “4  Bine  BS(ti  "  V  C0B  ‘  V  (IV~3) 

For  very  short  observation  times,  when  B^T  «  1  ,  then  the  envelope 
of  d^g(i)  is  approximately  constant  and 
_  ,2 

ft  8(ti  *  tj)  *  T  COi  2wfc(tl  ’  V  *  V  “  1  {IV_1*) 


which  is  the  a.c.f.  for  a  sinusoid  of  frequency  ffi  with  a  mean- 
2 

squared  value  of  A  /2  ,  or  equivalently,  an  r.m.s.  amplitude  A  . 
Since  the  signal  a(t)  is  a  gausslan  random  process,  the  moments 
of  s(t)  can  be  written  in  general  as 


(•5  !t)) 


2  \p/2 


1-3. 5-...  (p-1)  -x  ,  p  even 


(IV-',) 


0 


,  p  odd 
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It  will  now  be  shown  that  for  BgT  «  1  ,  s(t)  can  be  represented 
by  a  sinusoid  of  unknown  phase  0  and  unknown  amplitude  a  .  The 
phase ,  considered  over  the  ensemble  of  all  observations  of  length  T  , 


has  the  p.d.f. 


0  <  0  <  2* 


elsewhere 


(IV-6) 


The  amplitude  of  the  sinusoid  is  constant  over  the  duration  of 
each  observation  interval  (as  is  the  phase),  and  its  p.d.f.  is 


2feJ-^  a>  0 


a  <  0 


If  this  representation  is  valid,  then  all  the  moments  of  this 
sinusoidal  signal  should  agree  with  Eq.  (IV-5)  .  The  sinusoid  is 


written  as 


s(t)  *  a  cos  (2wf  t  -  0) 
c 


(IV-8) 


Thj  variance  is 


[i 

*  K*2> 


[l  +  cos  2'2*fct  -  0)] 


da  -5-  exp 
A 


(IV-9) 


t 


G-lll 


Similarly 


(IV-JO) 


(IV-ll) 


and  in  general 


,  p  even 

(IV-12) 

,  p  odd 


which  agrees  with  Eq.  (IV-5)  .  According  to  a  theorem  regarding 
moments,*  if  u  ,  p  *  0,1,3,...,  are  the  moments  (assumed  finite) 
of  a  probability  distribution  function,  and  if  the  series 


l 

P»0  p* 

is  absolutely  convergent  for  some  t  >  0  ,  then  the  stated 
probability  distribution  function  is  uniquely  defined  by  the 
moments  ,  p  ■0,1,2,...  .  Letting 


V)  a 

P 


(IV-13) 


in  the  above  summation ,  and  using  Eq.  (IV-12),  one  may  easily 
varify  that 


l 

p»0 


{sp(t}) 


P! 


exp 


A2 

T 


p  even 


(IV-1U) 


t  See  Cramer  (I,  pp.  176-177). 
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for  any  finite  value  of  t  .  Hius  the  eeriee  converges,  and  the 
moments  given  by  Eq.  (IV-5)  and  (IV-12)  must  define  the  same  p.d.f.. 
Therefore,  when  the  obeervetion  time  T  it  much  shorter  than  the 
correlation  time  of  the  narrovband  signal,  the  signal  is  equivalent 
to  a  sinusoid  of  unknown  phase  with  a  random  amplitude  given  by  a 
Rayleigh  p.d.f.  .  It  should  also  be  noted  tnat  this  representation 
would  be  exact  for  any  observation  time  T  if  the  signal  band¬ 
width  Bs  were  allowed  to  go  to  zero,  since  the  signal  correlation 
time  would  then  be  infinite. 

The  sinusoidal  signal  model  as  described  above  will  now  be 
used  to  analyze  the  form  of  the  optimum  detector  and  the  signal 
detectability  when  the  observation  time  is  short.  The  argument  put 
forth  in  Section  III. 2  to  explain  the  asyrptotic  optimality  of  a 
band-Bveoping  detector  is  equally  valid  for  any  narrowband  signal 
of  unknown  frequency.  The  argument  relies  upon  the  fact  that  as 
the  post -detection  SHR  becomes  very  large,  then  vhen  a  signal is 
present  the  LR,  generated  as  a  function  of  frequency,  will  have  a 
large  peak  in  the  vicinity  of  the  actual  signal  frequency  and  will 
lie  near  some  low  average  value  at  other  points  in  the  band  of 
signal  frequency  uncertainty.  It  then  follows  that  a  test  on  the 
peak  value  of  the  IH,  or  on  the  peak  value  of  the  logarithm  of  the 
LR,  becomes  optimum  as  the  post-detection  SNR  becomes  very  large. 

The  argument  can  he  applied  as  well  to  the  detection  of  a  Binusoid 
of  unknown  phase,  amplitude  and  frequency  as  to  the  detection  of 
a  narrowband  gaussian  signal  of  unknown  center  frequency. 

Thus  the  band-sweeping  detector  will  again  be  taken  as  a  close 
aprrcximation  tj  the  optimum  detector,  and  it  now  becomes  necessary 


j 
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to  find  the  fora  of  the  processor  which  will  generate  log  Liv/t^), 
that  is,  the  LR  detector  for  a  sinusoidal  aignal  of  known  frequency 
hut  unknown  phaae  and  amplitude. 

The  problem  of  detecting  a  sinusoid  01  unknown  phaae  haa  been 
treated  in  the  literature  and  the  analysis  leads  to  the  familiar 
log  I  detector  structure*.  When  written  in  terms  of  the  variables 
being  used  in  the  present  work.,  this  result  gives 

L(v/fc,a)  •  exp  j-  |-^v  |  (IV-15) 


or 


(IV-16) 


whe.'e 

Sc'  j 

[ 

and  n  ■  2WT  (IV-18) 


-fy  co«  2^c(trtj) 


( IV— IT ) 


and  W  ia  the  cutoff  frequency  of  the  noise  spectrum. 

In  an  earlier  discussion*  it  vbb  pointed  out  that  the  fora 
of  the  optimum  detector  for  the  detection  of  such  a  signal  does 


t  See  earlier  discussion  in  Section  1.2,  Article  c,  and  the 
pertinent  references. 

++  From  the  point  of  view  of  hypothesis  testing,  a  threshold  test 
on  the  right  side  of  Eq.  (IV-16)  is  a  "uniformly  most  powerful  test 
at  a  fixed  level"  with  respect  to  all  values  of  the  amplitude  a  . 
Sec  Lehmann  (I)  for  discussions  of  uniformly  nost  powerful  tests. 
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not  depend  upon  the  signal  amplitude  a  provided  only  that  a 
has  a  one-sided  p.d.f.  .  Thus  the  detector  structure  prescribed 
by  £4.  ( IV-16 }  will  provide  maxima  probability  of  detection  at 
any  fixed  level  of  false  alarm  probability  .  The  particular  value 
of  the  probability  of  detection  at  any  given  false  alarm  probability 
will  of  course  depend  upon  the  statistics  of  a  .  Thus  if  both 
the  false  alarm  probability  and  the  detection  probability  are  to 
be  considered  in  setting  the  threshold,  the  statistics  of  the 
signal  amplitude  would  influence  the  choice  of  a  threshold  setting. 

With  the  above  discussion  in  mind,  it  can  be  seen  that  since 
I  is  monotone,  any  monotone  function  of  v'  Q  v  will  serve 
equally  well  as  a  test  quantity  in  this  case  of  unknown  phase  and 
amplitude.  It  will  be  convenient  in  this  work  to  use  as  a  test 
quantity 


q(f)  *  v'  0,  v 


where 


CL  £  (  ~ -0~o  cos  2wf  (t.  -  t.) 

2N  V  c  1  3 


(lV-19)Tt 


(IY-20) 


Thus  the  operation  to  be  performed  on  the  received  signal  is 


t  See  the  previous  footnote. 

tt  Strictly,  this  test  quantity  is  a  function  of  the  given  signal 
center  frequency  fc  and  thus  should  be  written  as  q(fc)  . 
However,  for  simplicity,  q(f)  will  be  used. 
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4(f) 


l  l  Vj  CO.  2irfe(t1  -  t4) 
i  3 


1  l  Vj  coa  2tfcti  coa  2,,fotj 
i  j 


2  2 
2N  W 
o 


♦  l  l  Vj  ain  2Tfcti  ain  2afctJ 

i  3 

l  v,  cos  2*fct±J  ♦  |  l  vt  sin  2irfet1j 


( IV-21 ) 


where  all  the  summation,  are  taken  from  1  to  n,  the  total  number 
of  time  samples.  Sampling  relationships  may  be  used  to  approximate 
the  summations  in  Eq.  ( IV-21)  by  integrals: 


q(f)  * 


4(f)  « 


2N.V 

0 


2  A 


/ 

[T  \2 

i 

T  ' 

2 

2W 

dt  v(t)  cos  2*fnt  I  + 

2W 

dt  v(t)  sin  2itf  t 
c 

I 

i 

/ 

0 

a  /  ^ 

\ 

o  ^ 

dt  v(t)  cos  2»i*ct  I  + 


|dt  v(t)  sin  2sfct 


( IV-22 ) 


Thus  it  is  seen  from  Eq .  ( IV-22)  that  the  optimum  detector 
processes  the  received  signal  v(t)  at  each  possible  value  of 
the  signal  center  frequency  by  correlating  v(t)  with  the  quadrature 
components  of  the  desired  signal  at  that  frequency,  squaring  and 
then  summing  the  two  squared  outputs. 
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This  result  has  followed  from  the  distention  of  short 
observation  time  (Bg  «  1)  made  In  paragraph  1)  on  pace  106, 
and  Indicates  that  under  such  an  assumption  the  operation  of 
the  optimum  detector  on  the  received  signal  Is  quite  different 
from  the  operation  required  when  the  observation  tine  Is  long 
[Compare  Eq.  (XV-22)  with  Eq.  (ni. 23)].  Summarising  briefly, 
when  the  observation  time  la  long  cospired  with  the  correlation 
time  of  the  narrowband  signal,  the  detector  cen  only  measure 
total  received  power  in  each  possible  narrow  hand  of  width  Bg  . 
However,  when  the  observation  time  la  short  compared  with  the  signal 
correlation  time,  the  phase  of  the  signal,  though  unknown,  Is 
essentially  constant  over  the  observation  period  and  thus  a  form 
of  correlation  detection  1s  to  be  employed.  A  complete  analysis 
of  the  optimum  detector  In  the  strong-signal  situation  then 
requires  aralysis  of  the  correlation  detector  for  BgT  «  1  and 
analysis  of  the  power  detector  for  BgT  »  1  .  In  the  region 
where  BgT  1  ,  a  rigorous  analysis  cf  the  optimum  detection 
problem  In  the  strong-signal  case,  without  simplifying  assuaptlons 
regarding  the  duration  of  the  observation  Interval,  is  required. 

Such  on  analysis  however  Is  outside  the  scope  of  this  investigation. 
(Further  soaments  in  this  regard  will  be  made  in  the  concluding 
chapter.)  Rather,  signal  detectability  in  this  region  will  be 
interpolated  from  the  rssults  which  can  be  obtained  analytically 
for  BgT  «  1  end  BgT  »  1  . 


0-117 


b)  Signal  Detectability 

It  has  been  argued  earlier  that  the  optimum  detector  become! 
a  band-sweeping  detector  as  the  pot-detection  SNR  is  made  large. 

If  BgT  is  «  1  in  regions  of  high  output  SNR,  then  the  band¬ 
sweeping  detector  must  generate  the  test  quantity  given  by  Eq.(lV-22) 
as  a  continuous  function  of  center  frequency  f  in  the  overall 
uncertainty  band  B  .  If  the  test  quantity  exceeds  a  preset 
threshold  at  any  frequency  fc  in  the  band,  the  decision  is  made 
that  a  signal  is  present. 

A  practical  approximate  form  of  the  optimum  detector  would 
consist  of  a  discrete  set  of  correlate r  pairs,  analogous  to  the 
bank  of  band-splitting  filters  analyzed  in  Section  III.U  .  Again 
it  is  of  interest  to  know  how  many  such  correlator  pairs  are 
required  in  an  uncertainty  band  of  given  width  to  achieve  detect¬ 
ability  close  to  the  optimum. 

In  order  to  investigate  the  performance  of  a  given  bank  of 
correlator  pairs,  the  Joint  p.d.f.'s  relating  test  quantities 
q(f)  at  different  values  of  the  frequency  f  are  req Aired. 

For  convenience  let  the  correlator  outputs  in  Eq.  C IV— 22 )  , 
generated  at  a  particular  frequency  value  fc  «  f ^  ,  be  denoted 
by 

T 


x 


ci 


dt  v(t)  cos  2if^t 

0 


(IV -23) 
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xsi  “  j  B*n  2l'^it  ( IV-2U) 

0 


and  let 


(IV-25) 


It  le  clea.r  that  a  threshold  test  on  q(f^)  is  equivalent  to  a 
2 

test  on  or  even  on  ^  .  Consider  then  the  Joint  p.d.f. 

for  4^  and  ^  ,  quantities  generated  at  two  different  values 
of  frequency  and  fg  .  Since  v(t)  is  a  sample  function 
of  a  gaussian  random  process ,  and  x  ^  are  gaussian  random 

variables,  being  generated  by  linear  operations  on  v(t)  as  seen 
in  Eqs.  (IV-23)  and  (IV— 2U)  .  Thus  a  Joint  p.d.f.  can  easily  be 
written  for  the  four  variables  x  xgi,  xc2,xs2 811,1  tT0“  the 
Joint  p.d  f.  for  ^  and  ifig  can  be  obtained.  The  result, 
adapted  from  Rice+,  is 


(1V-26) 


where 

»U  •  <*cl2)  ■  (".l2)  ■  (v)  ■  \*J)  |IV-21) 

“13  "  (x=l  '  (*.l  V/  (IM8> 


t  See  Rice  (I,  Sec.  3.7). 
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V  -  <(*Cl  x82/  -  -  \X8l  XC2) 

and 

2  2  2 
M  *  “11  "  “13  ‘  “Ht 

Thus  ^  and  ^  are  eeen  to  *>e  correlated  random  variables, 
their  correlation  being  accounted  for  in  Eq,  (IV-26)  by 
and  within  the  argument  cf  the  modified  Bessel  function. 

Consider  for  the  sake  of  discussion  a  simple  case  in  vhich 
detection  is  to  be  carrier,  out  using  a  bank  of  correlator  pairs, 
and  the  correlator  frequencies  are  spaced  at  intervals  such  that 
quantities  ^  and  ^  at  adjacent  correlator  frequencies  are 
correlated  tut  correlations  between  more  remotely  separated 
correlators  may  be  ignored.  (This  is  similar  to  the  situation, 
described  on  page  8l,  involving  pair-wise-overlapping  band-splitting 
filters.)  In  such  a  case,  the  calculation  of  false-alarm  probability 
will  involve  the  evaluation  of  integrals  of  the  fora 
k’  k’ 

I  *  d  ^  d^g  ^  ^1’  ^2^  (IV-31) 

J 

**«D  -«* 

where  f(i|/lf  is  given  by  Eq.  (IV-26).  Such  integrals  with 
respect  to  this  p.d.f.  cannot  be  carried  out  in  closed  fora  but 
would  have  to  be  evaluated  numerically.  Thus  even  a  simple  case 
such  as  pair-wise  dependence  betveen  test  quantities  cannot  in 
general  be  easily  handled  by  analytical  methods.  If  hovever, 
both  the  covariances  and  Wjj,  are  equal  to  zero,  then  ^ 


(IV-29) 


(IV-30) 
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and  i jig  are  independent  and  the  p^d.*.  in  Eq.  ( IV— 26)  is  greatly 
simplified  and  integrals  of  the  form  of  Eq.  < IV-31 )  may  be  :«adliy 
evaluated.  Thus  and  will  be  examined  in  the  cate  of 

noise  only. 

It  has  been  assumed  that  the  background  noise  is  gauasian  with 
a  flat  spectral  density  extending  from  aero  frequency  up  to  a 
cutoff  frequency  W  cps.  Thus  if  W  is  such  higher  than  the  highest 
possible  signal  frequency,  the  a.c.f.  for  the  noise  may  be  written 
as 


«(t-s) 


(IV- 32) 


where  «(x)  is  the  Dirac  delta  function.  From  Eqs.  (IV-23)  ard 
(IV-28)  tae  covariance  y,^  is  obtained  for  the  noise-only  case  as 

T  V 


“13  •' 


/} 


\ 


dt  v(t)  cos 


ds  v(s)  cos  2irf08  \ 
s  / 


/ 


T  T 

dt  |  da  ^v(t)  v(s)^  cos  2vf^ 

0  0 


t  cos  2itf2s 


T  T 

dt 

t  0 


ds  5(t-s)  cos  Snf^t  cos  SafgS 


o 

2 


It  cos  2 wijt  cos  2nfgt 


(Continued  on  next  page) 


C-121 


C-122 


2  2 

Therefore  it  is  seen  from  Eq.  (IV-37)  that  ♦  y^  *  0  v'n 

the  frequency  separation  f^  -  fg  is  equal  to  noa-tero  integral 

1  2  2 
multiples  o?  ^  .  (The  general  form  of  u,^  ♦  y^  has  been 

derived  for  completeness,  but  inspection  of  Eq».  (l¥-35)  and  (IV-36) 

shovs  that  y^  111111  y^  each  equal  zero  with  the  stated  frequency 

separation.)  When  these  zeroeB  occur,  then  since  1^(0)  ■  1, 

the  p.d.f.  in  Eq.  (ZV-26)  becomes 


fUr*2) 


er. 


—  (<.,2^22) 

2*11 


( IV— 38) 


Thus  i|),  and  become  statistically  independent  and  Eq.  (IV-38) 

is  seen  to  be  the  product  of  tvo  Rayleigh  p.d.f.'s.  The  smallest 

separation  between  correlator  ireqnencies  for  which  independence 

occurs  is  f^  -  fg  =  ",  therefore  the  densest  spacing  of 

correlators  in  the  band  of  signal  frequency  uncertainty  which  can 

be  conveniently  analyzed  is  that  in  which  the  correlator  frequencies 

are  set  at  intervals  of  ^  .  If  closer  correlator  spacings  wer? 

2  2 

to  be  considered,  then  M  give*,  by  Fq.  ( IV-37) 

would  not  equal  zero  and  the  p.d.f.  in  Eq.  (lV-2f>)  would  have  to 
be  used  in  its  general  form.  Numerical  evaluation  of  integrals  of 
the  form  of  Eq.  (IV-31)  would  then  be  required  in  the  calculation 
of  error  probabilities.  For  the  purposes  of  this  investigation  then, 
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only  one  detector  etructure  will  be  considered  in  (evaluating 
signal  detectability  for  BgT  «  1  ,  *  etructure  consisting  of 

s  bsnk  of  correlator  pairs  whose  frequencies  are  spaced  at  uni fora 

intervals  of  1  in  the  overall  band  of  frequency  uncertainty. 

T 

The  detector  will  therefore  eaploy  BT  correlator  pairs.  This 
detector  structure  will  be  used  to  obtain  upper  and  lower  bounds 
on  signal  detectability  for  BgT  «  1  .  The  conditional  false- 
alarm  probability  will  first  be  calcualted. 

The  test  quantity  generated  at  a  general  correlator  frequency 
ft  is,  from  Eq.  ( IV-22 ) , 

dt  v(t)  sin  2»ftt 

(IV-39) 

The  conditional  false-alara  probability  is  the  probability 
that  at  least  one  quantity  qCf^)  exceeds  its  threshold,  given 
that  only  noiee  is  present.  If  the  correlator  frequencies  are 
chosen  at  Intervals  equal  to  jj,  then  from  the  previous  discussion 
the  quantities  q^  ■  q( f^)  will  be  independent  random  variables, 
and  the  conditional  false-alara  probability  may  be  written  as 

BT 

ami  -  IT  P  [q.«  k'/  noise  only] 
i  *1  ^ 

«  1  -  [1  - 


(  IV-1*0) 
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t»i  «  P  Iq^  k1  /  noise  only]  ,  1  ■  1,2,..., BT 


( IV-Ul) 


The  p.d.f.  for  qj^  under  the  assumption  of  noir.e  only  la 


obtained  from  the  p.d.f.  for  , 


f(  i't!  0)  •( 


— ^  exp  -  „  -  ■  ^  2  i|i  >  0 

V11  2,,11  1  *" 


♦j  <  0 


(  IV-I»2) 


which  la  obtained  from  Eql  IV-23),  ( IV-2U) ,  ( IV-25)  end(  IV-39) 


one  sees  that 


q  -  — r* L 

1  g  * 

o 


(  IV-U3) 


and  thus  one  may  write  the  p.d.f.  of  qA  aa 


f  (  y/0)  k.A' 


,  y  >  0 


,  y  <  0 


( IV-U1* ) 


where  the  variable  y  stands  for  q^  . 

The  variance  is  calculated  for  the  noise-only  case  aa 
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+  This  detection  Index  is  seen  to  be  analogous  to  the  detection 
index  d  defined  in  Chapter  II  for  the  cue  of  a  coherent  sinusoid; 
see  Eq.  ( II-2U) . 
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The  aetection  index  can  also  be  vritten  as 

d’  -  - -  B.T 

21  B;S  8 
o 

-  w 


( iv— ■»<}) 


Thus  d'  may  also  be  regarded  as  a  post-detection  SNR,  equal  to 
the  input  or  pre-detection  SNR  times  the  normalised  observation  time, 
and  the  p.d.f.  for  can  be  vritten  simply  as 


f  (y/ 


y  .  y  10 


(  IV-1»9) 


The  conditional  probability  that  q^  exceeds  its  threshold 
when  only  noise  is  present  is  calculated  as 


dy  *  < 7/0)  -  gi-, 


dy  exp  I  -  gj,  y 


exp 


-I_y 

2d'  y 


exp  -  2^7  k' 


(  IV-50) 


Therefore  the  conditional  false-alarm  probability  becomes,  from 
Eq.  (  IV-UO), 


a  «  1 


(  iv-5l) 
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If 

BT  exp  |  -  -+T  k'  j  «  1  . 
then  the  false-alarm  probability  is  approximately 


a  *  BT  exp 


I 

i 


(IV  52) 


Whenever  one  or  more  of  the  test  quantities  *  exceeds  the 
preset  threshold  k* ,  the  decision  is  made  that  the  desired  signal 
is  present.  Therefore  the  conditional  probability  of  false  dismissal 
is 

0  *  P  [all  q^  <  k'  /  signal  and  noise]  ,  i  ■  1,2,...,BT 

(IV-53) 

When  a  signal  is  present  in  the  received  data,  the  false- 
dismissal  probability,  or  equivalently  the  detection  probability, 
depends  upon  the  actual  frequency  location  of  the  signal. 

Upper  Bound  on  Detectability 

Two  bounds  on  conditional  detection  probability  will  there¬ 
fore  be  considered.  An  upper  bound  on  signal  detectability  is 
given  by  the  situation  in  which  a  signal  is  present  and  its 
frequency  happens  to  coincide  with  one  of  the  BT  correlator 
frequencies.  The  work  leading  to  Eq.  (IV-38)  showed  that  when  the 
correlator  frequencies  are  chosen  at  uniform  intervals  equal  to 
^  and  when  noise  only  is  present,  then  the  quantities  t|»^,  ^ ,  i  i  J 
are  again  statistically  independent,  a  fact  which  greatly  simplifies 
the  computation  of  signal  drtec .ability. 
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Since,  ith  signal  and  noise  present,  the  received  signal 

v(t)  is  again  a  gausslan  random  process,  the  quantities  xQ^ 

and  x  in  Eqs.  (IV-23)  and  (7V-2>»)  are  again  gausslan  random 
81 

variables  and  therefore  Eq.  (IV-26)  still  holds  as  the  joint 
p-d.f.  for  ^  and  *2  ,  test  quantities  generated  at  frequencies 
f^  and  f2  respectively.  The  covariances  *®d  are 

now  required  for  the  signal-and-noise  case.  The  covariance  y^ 


is 


w13  "  <xcl  Xc2> 


S+Id 


dt  v(t)  cos  2irfjt 


Vo 

\ 

T  T 
dt 


\ 


ds  v(r)  cos  2itf2s 


S+H 


ds  ^v(t)  v(s)^  cos  2irfjt  cos  2wfgS 
S+N 


(rv-5U) 

Since  the  signal  and  noise  processes  are  assumed  to  be  independent, 
and  (vU))  *  (v(t))  *  0  • 


S  H 

T  T 


13 


dt 


du 


^v(t)  V  (s))  ♦  {v(t)  v(s)^ 

S  K 


cos  2sf,t  cos2vffi 

A  C 

(IV-55) 


But  it  can  be  seen  from  Eq.  (IV- 35)  that 


T  T 
dt 

0 


ds  ^v(t)  v(s)y  cos  Sirf^t  cos  2wf0s  •  0 
N 
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when 


f  1  -  f2  *  *  m  ^  ,  m  ■  1,2,. 


Therefore 


p13  * 


T  T 

at 

0  0 


da  (v(t)  v(s)^  COB  2wfjt  C08  2irfgB 
S 


(IV-56) 


The  signal  has  a  bandwidth  Bg  centered  at  some  frequency  fc  . 
For  the  moment  it  will  be  assumed  that  fc  may  be  any  frequency 
within  the  prescribed  processing  band.  Thus 


T  T 


HL3 


dt 


ds  ~  sine  Bg(t  -  s)  cos  2»fc(t  -  s)  co3  2«f^t  cos  2rf2B 


( IV— 57 ) 


Under  the  assumption  of  short  observation  time,  i.e.  BgT  «  1  , 
being  made  here,  Eq.  (IV-57)  may  be  written  approximately  as 
[See  Eq.  (IV-4)] 
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-  A 
W13S  “2 


T  T 

dt 

0  0 


da  cos  2t f  (t  -  s)  coa  2»f,t  cos  2*f„s 

C  1  c. 


T  T 


A2 


dt 
0  0 


da  | [coa  2*(f*f1)t+  coa  Mf.-fjH]  [coa  2s(f+^)a+eos  2*C£-£fc 

I 

♦  [sin  2m  f  +f,  )t+  ain  2»(f -f.)t]  [sin  2t(f +f0)s+  sin  2#(f  -f0)s]' 

Cl  Cl  CZ  c  d  l 


ain  2ir(f  +f,)T 
c  1  ...  . 

ain  2t(f  -f,  )T 

“ain  2»(f  +f.)T 

C  Z  ( 

sin  2ir(f  -fjT 
c  « 

2»(f  ♦«,) 

Cl 

2»<V1}  - 

_  2»<W 

2«<Vf2)  - 

"l-coa  2ir(f  +f  )T 
c  l  _ 

l-coa  2*{f  -fjT' 
c  1 

’l-cos  2ir(f  +f_)T 
c  z 

l-coa  2«(f  -f.)Tl 
c  Z 

♦ 

2»(V,1) 

2ir(f  -f. ) 

Cl  _J 

2*(f+f2) 

2.<fc-r2>  J 
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A2 

T 


ain  2ir(fc-f1)T  ain  2a(fc-f2)T  l-coa  2ir(f;-f1)T  l-coa  2ir(f.-f2)T 


2*(Vf2) 


2»(Vfl) 


2ir(fc-f2) 


(IV-59) 


The  approximation  embodied  in  Eq,  (IV- 59)  follows  from  the  fact 
that  the  first  term  in  each  of  the  four  sets  of  brcxfcets  in 
Eq.  (IV-58)  may  be  neglected  under  the  assumption  that  2  (fc+f^)  »  1 
and  2(f+f„)  »1. 

C  c 
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It  can  be  seen  that  if  f  -  f,  and  f  -  f0  are  different 
integral  multiples  of  ,  Eq.  ( IV— 59)  will  yield  zero.  Therefore 
if  the  correlator  frequencies  are  spaced  at  intervals  equal  to  ~ 
and  if  the  signal  frequency  f  coincides  with  any  one  of  these 
correlator  frequencies,  then  the  covariance  y^  relating  xcl 
at  correlator  frequency  f1  end  *c2  at  correlator  frequency  fg 
is  equal  to  zero.  Similarly  it  can  be  shown  that  i® 


hkm  ^clXsz) 

'  8+H 


A2 

~E 


sin  2trf  -f,)T  1-cou  2it(f  -f0)T  1-cos  2*(f  -f.  )T  sin  2s(f  -t0)1 

C  1  C  c.  C  1  .  _ C  c 


2ir(f  -f. ) 
c  x. 


2'<Vf2> 


2»(f  -f.) 
c  1 


2s(fc-f2) 


A2  8»n  2w(^-OT  -  2  s in  stf^-f^T  cos  »(2fc-f1~fg)T 

T  _  l”2'  <Vf2> 
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It  may  be  seen  from  Eg.  (IV-60)  that  if  the  frequencies  f^  and 
fg  are  separated  by  a  non-zero  integral  multiple  of  |  *  0  , 

regardless  of  the  signal  center  frequency  fc  . 

Thus  when  the  signal  appears  at  one  of  the  correlator  frequencies, 


“ll» 


and  the  quantities  ^ ,  i  i  J  are  again  independent ,  and  their 
Joint  p.d.f.  is  given  again  by  Eq.  (rv-30).  The  variance  y^ 
must  now  be  obtained,  from  Eqs.  (IV-23)  and  (IV-27)  ,  y^  is 


calculated  as 
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i*H 


it  v(t)  COB  2*f^fc 


da  r(»)  cob  2*^6 


\° 

T  T 

dt 

0  0 

T  T 

dt 

0  C 


/ 


R+H 


dB  ^v(t)  V  (s)^  COB  2*fit  COB  2*fj8 
S+R 


dB 


(v(t)  v(«))  +  (v(t)  t{b)) 

S  V 


COB  2«fjt  COB  2*^8 


(1V-61) 

The  second  integral  in  Eq.  ( IV— 6l)  is  obtained  from  Eq,  (IV-1*5)  as 
T  T 

dt 

0  0 

The  first  integral  in  Eq.  (IV-6l)  can  be  obtained  directly  from 
Eq.  ( IV— 59)  by  letting  fg  *  f^  ,  which  yields 


N 

ds  (v(t)  v(s)/  cos  2  f^t  cob  2*^8  «  -jp  T  (IV-62) 


T  T 

dt 
6  0 


/  's 

j  sin  2*(fc-f1)T 

2 

X 

Jk 

1  -  CCS  2*(f -f,  )T 
c  1 

1 

|  £w(f-f,) 

[L  c  1  _j 

▼ 

2*<Vri> 

1 

A2 

T 


^j-T2  Bine2  (fc~?i)T 


( IV— 63) 


Thus,  from  Eqs.  (IV-61),  (IV-62)  and  (IV-63),  when  the  Bignal  is 
located  at  the  correlation  frequency  fj  for  which  is  being 

calculated,  then 


n 


■ 

11 


If 

0 

T 


T 


( IV-6U ) 
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i 

I 


and  when  the  sigu.il  is  located  at  sane  correlator  frequency  other 


than  f. 


U  ■  -X. 

Mll  T 


(IV-65) 


The  upper  bound  on  conditional  signal  detectability  can  new  be 
calculated.  When  a  signal  appears  at  one  correlator  frequency, 
only  the  test  quantity  q1  corresponding  to  that  frequency  is 
affected  by  the  presence  of  signal.  Therefore  the  conditional 
false-dismissal  probability  is 

8  ■  P  [one  quantity  q^<  k*  ,  given  that  a  signal  is 
present  at  f^,  and  BT  -  1  quantities  q^<  k' 
given  that  these  quantities  are  affected  by 
noise  only] 


Using  the  independence  of  ^ ^ ,  i  i  J  and  hence-  of  q, »  qj  ,  i  i  J , 
one  can  write  __  , 


8 


8, 


(iv-66) 


where  6^  is  the  probability  that  qi  falls  below  the  threshold 
k'  given  that  e  signal  is  present  at  the  corresponding  frequency 
fi ,  and  is  the  probability  that  q^  exceeds  the  threshold 
given  that  no  signal  appears  at  f  .  An  expression  for  has 
already  been  derived  and  is  given  in  Eq.  (IV-50).  The  probability 
will  now  be  found,  The  p.d.f.  for  q^  ,  given  that  a  signal 
is  present  at  f ^ ,  is  found  from  Eqs.  (IV-M)  and  (IV-61*)  to  be 


y  >_  0 
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vhere 


With  this  wad  vith  Eq.  (IV-56),  the  upper  bound  on  conditional 
signal  detectability  becomes 


1  -  8  <  1  - 


(IV-TO) 


This  upper  bound  on  1  -  8  can  now  be  calculated  for  a  fixed  value 
of  false-alarm  probability  o  by  first  solving  Eq.  (IV-bO)  at  each 
value  of  normalized  integration  time  BT  for  the  value  of 
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which  produces  the  prescribed  value  of  a  .  Then  Eq.  (IV-70)  uan 

be  used  to  calculate  1-6  for  various  values  of  I*  ;  3ince 

o 

d’  «  Rg  BgT  (IV-71) 

«  Rg  (XV— 72) 

where  r  is  the  frequency  uncertainty  ratio.  It  should  be  noted 
that  detectability  cannot  be  stated  as  a  function  of  the  detection 
index  d'  only,  but  that  both  Rg  and  BT  must  be  separately 
specified.  In  Figs.  IV. 1  and  IV. 2  are  plotted  detectability  curves 
giving  conditional  detectability  1  -  6  or  conditional  felse- 
dismissal  probability  B  as  a  function  of  </  BgT'  for  two  fixed 
values  of  pre-detection  SNR  Rg  and  two  values  of  signal  frequency 
uncertainty  r  .  In  all  cases  the  falae-alarm  probability  is 
fixed  at  a  *  .01  .  The  curves  obtained  from  Eq.  (IV-70)  according 
to  the  above  discussion  are  labelled  "upper  bound".  The  curves 
are  carried  out  only  to  /  BgT  =  0,9  ,  since  the  analysis  thus  far 
in  this  chapter  has  been  based  upon  the  assumption  of  short  observation 
times . 

Comparison  of  Fig.  IV. 1  with  Fig.  IV. 2  shows  that  the 
upper  bound  detectability  curves  in  Fig.  IV. 2  (r  *  100)  fall  below 
the  corresponding  curves  in  Fig.  IV. 1  (r*25).  This  means  that  if 
points  on  corresponding  curves  In  the  tvo  figures  are  compared  at 
the  same  value  of  /  BgT'  ,  the  probability  of  detection  is  some¬ 
what  poorer  for  the  higher  value  of  r  .  This  is  quite  reasonable 
since  the  selection  of  a  single  value  of  /BgT1  implies  that  the 
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Datociion  Probability,  1  -  P  (par  eant) 


Detection  Probability,  1  -  p  (per-  cent) 
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signal  bandwidth  is  being  held  iixed,  and  an  Increase  in  r  from 
25  to  100  then  corresponds  to  an  increase  in  the  width  of  the 
processing  band  B  by  a  factor  U  .  Increasing  B  increases  the 
amount  of  noise  pover  in  the  signal  being  processed,  and  the 
detectability  is  thereby  decreased.  Of  special  i  importance  however, 
is  the  fact  that  the  signal  detectability  has  decreased  only 
slightly  in  viev  of  this  sizeable  increase  in  noise  power.  This 
point  will  be  discussed  more  fully  in  the  concluding  chapter. 

An  Approximate  Lower  Bound  on  Detectability 

An  approximate  lover  bound  on  detectability  for  short 
observation  times  will  now  be  obtained  by  calculating  (approximately) 
the  detectability  given  that  a  signal  is  present  and  its  center 
frequency  lies  exactly  midway  between  two  neighboring  correlator 
frequencies. 

It  has  not  been  proved  that  this  situation  actually 
represents  a  lower  bound  on  detectability.  However,  in  the  weak- 
signal  analysis  of  Section  Ill.b,  where  signal  detectability  was 
calculated  for  a  number  of  possible  signal  frequency  locations, 
detectability  did  exhibit  a  minimum  when  the  center  frequency  of 
the  signal  appeared  midway  between  the  center  frequencies  of  two 
adjacent  filters.  It  is  being  assumed  that  this  minimum  would  be 
obtained  under  the  same  circumstances  in  the  strong-signal  case. 

The  covariances  and  are  again  required.  The 

covariance  relating  the  quantity  generated  at  frequency  f^ 
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ana  the  quantity  xc2  generated  at  fg,  where  ^  and  fg  are 
separated  by  a  non-sero  multiple  of  ^  ,  has  already  been  obtained, 
given  noise  plus  a  signal  at  the  general,  frequency  f,.  This 
result  is  given  in  Eq.  (IV-59)*  Inspection  of  that  equation  shows 
that  has  a  non-zero  value  except  in  Instances  where  f£ 

coincides  with  one  of  the  correlator  frequencies  in  the  processing 
band.  Thus  when  a  signal  appears  midwey  between  neighboring 
correlator  frequencies,  as  is  being  assumed  in  this  dorivation  of 
a  lover  bound  on  1  -  8,  will  always  be  non-zero,  and  therefore 
any  two  quantities  <ij,  i  +  J  will  in  general  be  correlated 
random  varlbles .  Thus  the  test  quantities  q^ ,  qj ,  i  i  J  *  .in 
general  be  correlated,  and  an  exact  calculation  of  1-6  in  this 
lower-bound  case  cannot  be  carried  out  on  the  basis  of  Independent 
probabilities.  The  conditional  false-dismlssal  probability  is 

8  °  P  (all  qA  <  k'  ,  given  that  noise  is  present  together 
vlth  a  signal  located  at  a  frequency  midvsy  between 
any  two  adjacent  correlator  frequencies], 
i  ■  1,2,...,  BT 

■  Pfq-L  <  k']  P[q2  <  k'  /  qx  <  k')**'  P[qgT  <  k'  /  qx  <  k',...,  qfiT_1< k ' ] 

( IV— 73) 

Each  of  the  probabilities  on  the  right  side  of  Eq.  ( IV— 73 ) 
is  of  course  conditional  upon  the  presence  of  signal  and  noi3e. 
Calculation  of  B  using  the  exact  expression  given  in  Eq.  (IV-T3) 
would  be  a  considerable  task,  and  this  will  not  be  done  here. 
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Instead  tvo  approx! mat loos  to  that  expression  will  be  made.  The 
first  approximation  consists  in  ignoring  the  correlation  among 
quantities  qi  except  for  those  generated  at  the  tvo  adjacent 
correlator  frequencies  between  which  the  signal  appears.  That  is, 
if  the  signal  is  assumed  to  appear  midway  between  correlator 
frequencies  f^  and  fj+^»  only  the  correlation  between  q^  and 
q^+1  vill  be  considered.  It  can  be  shown  that  this  approximation 
is  reasonable  accurate .  For  example,  the  correlation  coefficient 
relating  q^  and  <lj+2»  or  relating  and  q^+1,  is  approximately 

one  tenth  as  large  ar  that  relating  q^  and  q^+1;  correlation 
coefficients  relating  other  pairs  of  test  quantities  are  even 
smaller.  Since  the  correlation  between  pairs  of  test  quantities 
always  enters  the  p.d.f.  in  Eq.  (IV-2f)  through  the  sum  of  squares 
of  s*1*1  *^4  »  non-aero  values  of  these  covariances  always 

produce  positive  correlation.  This  positive  correlation  makes  the 
conditional  probabilities  in  Eq.  (IV— 73)  larger  than  the  corresponding 
unconditional  probabilities  would  be.  Therefore,  ignoring  the 
correlation  among  a  group  of  test  quantities  results  in  a  consistently 
low  approximation  to  the  right  side  of  Eq.  (IV-73),  or  in  other  words, 
a  lower  bound  on  6  as  given  by  that  equation.  Thus  this  approx¬ 
imation  may  be  expressed  as 

e  >P(qi  <  k1)  P  U2  <  k'J-’-Plqj  <  k']  p  (qJ+1  <  k'  /  ^  <  k* )  P  [qJ+2<k'l 

•••  P[qBT  <  k’] 
(IV-7»») 
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Nov  a  second  approximation  will  be  obtained  In  the  fora  of  a  bound 
on  the  right  side  of  Eq.  (IV-7^) ,  using  the  inequality 

r  !Vl  *  *'  '  *4  ‘  k’!  -1 

It  is  readily  seen  that  if  this  inequality  is  inserted  into  Eq.  (IV-71*), 
the  result  is  an  upper  bound  on  Ihe  right  side  of  the  equation, 
ntanely, 

P[qx  <k'  1  P  <k'  ]•  * *P [ q.j  <k*3  P  Uj+1<  k'  /  q^  <k']  P  k'J^'Ptqgj  <k' 

<  P  [qx<  k’]  P  lq2  <k']  **P[qtJ  <k']  P  [qJ+2  <k']--*P[qBT  <k'] 

( XV— 75 ) 

vhich  is  in  conflict  with  the  bound  previously  derived.  Thus  the 
two  bounds  tend  to  offset  each  other,  but  it  cannot  be  stated  with 
certainty  whether  the  result  is  a  consistent  upper  or  lower  bound 
on  0  as  given  by  Eq.  (IV-73).  Since  the  first  approximation, 
contained  in  Eq.  (IV-75*),  is  very  accurate,  it  is  highly  probable 
that  the  upper  bound  on  0  is  preserved  and  is  given  by  the  right 
side  of  Eq.  (IV-75).  Since  this  cannot  be  stated  with  certainty, 
the  result  will  be  stated  as  au  approximation  to  0,  that  1b, 

0  =  plq^  k']  P  [q2<  k' ] • • •  P[qj<  k']  P  [q^+2<  k* ) - • .  P[q.  ?<  k ' ) 

( IV— 76) 
or 

B  ■  0j[l  -  e^}  2 


(IV-77) 
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where  0 ,  is  the  probability  that  q.,  falls  below  its  threshold, 
given  that  the  signal  is  present  aidway  between  the  and  (j+l)**1 

correlator  frequencies.  The  probability  has  already  been 
derived  and  is  given  by  Eq.  (IV-50).  Since  the  expression  for  0 
given  by  Eq.  (IV-73)  itself  represents  an  upper  bound  on  the 
conditional  false-dismissal  probability  for  the  optimum  detector, 

Eq.  { IV— 77 )  gives  an  approximation  to  this  upper  bound,  or  equivalently, 
an  approximation  to  a  lover  bound  on  signal  deteotability.  This 
may  be  expressed  as 


1  -  6  > 


apx 


(IV-78) 


In  order  to  calculate  0.  in  Eq.  (IV-78),  the  p.d.f.  for  q, 

U  J 

must  be  obtained  under  the  condition  that,  together  with  noise,  a 
signal  is  present  at  a  frequency  midway  between  the  correlator 
frequencies  fj  and  The  general  fern  of  the  p.d.f.  is 

obtained  from  Eq.  (IV-tU)  as 


f(y/s_) 


exp 


SiA 


y  >  0 
(IV-79) 


The  variance  may  be  obtained  from  Eq*.  (IV-I*5),  ( IV— 59 )  and 

(lV-6l).  The  second  integral  in  Eq.  (IV-6l)  is  found  in  Eq.  (IV-15) 


to  be 


dt 


ds  yr(t)  v  (’)) 


CCS  asi. w  COS 


P 

TT  T 

(IV-80) 
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Th*  first  integral  in  Eq.  (IV-61)  may,  for  the  case  at  hand,  be 
obtained  from  Eq.  (IV-59)  by  letting 


C-ll*3 


and 


f2-'l 


fcmtl*W 


which  yields 
T  T 
dt 

0  0 


ds 


^v(t)  v(s)^  COB  2*^  COB  * 


k  A  _2 

T  Tt 


(IV-81) 


When  Eqs.  (IV-80)  and  (IV-61)  are  substituted  into  £q.  (IV-61) 
the  result  is 

2  N 

=  T  *  fT  (IV-82) 

If 


The  p.d.f .  for  q^ ,  given  in  Eq.  (IV-79),  now  becomes 


f<  y/s) 


exp 


‘  4  V*2* 


T  A 


J  4  A2  _2  No  _  2 

4  ~2  TT  +  yT  A 
w 


2d'  ^  d’  ♦  1 
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exp 


74'*1 


J 


(IV-83) 
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The  probability  Bj  is 


Using  Eq.  (1Y-50),  one  may  vrite  in  terms  of  8^ 


as  follows: 


(IV-85) 


When  Eq,  (IV-85)  is  substituted  into  Eq.  (IV-7B),  the  lower  bound 


0-l*»5 


Detectability  curves  obtained  from  Eq.  ( IV— 86)  are  plotted  in 
Figs.  IV. 1  and  IV. 2  and  are  labelled  "lover  bound".  As  vith  the 
"upper  bound"  curves  discussed  earlier,  these  curves  show  conditional 
detection  probability  1-0  or  conditional  false -dismissal 
probability  0  as  a  function  of  /BgT  for  various  values  of  pre¬ 
detection  SNR  and  frequency  uncertainty  r  .  The  ialse-alarm 
probability  is  held  fixed  at  .01  .  It  is  evident  from  Figs.  IV. 1 
and  IV. 2  that  these  upper  and  lover  bounds,  derived  under  the 
assumption  that  BgT  «  1  ,  are  reasonably  close. 

The  detectability  curves  in  Figs.  IV. 1  and  IV. 2  vere  obtained 

for  a  detector  structure  employing  a  bank  of  correlator  pairs 

vhose  frequencies  are  spaced  at  intervals  equal  to  j  cps.  This 

spacing  of  correlator  frequencies  is  the  closest  spacing  for  which 

detectability  can  be  conveniently  derived.  A  closer  spacing  of 

correlator  frequencies,  representing  an  improved  approximation 

to  the  optimum  detector,  vould  of  course  result  in  tighter  bounds 

on  signal  detectability  but  vould  require  :onside ruble  computation 

in  the  evaluation  of  integrals  involving  the  p.d.f.  in  Eq.  (IV-26) 

or  p.d.f.’s  of  larger  numbers  of  Chi-squared  variables.  Such 

computations  have  not  been  deemed  Justifiable  for  the  purposes  of 

this  vork  and  therefore  Eq.(lV-TO)  and  Eq.  (TV-86)  will  be  taken  as 

bounds  on  detectability  for  B„T  <<  1  . 

b 

Attention  will  nov  be  given  to  the  problem  of  detection  in 
the  strong-signal  case  when  the  observation  time  of  the  signal  is 
long  vith  respect  to  the  signal  correlation  time,  i.e.,  when 

B  T  »  1  . 

S 
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IV. 3  Detection  for  Long  Observation  Times  (BgT  >>  l) 

When  the  observation  time  of  the  received  signal  Is  long  with 
respect  to  the  inverse  of  the  signal  bandvidth,  i.e.,  when  BgT  »  1, 
then  in  forming  the  teat  quantity  L(v/fe)  for  the  optimum  detector 
[See  Eq.  (111-lU)],  the  received  signal  may  be  pre-filtered  to 
a  band  of  width  Bg  centered  at  the  frequency  f  *  ffi  .  Then 
from  the  results  of  sailing  analysis  discussed  in  Section  III. 3, 
the  received  signal  vector  v  represents  a  vector  of  n  *  2BgT 
Independent  samples.  The  test  quantity  log  L(v/fc)  then  becomes 


.log  L(vf£) 


(IV-87) 


as  was  given  in  Eq.  (III-23).  The  noise  variance  N  is  the  noise 

I 

power  in  a  narrow  band  of  width  Bg  ,  that  is 

I 

N  »  N  B-  (IV-88) 

o  o 


It  will  nov  be  convenient  to  define  as  a  test  quantity 


Q'(f)  -  ~  y'  I  y 

i*ir 


.  ?  2 
bl?  i«l  1 


(IV-89) 


Ibis  test  quantity,  being  a  sum  of  squares  of  n  independent 
gauscian  random  variables,  has  a  Chi-squared  p.d.f.  with  n  degrees 
of  freedom.  In  Sections  III. 3  and  III, 4  a  gauss! an  approximation 


l 
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to  the  Chi-squared  distribution  van  used.  The  accuracy  of  such 
•a  approximation  rests,  however,  on  the  assujrptlon  of  a  low  pre¬ 
detection  SNR  and  is  no  longer  valid  vhen  Rg  »  1,  as  is  being 
assumed  in  this  chapter.  For  this  reason  an  exact  Chi-squared 
distribution  for  Q'(f)  will  be  used. 

The  p.d.f.  of  a  sum  of  squares  of  n  Independent  gaueslen 
random  variables  ,  each  having  zero  mean  and  variance  denoted 
by  var(v)  is  given  by* 

f(x)  «  — k  * — 1  ,  jl  >,  0  (IV-90) 

var(v)  n  Lvar(v)J 

where  kQ(z)  is  the  standardized  Chi -squared  p.d.f.  with  n 
degrees  of  freedom.  Therefore  the  p.d.f.  for  Q'(f)  becomes 


f(x) 


IdT 


A  var(v) 


AT  var(v) 


,  x  >,  0  HIV-91) 


As  in  Section  III. I*  the  signal  detectability  will  be  estimated 
by  considering  the  performance  of  a  band-splitting  approximation 
to  the  optimum  detector- .  When  pi  ..'-detection  filters  in  a  band- 
splitting  detector  have  overlapping  frequency  responses,  their 
outputs  are  correlated,  which  means  that  the  corresponding  test 
quantities  Q'(f,)  are  also  correlated.  Therefore  computation 
of  error  rates  in  general  involves  integrations  with  respect  to 


t  See,  for  example,  Cramer,  (I,  Chapter  18.) 
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Joint  p.d.f.'s  for  correlated  Chi-aquared  variablaa.  It  Mgr  ^ 
recalled  that  a  aiailiur  point  arose  in  8aetioo  IV. 2  shore  detect* 
ability  in  the  atrajs  signal  case  with  short  hbssrvaticn  tlae  res 
being  considered.  Thera  tbs  test  quantity  vaa  fruo'*  vw  5  Chi- 
equared  variable  with  two  degrees  of  free  don,  end  the  joint  p.d.f. 
for  two  such  correlated  teat  quantities  vna  a  function  involving 
a  aodified  Bessel  function  [See  tq.  (IV-26).  It  can  thus  be  seen 
that  even  in  oases  vhere  only  pair-wise  correlation  between  teat 
quantities  need  be  considered,  the  calculation  of  error  probabllltita 
would  involve  considerable  labor.  For  the  purpose*  of  this 
investigation  such  cosg»utatioos  will  not  be  carried  out.  Rather, 
a  detector  structure  vill  be  analysed  which  eaploys  ■*  band  of 
pre-detection  filters  whose  frequency  responses  are  spaced  as 
cloaely  as  possible  without  overlapping.  That  is,  •ince 

B  -  r  B3 

the  detector  will  use  r  rectangular  filters,  each  of  bandwidth 
Bg  ,  covering  the  total  band  of  signal  frequency  uncertainty  B  . 

The  outputs  of  the  filters  vill  then  be  uncurrelated  uni  the  test 
quant it it s  Q * ( f ± )  will  thus  be  independent.  Upper  and  lover 
bounds  on  optima  signal  detectability  «tll  be  derived  usin^  this 
detector  model. 

The  general  expressions  for  the  false -cl arm  rate  and  for  the 
conditional  detection  probability  may  he  obtained  from  the  work 
done  in  Section  III  .1*  .  From  Eq.  (IV-53)  the  false-alarm  prob¬ 


ability  is  obtained  as 


w 


0-1*9 


r 

o  •  i  -  n  {i  -  <sJ  (iv-92) 

i-i  1 


where,  h«re, 

«4  ■  P  (Q'tf^  >  k!  /  noise  only]  ,  i  *  1,2 . .  (IV-93) 


When  a  signal  la  present,  its  spectrua  will  in  general  overlap  the 
frequency  responses  of  two  pre-detection  filters.  Thus  the 
conditional  probability  of  false  dismissal  is  given  by  Eq.  (III-60) 


(IV-9*) 


where 


^i(p)  "  p  ^  Q 1 ( f i )  <  k'  ,  given  that  the  filter  band 

contains  a  fraction  p  of  the  total  signal 
power] 

The  false-alann  probability  will  be  considered  first.  When 
only  noise  is  present,  the  varlsncc  of  a  sample  of  the  received 

signal  Is 

var(v)  •  5  (IV-95) 

When  this  is  substituted  into  Eq.  (IV-91),  the  j.S.f.  for  ona  of 
the  test  quantities  ^'(f^)  becoaes 
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Using  the  definition  of  pre-dctectlon  SIR, 


"S  21 


(IV-ST) 


the  p.d.f.  for  Q ’ ( f ± )  may  be  rewritten  as 


f(x/0)  ■r-k(~x|  ,  z  ?  0 


«8  “1  *8 


(  IV-98) 


The  probability  Oj  then  becomes 


*S 
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This  result  is  in  the  form  of  the  standardised  Chi-squared  integral, 

which  is  available  in  tables*.  Thus  the  false-alarm  probability 

may  be  calculated  with  Eqs.  (IV-92)  and  (IV-99). 

When  a  signal  is  present,  signal  power  will  appear  in  the 

pass  bands  of  two  adjacent  band-splititng  filters.  If  a  fraction 

2 

a  of  the  signal  power  A  /2  appears  in  one  pass  baud,  then  the 
variance  of  a  sample  of  the  signal  at  the  output  of  that  filter 


t  See  Rational  Bureau  of  Standards  (III,  Sec.  26.) 
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will  be 


var(v)  «  o  *  N 


0  <  o  <  1 


(rv-ioo) 


Therefore,  from  Eqs.  (IV-91)  and  (IV-100)  one  obtain*  the  following 
p.d.f.'a  for  test  quantities  Q'ff^  generated  for  the  two  bands 
containing  signal  power*. 


f(x/o)  ■ 


Rc(a  R„  ♦  1)  D 
S  o 


r— t-.i 

I  Rja  R ..  ♦  1)  I 

L»B  J 


,  x  »  0 

(iv-ici) 


and 


f(x/l-c) 


Rs  ((l-o)Rg  ♦  1] 


x  )  x  >  0 


Rg  [(1-o)R3  +  1] 


(IV-102) 


The  probabilities  n j  and  e1(1_0)  are  obtained  b;  integrating 
the  above  distributions: 


1 

t' 

2 

dx 

[k  2  -1 

Rq(oR.  +  1)  , 

D  0  j 

_n 

or 


3i(o) 


2k1 

Rg(oRs+l) 

dz  k  (z) 
n 

0 


(IV-103) 
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And  similarly 


Pi'l-o) 


a 


2k* 

;^(  l-o  5*3+11 

dz  k  (z) 
n 

0 
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The  conditional  false-dlsmissal  probability  6  or  ths  conditional 
detectability  1-0  can  nov  be  calculated  from  Bqc.  (IV-9**), 

(IV-9'0 ,  (IV-103)  and  (IV-lOa)  .  The  detectability  will  of  course 
depena  upon  the  actual  frequency  location  of  a  received  signal  in 
the  overall  band  of  interest,  that  is,  upon  the  signal  overlap 
factor  o  .  In  Fig.  IV. 3  are  plotted  curves  of  signal  detect¬ 
ability  as  a  function  of  *^T  for  a  fixe*'  false-alar®  probability 
a*  .01  ,  The  frequency  uncertainty  ratio  r  is  taken  to  be  100, 
and  the  pre-detection  SHF  Rg  takes  on  values  of  10  and  100.  Thr 
curves  labelled  "upper  bound"  and  "lower  bound"  correspond  to  the 
following  situations:  (l)  When  a  signal  is  present,  the  highest 
detectability  is  achie/ed  when  the  signal  spectrum  is  exactly 
aligned  with  the  passband  of  one  of  the  pre-detection  filters. 

Then  a  ■  1  and  the  detection  probability,  obtained  from  Zq.  ( IV-9U ) , 
becomes 

1  -8-  1  -  B1(1)jl  -  1  (IV-105) 


since 


•  1 


Bi 


1(0) 


(IV-106) 
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(2)  Wb.cn  a  signal  appears  with  a  center  frequency  midway  between 
the  center  frequencies  of  tv  adjacent  filters,  the  detectability 
is  the  poorest.  Then  o  ■  j  and  the  detection  probability  becomes 

i  _  e  n  i  _  eJ1/2)  ji-Sj|r2  (iv-iot) 

These  two  situations  therefore  reprerent  upper  and  lower  bounds  on 
detectability  for  the  detector  node!  considered.  The  inclusion 
of  more  band-splittir.g  filters  for  the  same  overall  processing 
bandwidth  B  ,  representing  a  closer  approximation  to  the  optinm 
detector,  would  result  in  tighter  upper  and  lower  bounds  on  detect- 
abi)  Ity.  If  the  approximation  vsre  refined  by  adding  a  larger  and 
larger  number  cf  filters,  the  bounds  should  converge  to  the  optimum 
signal  detectability. 

Bounds  on  signal  detectability,  derived  in  8ection  IV. 2  for 
short  observation  times  [See  Eqi .  (IV-70)  and  (IV-86)]  are  also 

plotted  in  Fig.  IV. 3  for  email  values  of  T  . 

5 

The  bounds  on  signal  detectability  obtained  in  the  strong- 
signal  caae  are  not  a?  tight  as  those  obtained  for  the  weak-signal 
case.  However,  if  Figs.  III. 3  and  IV. 3  are  compared,  it  may  be 
seen  that  the  upper  and  lover  bound  detectability  curves  of  Fig.  IV. 3 
for  BgT  >>1  show  trends  similar  to  the  maximum  and  minimum  curves 
of  Fig.  III. 3  for  b  «  r  .  There  is  no  reason  to  suspect  that  a 
further  approximation  to  the  optimum  detector  in  the  strong-signal 
case  vould  yield  detectability  curves  much  different  in  character 
from  those  shown  in  Fig.  III. 3  for  b  ■»  2r  ,  therefore  on  the  basis 


0455 


of  thi/j  coerariaon  ou  might  aokf  &  fairly  accurate  estimate  of 
optima  signal  detectability  in  the  artroog-aigsal  case. 

Such  eetinatea  wore  made  and  are  ahovn  in  fly.  IV. 3.  Using 
these  results  obtained  in  the  strong -signal  case  an  example  will 
nov  be  considered  which  will  demons trse  the  gain  la  detectability 
obtained  from  the  knowledge  that  the  sighal  poser  1b  confined  to 
a  hand  of  width  Bg  somewhere  within  the  band  being  processed, 
cf  width  B  *  rBg  . 

Example  1 

Suppose  that  the  overall  frequency  band  to  be  processed  baa 
a  width  B  <*  500  cps  ,  and  the  allowable  integration  time  is 
T  *  1  sec.  .  Let  the  input  SKR,  R,  defined  as  the  ratio  of  total 
signal  power  to  total  noise  power  in  the  overall  band  B  ,  be 
-10  db  ,  that  la. 


P  3 


■  0.1 


SunpoHe  r.ow  that  the  signal  spectrum  is  known  to  have  a  width  of 
5  cps  aiid  that  the  signal  spectrum  may  lie  anywhere  within  the 
overall  frequency  band  B  .  The  optimum  detector  would  now  employ 
pre-detection  filters  each  of  bandwidth  r  cps  ,  and  hence 

r  *  ~  -  100 
BS 

The  pre-detection  SNR  Rg,  defined  with  respect  to  a  band  of  width 
Bg.  IS 
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«  r  R 

■  10 

Since  Sg  ■  10  »  1  ,  the  detectability  curves  of  fig.  IV. 3  ere 
applicable.  If  the  false-xlam  rate  la  to  be  held  fixed  at 
o  ■  .01  ,  then  with  Rg  ■  10  and  B^T  a  2.2k  ,  the  conditional 
detect  i'jc  probability  is  as t lasted  to  be 

1  -  i  ■  95  per  cent  (eatlaated) 

If,  however,  tie  signal  power  ware  uniformly  spread  over 
the  entire  bend  of  width  B  ■  500  cps  ,  than  a  value  of  input 
SIR  R  greater  than  0.1  (-10  db)  would  be  required  in  order  to 
achieve  a  detectability  of  95  per  cent  at  a  *  .01  ,  assuming 
that  the  Integration  tins  is  still  held  at  T  ■  1  sec.  Tfca 
required  SIR  in  this  case  is  found  from  Pig.  III. 5,  where  the 
curve  labelled  r  ■  1  yields  1  -  6*»  95  per  cent  when 

■  F  /if  «  k 

Therefore  the  required  input  SIR  is 

r  •  Ji- 

It 

/500 


■  .179 


e-157 


or 

10  log^  ( .279)  ■  -  7.5  db 

Thug  the  effective  *\in  in  input  SIR  due  to  knowledge  that  the 
■1(041  has  4  narrow  spictrun  of  unknown  canter  frequency  within 
the  hand  beint  processed  is 

-  7.5  -  (-10  db)  >  2.5  db 

Thic  gain  appear*  to  b*  aodeat  ih  view  of  tha  face  that  tha  pre- 
dataetioo  8HR  id  apparently  increased  fro*  R  ■  .1  to  R  ■  10  , 
an  increaaa  of  20  db  .  Moat  of  tba  affect  of  thia  20  db  increase 
ia  loot,  h xvever,  due  to  the  fixt  that  whan  Rg  »1  ,  the  variance 
of  the  teat  quantity  Q'(f)  ,  aa  wall  a*  the  average  value  of 
Q* ( f )  increaaea  appreciably  with  Rg. 

A  second  example  will  give  further  ineight  into  this  point. 

Suppose  that  the  processing  band  again  has  a  width  B  ■  500  cps, 
and  T  ■  1  aec.  It  vaa  found  in  Example  1  that  if  the  signal 
power  is  spread  uniforaly  over  the  processing  bend  B  ,  then  aa 
input  ERR  R  ■  .179  is  require 1  to  achieve  9:  per  cent  detectability 
at  a  ■  .01. 

Suppose  now  that  the  signal  spectrum  is  known  to  have  a 
width  of  100  epa;  tha  ^Tequency  uncertainty  ratio  la  than  r  ■  5. 

Tha  valua  of  pre-detaction  8KR  Rg  required  to  produce  1  -  0  ■  .95 
at  o  ■  .01  is  now  found  fra*  Tig.  III. 5  t  where  tba  curve  labelled 
r  ■  5  yields  1  -  8  ■  .95  at 

m  Rg  ■  5.1 
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Therefore  the  input  SNR  Rg  ,  defined  vith  respect  to  Bg  ,  i* 

■  JLI.  ■  JLii -  a  .51 

/BgT  ^00 
and  R  ,  defined  vith  raapaet  to  B  ,  is 

R  •  “  Rs  •  ^  ■  *i02 

Thus  tfcs  effective  sain  in  input  8 HR  dus  to  ths  knowledge 
that  ths  signal  has  a  spectrum  5  tints  narrovtr  than  tha  prooassls^ 
band  is 

10  io*io  (48)  • 2,4  db 

It  is  eeen  that  this  la  vary  close  to  tha  2.5  db  gain  in 
input  BUS  demonstrated  in  Example  1,  where  tha  signal  spectrua  was 
assumed  to  be  100  times  narrower  than  the  processing  band,  Henoe 
further  Increase  of  the  uncertainty  ratio  r  from  5  to  100  (with  B 
assumed  fixed)  only  yields  an  additional  0.1  db  effective  gain  in 
input  SNR. 

Thus  it  appears  that  substantial  gains  in  detectability  can 
be  achieved  by  narrowing  the  signal  spectrum  within  the  processing 
band  up  to  the  point  where  Rg  is  on  the  order  of  unity.  Then 
as  the  signal  spectrum  la  narrowed  further,  tha  corresponding 
change  in  detectability  becomes  very  small. 

Thia  observation  suggests  an  interacting  question  with  ragard 
tc  the  detectability  of  etochastic  signals  in  cases  of  high  pre¬ 
detection  SNR,  the  question  vbathar  concentration  of  «  given  amount 
of  singel  power  into  a  steadily  narrower  frequency  band  produces  a 


monotone  increase  in  detectability  (with  a  naximum  detectability 
at  *ero  signal  bandwidth'  or  whether  Budaum  detectability  occur* 
at  scsm>  nou-sero  bandwidth.  T  la  question  say  be  soneidei-ed  quite 
apart  froa  the  problem  of  signal  frequency  uncertainty  ani  soaw 
remarks  will  be  made  to  this  point  in  the  concluding  chapter. 
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This  Investigation  baa  produced  two  principal  results  with 
regard  to  the  detection  of  signals  of  unknown  frequency.  The 
first  result  concerns  the  fan  of  the  optima  detector  fur  the 
detection  of  such  a  signal  in  the  presence  of  additive  noise. 

When  the  signal  to  he  detected  is  a  coherent  sinusoid  with 
an  unknown  frequency  given  by  a  probability  distribution  over  a 

I 

discrete  set  of  frequency  values,  the  work  of  Chapter  II  showed 
that  the  optimum  receiver  structure  for  the  detection  of  such 
a  signal  is  essentially  a  band-splitting  detector.  This  band¬ 
splitting  detector  be  cooes  exactly  optima  aa  the  post-detection 
SIR  is  oade  increasingly  large. 

The  detection  of  a  gaussian  stochastic  signal  with  a  center 

frequency  given  by  a  discrete  probability  distribution  vas  diu  bussed 

at  the  beginning  of  Chapter  III,  where  it  vas  shown  that  for 

this  signal  case  optima  detection  is  once  again  achieved  with  a 

band-splitting  detector, 
i 

When  the  center  frequency  of  the  stochastic  signal  has  a 
continuous  p.d.f.  over  a  prescribed  frequency  band,  the  work  of 
Chapter  III  indicated  that  the  optimum  detector  becomes  a  band- 
sweeping  detector.  A  practical  approximation  to  the  band- 
sweeping  detector  is  a  hand-splitting  detsetor  employing  a  finite 
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number  of  pre-detection  filters .  The  rteulte  presented  in  Chapter 
III  shew  thst  eery  nearly  optimum  detoct ability  it  n*(tieved  with 
a  bank  of  filters  equal  in  number  to  tviee  the  frequency  uncertainty 
ratio  r  . 

The  second  principal  result  which  has  been  obtained  ?s  that 
in  the  detection  of  weak  signals ,  detectability  is  governed 
primarily  by  the  pre-detection  SIS  Rg,  defined  in  a  band  of  the 
width  of  the  signal  spectrum,  even  though  the  frequency  location 
of  the  signal  may  be  unknown  within  a  wider  processing  band.  The 
implications  of  this  result  may  be  discussed  from  two  points  of 
view. 

From  one  point  of  view  the  signal  spectrum  msy  be  regarded 
as  fixed  while  the  processing  band  B  may  be  wider  than  the  signal 
spectrum  by  various  amounts,  corresponding  to  various  values  of 
the  frequency  uncertainty  ratio  r  ,  r  >  1  .  The  uncertainty 
regarding  the  oxact  frequency  location  of  the  signal  makes 
neceaaary  the  use  of  a  bank  of  band-splitting  filters.  A  test 
quantity  la  generated  from  the  output  of  each  of  these  filters 
and  a  threshold  test  is  made  on  each  of  these  quantities.  As  the 
frequency  uncertainty  ratio  r  ia  increased  from  unity,  the 
number  of  required  filte-s  also  increases.  If  a  constant  false 
alarm  probability  ia  to  be  maintained,  the  threshold  levels  must 
be  raised  accordingly.  This  raising  of  the  threshold  levels 
tends  to  degrade  the  detectability  somewhat ,  but  the  results 
obtained  in  thie  investigation  show  that  this  degradation  ia  small 
compared  vith  alteable  increase  in  noise  power  which  results  from 
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widening  of  the  processing  hand  by  a  factor  r. 

Prom  e  second  point  of  view,  mm  may  regard  the  overall 
processing  bandwidth  as  fixed.  In  this  case  a  unity  value  for  r 
describes  a  situation  in  which  the  signal  power  is  spread  uniformly 
across  the  entire  processing  band  B  ,  and  nn  increase  of  the 

uncertainty  ratio  r  from  unity  corresponds  to  concentration  of 

» 

the  signal  power  into  a  narrower  bend  somewhere  within  B  . 

'  Since  the  results  of  this  work  show  that  the  detectability 
in  the  weak-signal  case  depends  critically  upon  the  pre-detection 
SUB  Rg  in  the  narrow  signal  band,  then  when  the  signal  power  is 
contained  within  a  band  of  width  Bg  instead  of  being  uniformly 
spread  over  the  band  B  *  rB„,  r  >  1  ,  the  pre-detection  SNR  is 

let  " 

Increased  by  the  factor  r  ,  and  increased  detectability  is  accord¬ 
ingly  gained.  As  has  been  discussed,  the  frequency  uncertainty 
necessitates  the  use  of  a  band-splitting  detector  with  a  resulting 
lots  In  detectability,  which  partly  offsets  the  effect  of  increased 
pre-detection  SNR.  However  a  net  gain  in  detectability  is  still 

obtained.  The  veak-slgnal  mi  ay Is is  presented  In  Chapter  III  shows 

t» 

$  « 

that  the  increase  in  Rg  by  a  factor  r  results  in  an  effective 
gain  in  pre-detection  SNR  almost  equal  to  r  .  In  typical  cases 
the  loss  in  effective  SNR  due  to  frequency  uncertainty  is  on  ths 
order  of  2  db. 

Ths  results  are  somewhat  different  in  the  strong-signal 
situation  however.  It  appears  that  appreciable  improvement  in 
detectability  through  narrowing  of  the  signal  spectrum  can  bt 
realised  only  up, to  the  point  where  Rg  is  on  the  order  of  unity. 
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When  Rg  le  unity  or  then  as  increase  in  ig  not  only 

increases  the  '‘-.flection*  of  the  test  quantities  generated  by 
the  bana-splltting  detector  but  alto  increaaea  the  variances  of 
theae  teat  quantities,  and  tfaia  aecood  effect  tend*  to  oppose  the 
first,  thus  of flatting  the  lccreaaa  in  Rg  .  Thi*  effect  of  courae 
also  nanlfesta  itaelf  when  the  frequency  location  of  the  aignal 
spoctruo  is  known  exactly  and  thus  nay  be  cocaidered  independently 
of  the  frequency  uncertainty  problem. 

This  suggests  the  desirability  of  a  more  complete  analysis 
of  the  optimum  detection  problem  under  the  assumption  of  atrong 
pre-detection  SNR  with  the  aim  of  answering  suoh  questions  as  the 
following!  Oivan  that  a  stochastic  signal,  of  fixed  total  power  is 
to  be  detected  in  a  background  of  spectrally  flat  noise  in  a  fixed 
length  of  time,  how  does  the  signal  datectability  (for  a  fixed 
false  alarm  probability)  v,*ry  as  the  band  width  of  the  signal  is 
mrlcdt  la  maximum  detectability  obtained  by  concentrating  the 
signal  power  in  an  arbitrarily  narrow  band  or  is  there  boom  non- 
mro  signal  bandwidth  for  which  signal  detectability  is  a  maximum? 

The  analysis  in  Chapter  ZV  can  be  used  to  find  partial  answsrs 
to  these  questions,  under  restrictions  of  either  very  short 
observation  time  or  vesy  long  observation  t'.me.  One  interesting 
recult  is  that  if  the  signal  energy  and  noise  spectral  lsvel  arc 
fixed,  aignal  detectability  can  be  greater  at  some  not  -aero  valuer 
of  signal  bandwidth  than  is  "he  limiting;  ease  of  sero  bandwidth. 
That  this  can  occur  may  be  argued  as  follows! 
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As  the  signal  bandwidth  it  steadily  reduced  while  the  signal 
power  it  fixed,  th#  ratio  of  tlgnal  to  noita  power  In  tha  narrow 
signal  band  steadily  increases ,  which  ten  da  to  l^rowa  datect  ability. 
However  If  the  observation  tlaa  T  la  fixed,  than  the  correlation 
time  of  the  signal  he  cones  steadily  longer  with  respect  to  T  tad 
thus  detectability  depends  less  upon  the  averse*  signal  energy  and 
more  upon  the  short-term  statistics  of  tha  signal  energy,  a.*.,  tha 
variance  of  the  signal  energy  appearing  in  each  observation  interval. 
For  exarple  in  Section  IV. 2  the  detection  of  a  gauaalas  signal  vas 
considered  with  the  assumption  that  the  observation  time  vas  much 
shorter  than  the  reciprocal  of  the  signal  bandwidth.  The  signal 
amplitude  vas  seen  to  be  essentially  constant  during  each  '.beervetion 
interval  end  this  auplitude  was  distributed  with  a  Rayleigh  density 
function  over  the  ensemble  of  all  observations .  Thus  if  seme 
amplitude  la  chosen,  it  can  he  said  that  for  a  certain  percentage 
of  the  observations  the  algnal  will  never  rlae  above  that  chosen 
amplitude.  Therefore  it  can  he  seen  that  the  detectability  for  this 
case  might  be  poorer  than  some  case  of  wider  bandwidth  (and  hence 
shorter  correlation  time  la  comparison  with  the  observation  tint  of 
the  signal)  but  comparable  pre-detection  8TO,  where  detectability  la 
governed  more  by  the  average  signal  energy  than  by  the  variance  of 
the  signal  energy  appearing  in  each  observation  interval. 

It  la  apparent  from  this  discussion  that  a  mors  thorough 
analysis  of  the  optimum  detection  problem  in  the  strong  signal 
situation  la  called  for.  To  date  no  such  analysis  has  been  pre¬ 
sented  in  the  literature.  It  is  suggested  that  this  might  prove 
to  be  a  fruitful  subject  for  further  research. 
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APPBTOIX  A 

dotjctxow  or  nsm  a  m  row*  seiixs  for  loo  i(x)f 

At  yu  diaouaaed  la  gaotlea  1.4,  the  average  L*  i(^).  glvee 
by  fq.  (2-7)  ter  detection  la  groiaalaa  boIm,  oaa  ba  expanded  la 
a  pevar  aarlaa  involving  tana  of  all  peware  la  -  f1! 

aad  £'  l"1  x  •  average  ^  oaa  tL*  ba  carried  out  tarn 
by  t«ra.  If  log  l(x)  la  expaadftd  la  a  aaevtd  power  serlaa  cod 
If  tanu  ooatrlbutlag  ao  deflaotloa  are  droppal.  tin  reault  la 

log  *(x)  ■  -Ji'  lmli*  J^l'STV) 

♦  i,  (<i*  k rV)  -  i  <ji'  a*1*)8) 

♦  0(|,6)  (A-l) 

lha  deflection  of  a  tan  or  a  att  of  tana  la  daflaad  aa  the  ohaaga 
la  average  valua  la  going  frea  tba  noiae-otly  altuatlon  to  tha 
algaal-plua-aolac  aituatloa.  Tba  daflaatloa  will  be  daaotad  by 
I  C  1  •  Tba  following  deflaetleaa  are  obtained  fra  Iq<  (A-l) 
la  geaaral  font 

ai^oti,1)!  •  a  j  ^(i;  i*1x),)J  (A-t) 

AI^)]  a  AI^,  (<i'  J  (A-S) 

Thaaa  two  deflastlona  ware  evaluated  for  tba  three  algaal  eaaaa 
outlined  la  faetlon  X.l*.  in  aidltiea  tba  following  deflaotloa  waa 

+  Thaaa  raaulta  are  takaa  fro*  Levee qua  C). 
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evaluated  for  cn»-  sinusoidal  signal,  ease  3): 


This  is  the  most  significant  tens  in  AS  (0{|f)]. 

The  reuults  are  swmcrlsed  in  Table  A.l,  shorn  on  the  following 
page.  The  tynbols  used  in  the  table  are  defined  as  follows > 

B  ■  Width  of  the  band  of  signal  frequency  uncertainty, 
l.e.,  the  band  being  processed,  in  cpe. 

R  ■  Input  or  pre-detection  SIR,  defined  in  this  ease 
as 

_ Tota;  alga  power _ 

Total  noise  power  in  the  frequency  bend  B 

T  •  Integration  tine  In  nee. 
v  •  frequency  uncertainty  ratio,  defined  as 

Processing  bandwidth  B 
Signal  bandwidth  Bg 

It  urns  assumed  In  the  analysis  that  BT  »1  and,  in  signal  cm#  2), 
BT  »  BgT  »  1  . 

It  in  first  seen  fron  the  table  that  definitions  of  terns  of 
2 

order  s.  are  Identical  for  the  three  signal  casta.  Thus  a  detector 
constructed  on  t.ho  basis  of  these  lowest-order  terns  of  ihe  aeries 
would  yield  the  same  performance  for  the  three  cases.  It  can  be 
shown  that  this  term  represents  a  quadratic  operation  on  v  , 
l.e.,  an  energy  measurement  of  the  signal  received  in  the  band  B. 
Thus  detection  would  depend  upon  the  total  power  in  the  hand  and 
nc  use  would  be  made  of  the  narrowband  nature  of  the  signal  in 
cases  2)  and  3). 


Series  Expansion 


When  deflect  iuti*  of  higher -order  terns  are  considered,  the 
three  signal  cases  reduce  different  results.  The  deflections  in 
cclusn  1)  are  ell  seen  to  grow  linearly  with  the  integration  tine 
and  have  ae  coefficients  progressively  higher  powers  of  the  input 
SIB,  P.  Thus  if  R  «  1  the  aajor  contribution  to  the  total 
do  flection  of  log  i(v)  is  frca  the  0(ef )  tern  and  higher- 
order  terns  in  the  series  eta  be  neglected. 

When  the  signal  power  is  confined  to  a  band  such  narrower 
than  B  ,  It  is  seen  frca  colunn  2)  that  AE  (O(js^) )  contains 
terns  vfclch  grow  as  the  square  of  the  integration  tine.  Thus 
for  any  value  of  R  ,  however  snail,  i.ie  magnitude  of  AS  (o(a^)l 
con  he  nade  equal  to  or  greater  than  that  of  A£[0(s_  )]  by 
naking  the  integration  tine  sufficiently  long.  Therefore  higher 
order  terms  in  the  power  series  cans  /c  be  neglected  imply  on 
the  basis  of  low  input  EUR.  Similar  renarka  apply  to  signal  case  3). 
There,  AE  [0(sN]  involves  a  tern  growing  as  (BT)3  end 
AE  10(p6)]  grows  as  (BT)^  . 
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A  8 MALL-8  IOMAL  APPBCXIMA^OK  TO  TB  OPTIMUM  DITtCTOS 
FOR  THX  CASK  07  CCHBOTT  MTBCTXO* 


Id  the  optima  detection  of  a  algnal  with  unknown  paremetera, 
tba  detector  muat  calculate  the  average  LR 

t{v)  ■  ^exp  |  ^  K"1!  ♦  i'  K-1!  J  ^  tB-1) 

vfcsre  {  )  iapllaa  {  )g  •  17  tba  exponential  Id  1%.  (B-iJ  la 
expanded  in  a  pevar  aariaa,  tba  average  over  algnal  paraaatera 
taken  tarn  by  tern  and  tba  function  log  i(v)  expanded  In  a 
atcond  power  aariaa,  the  result  la 

log  :;v:  -  -  -J-  /f  K-1.^  (z'  K'Ky  \  |^(ej  ^v)2)  -  <f.'  E‘ll)^ 

(B-2) 

In  the  veak-aignil  altuatlcn,  whan  the  axgnal  to  be  detected  la 
coherent  /  the  au  jor  contribution  to  log  t(v)  la  from  tba  tana 
(l*  H_1l)  •  Aa  an  approximation,  the  terma  of  tba  order  af 
can  be  replaced  by  their  averagaa  taken  with  nolaa  only  praaant. 

Theae  averagaa,  tc gather  with  tba  term  -  ^  {a?  K-1j^  ,  are  then 
taken  aa  blaa  tana  In  threahold  teat..  The  three  blaa  terma  are 
thua 


t  By  definition  the  algnal  a  la  daacrlbed  aa  coherent  If 

<i)s  *  o- 
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ftserefore , 

log  l<v)  ■  («')  K"1!  -  j<V)  ^(t)  (B-6) 

If  the  signal  Is  a  sinusoid  of  known  amplitude  and  pbasa  with  an 
unknown  frequency  given  by  a  discrete  dlatributioo  •  them 


<0  ■  »i  i(fi’ 

If  the  n  frequencies  are  equally  probable, 

<»>■  iX  *i>  ■  i£*. 

If,  in  addition,  the  noise  ia  white  with  variance  If  , 


(B-7) 


(B-8) 


log  t(v)  -  -i-  l  Sj’v-  ll  ij'  i.  (B-9) 


i-1 


2aT»  i-1  >1 


Since  a^  and  a^  represent  sinusoids  of  different  frequencies , 


1*4'  ij"  ° 


1  °  2 
•  S’  l  *i  (tk}  * d*  1  *  j 

k-1 


i  f*  J 


(B— 10) 


Thus, 


log  t(v)  -  -±r  f  s^'  v  -  -|- 
'  i-1 


I  I, 

“  i-11  1 


d  x  /.  1  d 

■  «i  ^‘2  *  I1  “J  2 


( B-ll ) 
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Tram  Eqs.  ( 11-12)  and  (11-13), 

log  »(▼)  -  J  f  lof  Lj  ♦  1 1  -  J  j .  |  (#-12) 

Therefore  the  weak-signal  approximation  leads  to  the  threshold  teat 

(B-13) 

As  an  example,  let  n  »  2  .  The  detector  then  performs  the 
threshold  test 

log  L,  ♦  log  L,,  J  2  log  k  -  | 

If  log  and  log  Lg  are  considered  as  coordinates  in  a  two- 
dimensional  decision  space,  the  curve  dividing  the  space  into 
"signal"  and  "no  signal"  regions  is  given  by 

log  Lt  ♦  log  »  2  log  k  -  |  (B-lU) 

This  is  seen  to  represent  a  straight  line  with  slope  -1  . 
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,  APPHDIX  C 

'  ERROR  PROEAEILIT2E8  FOR  k  BAID-8PUTTIPG  DCTICTOR 

with  hcpmewt  outputs 

;  i 

The  conditional  error  probabilities  ere  derived  for  a  band- 

i 

•plittin*  detection  scheme.  Tba  following  events  art  defined: 

I 

•  Sc  *  Event  that  noise  only  ia  preaant. 

8^  -  Xrant  that  signal  ia  praaant  with  frequency 

i 

i  *  b1* 

■  Event  that  all  a  output a  lie  below  the  fixed 
threshold  value . 

E:  ■  Event  that  the  i*h  ortput  excaada  its  threshold 
value,  i  ■  1,2, 

ji  False  Alans 

The  conditional  fals*  alarm  probability  ia  given  by 

f  o  ■  P  [at  least  one  output  exceeds  lta  threshold 

value,  given  that  noita  only  ia  present] 
m 

- 1  -  n  (i  -  p(e,/b  n  (c-i) 

j  i-i  1  0 

i  If  the  m  outputs  are  independent,  the  probability  of  an  event 

is  not  affected  by  the  presence  or  absence  of  signal  at  any  frequency 

y  5 

j  other  then  f^  .  Thus 

Thus 

'  [  P(Ei/8<))  ■  Ptt^*)  (C-2) 

I 

S  i . 

r 

i  i: 
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Tbe  right-hsnd  side  of  Eq,  (C-2)  is  seen  to  b«  tbs  conditional  false 

th 

ultra  probability  for  tbs  tbrssbold  test  st  tbs  i  frequency, 
that  is 

P(E./S  *)  ■  a.  ■  P  [tbe  i**  output  exceed*  its 

threshold,  given  that  no  signal 
is  present  vitb  th*  frequency  f^] 

(C-3) 


Thus ,  frcs  Kqs.  (C-l),  ( C-2 ' ,  and  (C-3), 


a 

a  -  i  -  n  (1  -  su )  (C-d) 

i«l  1 


If  o,  has  the  saae  value  for  i  ■  1,2,...  ,a,  thee 


a  “  1  -  (1  -  a^)* 


(C-5) 


False  Dismissal 

The  conditional  false  diaaissal  probability  is  given  by 


8  ■  P  [all  a  outputs  lie  below  the  fixed  threshold 
value,  given  that  the  signal  ia  present  at  any 
one  of  tbe  possible  frequencies] 

*  P(E0/S1  ♦  S2  ♦  ...  ♦  8h)  (C-6) 


If  all  n  outputs  are  independent  and  have  the  ssae  mean  and 
variance,  the  probability  of  the  event  Eq  in  the  presence  of 
signal  ia  independent  of  the  signal  frequency.  Thus 

P(E{)/81  ♦  82  +  ...  ♦  8a)  ■  P(I  /81)  i  •  1,2 . a 


(C-T) 
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rroa  Eqe.  (C-6)  and  (C-7)  and  tha  daflnltloc  of  IQ  , 

S  ■  P(I0/84)  1  ■  1,2,... ,a 

•  Pd^,  x2\  ....  i  -  1*2 


(C-8) 


Sinca  the  outputa  are  independent , 


a 

«•  nP(l,'/8.) 
i-1  3  1 


i  ■  l,2,...*a  (C-9) 


For  t  ■  J, 

?(K  */8.)  ■  #i  ■  P(the  output  la  below  ita  tbreahdd , 

J  3  3  given  that  a  signal  ie  preaent  at  the 

frequency  S.  ] 

and  for  i  i  j  , 

Pdj'/Sj)  •  Pdj*/^*)  ■  1  -  ttj  (C-10) 


The  first  equality  in  Xq.  (C-10)  follows  from  the  fact  that  the 
event  ia  independent  of  the  pretence  or  abaence  of  signal 

at  any  frequency  other  than  f j  ,  Since  Sj  la  aasuaod  to  have 
the  aaaa  value  for  all  J  •  1,2,...,b  and  the  a  ana  value 
for  all  i  ■  1*1  Iq.  (0-9)  can  ha  rewritten  aa 

a-1 


(0-U) 
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The  correction  coefficient  ie  defined  u 


p.  “VW 

wi(V  WI(V 


(rwi) 


when 


V-4  *  — 


end 


I*2 


ZC  —  ig 


♦  Mas 


(D-2) 


(5~J) 


where  v_j ,  J  ■  1 ,2  . . .  represent*  a  vector  of  sas$ lee  of  the 
output  of  the  jtb  pre-detection  filter,  an  id**lir*d  rertaigular 
filter  of  bandwidth  Bg  centered  at  the  frequency  fj  .  for 
convenience,  p  will  be  calculated  in  tents  of  the  following 
functional  forme: 


and 


T 

r 


dt  V  “(t) 


T 

ds  V,2(l  ) 

♦ 

0 


(D-lt) 


(D-5) 


o-m 


Thu*  £q.  (D-l)  uqr  h«  r*vritt*o  la  tb«  following  equivalent  fora; 

eov_(X  ,X9) 

o«  - - -  (D-6) 


varfX^  varUj) 
Tha  nuaerator  In  Eq.  (D— 6 )  la 


C0V  W 


dt  v^t) 


dt  v^tt 


da  Vg2(rf- 


-(  da  x^(a) 


■(  dt  Vj*(t)  da  v22{*))-(  dt  v^ltn  (  da  v22(a) 


T  T 


At  |  d.^2(t)  ^2(.))k“  «  (Vl2(t))H  d,(V22(,i)J 


0  0 


T  1 

dt 

1 _ 

■3 

!  (v  (t)  v2(.!?  ♦  SI2 

T 

0  C 

1  L 

'* 

0 

T  T 
f  dt  H  [  da  H 


0  0 


T  T 


2  dt  da  /v^t)  v2(*y 

; ,  «  '  a 

o  o 

nee  4,  (t)  v-(a»  rapreaa 
\ 1  z  /» 


The  covariance  (y^ltJ  Vgialp  represent*  the  cross -correlation 
batvaan  tha  outputs  of  tvo  pre-dstaction  filters,  on*  centered 
at  f1  and  tha  other  at  f2  .  Zf  steady  state  conditions 


C-170 


(l.e. ,  BgT  »  1}  cure  assumed,  the  cross-correlation  function 
relating  the  outputs,  x  and  y  ,  of  two  linear  filters  ha-ring 
as  inputs  the  aaae  random  uoise  proses-  be  written  an+ 

«»  «• 

ft  (r>  -  df  H^.l^vf)  E^(-,)2tt)  exp  [j2wf (*-«)] 

*  *  0-8) 
where  ^(o)  is  the  a.c.f.  of  the  noie*  input,  and  H^(J2sf) 
and  Hg( J2*f)  are  the  frequency  response  functions  for  the  two 
filters.  Here  the  noise  is  assumed  white,  hence 

J((e)  •  ^  6(a)  (D-9) 

.  0> 

Thus 

(jj  ^(t)  -  •£  df  H^jSsf)  H2(-J2wf)  exp(32sfT)  (D-10) 

SB 

In  the  problem  at  hand,  H^l&tt)  and  H2(j2«f)  are  rectangular 
frequency  responses  of  width  Bg  centered  st  f^  and  f^ 
respectively.  Thus  the  product  of  H^(j2«f)  and  H2(J2iif) 
indicated  in  Eq.  (D-iO)  equals  zero  when  H^(j2«f)  and  HgC^sf) 
do  ipt  overlap  in  frequency;  and  when  there  is  overlap,  the 
product  is  another  rectangular  frequency  response  of  bandwidth 
Bg  -  j ‘ jrf2 |  centered  at  the  frequency  (f^+fg)/2  .  Equation 
(D-loj  expresses  the  inverse  Fourier  transforr  of  this  product, 

r  See,  for  exaaple,  Middleton  (II,  Section  3.^-2). 


* 
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'  Bo  Bs  *  1  Vf2f  ,tac  (  *8-  1  Vf2*  )Teo#  ,{fl  ♦  *2)x 


<RV2(t)" 


if  jf^^Bg 


if  ifrf2l  *,  Bg 


This  cross-correlation  fyactieo  la 


ft  v,<’>  ■  V>>, 


(D-U) 


(D-12) 


where 


t  *  t-  a 


(D-13) 


The  double  integral  in  ICq.  (D-7)  say  new  he  vrittrn  as 


T  T 


coVgUj.lg]  »  2I02Jbs-  If^-fgj2  dt  da  ainc2|Bg-  |fj-f2| | (t-»)  coa2i(f1+f^(t-a) 

0  0 


T  T 

1  *,1y  lfrfaf  «  *  ( V  IVY )  <»■*• 


IV  !frfsll!  'V  ;frY!T 

■  H  2  dx  dx 

°  i  i 


simr(x-y) 


coVxrx2) "  VlV  lfrf2llT  •  lfi--2l  *Bs  <u-lfc) 


Therefore 


0.160 


t*he  last,  approximation  loading  to  Kq.  (D-lt)  requires  that 


Therefore 


Alas 


wB(xr  * 

».s  V 

VM'jjUg)  ■ 

>.s  V 

(D-l 


(D-l 


When  Eq».  (D-lUj,  (D-15)  and  (D-l6)  art  eubetitu'-ed  into  Eq.  (D— 6) 
the  i eault  ia 


pm - 


h  -  lfl  -  *»l 


.  |fi  -  t2\  <  Bb  (D-l' 


Wbvii  the  frequency  reaponfia#  of  the  two  p  re -detection  filtera 
cverlup  by  an  aaount 


Fig.  £.1.  One  Gunnel  cf  the  Experiment?  1  Band -Splitting  doctor 
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LIST  OF  PKIBCIPAL  SDC0L8 

signal  power 
ft  signal  nplltuda 
width  of  processing  band 
width  of  signal  spectra 

number  of  filters  in  •  band -splitting  detector 

detection  indices 

detector  coefficient  matrix 

signal  frequency 

signal  center  frequency 

noiee  covariance  matrix 

threnhold  settings 

standardised  bivariate  normal  probability 
integral 

likelihood  ratio,  given  the  signal  frequency 
average  likelihood  ratio 
noise  variance 

2 

noiee  spectral  level,  volt  /epe 

number  of  time  samples 

noiee  vector 

signal  covariance  matrix 

tea .  quantities  generated  by  band-splitting 
detectors 

pre-detection  signal -to-noise  ratios 
an  autocorrelation  function 
frequency  uncertainty  ratio 


»(t),  s 
T 


v(t),  V 
*(t),  v 


d«t  i 


signal  to  be  detocted 

observation  tiM  of  the  received  signal 

received  sigLel 

Hilbert  traise  forme  of  v(t)  and  v 
cutoff  frequency  of  tha  noiae  spectrins 
conditional  falia-aif ra  probabilities 
conditional  ftlss-dlsaisGel  probabilities 
a  covariance 
correlation  coefficient 

that  fraction  of  the  signal  povsr  appearing  in 
the  pass  band  of  a  pre-detection  filter 

output  of  an  envelope  detector 

a  Matrix  of  terse 

determinant  of  the  matrix  & 

trace  of  the  matrix  £  •  sum  of  tb-  Uagoual 
element •  of  4 


a.e.f.  •  autocorrelation  function 
LX  ■  likelihood  ratio 
p.d.f.  ■  probability  density  function 
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This  report  deals  with  suboptlnal  inetnawntetiona  that  approximate  tbs 
performance  of  the  likelihood-ratio  detector  described  in  Report  Kc.  17.  The 
ob.iectlTe  is  the  detection  of  a  week  terfet  la  thu  prseenot  of  iatorferenoe 
fros  a  feasibly  very  ouch  stronger  target  ea  well  ls  eablsct  nadee.  The 
proposed  inatrunaDtation*  eUadnate  interference  Icy  steering  the  array  on  the 
interference  and  then  subtracting  the  outputs  cf  various  hydropbonea  pairwise. 
The  signal  c exponents  of  the  resultant  different*#  are  then  aligned  by  e 
second  set  of  delay  elenente  who  j#  outputs  are  added,  squared  end  aaootbed  in 
conventional  wanner.  The  raevlta  of  the  report  indices  in  general  that  It 
is  quite  feasible  to  epp rcirh  the  perferneno*  of  the  llh&iihood-retio  detector 
of  Report  Ho.  17  with  inet  n—ntetione  of  Moderate  coeplexity. 

The  aiapleat  inetrunectation  investigated  uses  adjacent  hydropbonea  to 
null  the  interference.  For  arrays  of  reasonable  else  and  Jugate  separated 
from  the  interferon-*  by  More  then  «  oertain  KUlaun  angle,  the  degradation  in 
output  slgial-to-noise  retie  relative  to  the  iikelihcod»ratio  detector  le 
quit*  snal? .  Specifically,  for  a  bO-elasant  linear  array  with  2 -ft  hydrophone 
spacing  end  a  bandwidth  of  2s  X  5000  rad/sec,  it  aaocate  lees  than  1.5  «S> 
in  equivalent  input  eignai-to-ooiae  ratio  as  long  as  the  interference  ia 
separated  by  at  least  5°  fron  the  (broadside)  target,  Cto  the  other  rand,  vith 
the  iom  parenster  valuea  the  average  bearing  respens*  pattern  ehowe  a 
significantly  reduced  peak  for  targets  closer  than  about  20c  from  tin  inter¬ 
ference.  To  overt; caw  this  difficulty  an  analysis  was  carried  cut  on  a  Modified 
instrumentation  that  nulls  interference  by  subtracting  non-ad Vacant  hydrophone 
outputs  (after  alignment  with  tbs  interference).  By  this  procedure  it  we* 
possible  to  obtain  only  snail  reductions  in  target  peaks  for  targets  ns  cloa* 
as  5°  to  the  interference. 


I.  Intredtetlte 

■sport  lo.  17  discussed  tte  parforneasa  of  an  optlnal  (lifcalibood~cetic) 
dataetor  tar  tee  passive  detection  o t  a  sonar  target  la  tte  praeenoe  of 
vfcdcut  aalaa  and  inter’iareooa  froai  a  second  target.  One  fsac.lt  of  tela 
atndf  «u  the  oenolnaico  teat  lntarfaraaoa  angularly  aeptrsted  froa  tte 
taxyet  ty  aora  than  aou  adxdaal  mount  oan  bo  eliminated  u^plafealy  at  tea 
axpanaa  of  no  aero  than  ana  hydrophone.  In  otter  word*,  It  la  possible  to 
design  a  dataetor  whose  parfomav*  in  tba  preaeaoe  of  iiitarfanooa  la  no 
voraa  than  teat  of  a  detecting  awnr  using  ana  laaa  hydrophone  and  operating 
under  tte  aana  oandltlona  of  ukAmt  noiM  md  target  signal  bat  in  tba 
abaanoa  of  intarfbranoo.  Mo  attaapt  was  aada  to  determine  tte  ooaplosdty 
of  tea  lnatr— ntation  required  to  raallaa  tea  optima  dataetor  or  to  find 
siapla  acboptiaal  ao banes  teat  sJyLt  approximate  tea  pertarmnee  of  tte 
likelihoodaatio  dataetor,  Tte  present  report  da  ala  with  two  auob  suboptlaal 
aohaaaa. 

Tba  first  proposed  instrusentatloa  1»  shown  schematically  in  Fig.  1, 

A  linear  array  ooe.aistlng  of  X  equally  spaoad  hydraphcss*  la  asamsd. 

Tte  hydrophone  outputs  a^-si^, ; , .  ••v>ny  delayed  to  align  tea 
lrterfereaoo  components  and  art  than  subtracted  pairwise  to  eliminate  tea 
lnterfaranM.  Tba  resulting  difference*  *ra  delayed  onoa 

aora  in  aucfa  a  aannar  ca  to  align  ttelr  signal  ocmpont/it».  Tba  output*  of 
tha  'lacond  aat  of  delays  are  summed,  squared  and  filtered  in  the  conventional 
aannar, 

Scppoat  teat  tee  signal  tearing  la  acoh  that  tha  signal  daisy  froa 
hydrophone  to  hydrophone  is  tQ.  Than  tba  signal  ocaponante  •i  of  the 
hydrophone  outputs  are  related  by  tha  aquation 


•i(t)  “  “it* 4  (1  •1'\] 


,  1-1,2,...,*  (l)1 

Support,  further,  that  thi  lntcrf*r*yr.s  dali'  freea  hydrophone  to 
hydrophone  is  6.  Thai  tha  delays  ^  required  far  interference  aliainaUoM 
an  (Ivan  by 

"  (1*1)4  i  i  *l|2|,njll  (2)^ 

It  fellows  that  tha  out  .utc  of  tha  eubtreotinc  circuit*  aatvna  tt*  torn 

*i<*> -  ^[t.Kv*^  -if*''1'1  Ht#«4  )J  *  jt  »>  i  ij  - Jt  -  (i-1  )aJ  , 

1  *1,2,...,M-1  (3) 

Bara  ^(t)  it  tha  aahlek  noise  doa^aant  of  tha  iV*-  hydrophone  output.  Tha 
paraaatar  tQ-  A  in,  ?f  course,  a  aanaure  of  tha  tarfat  bearing  relative  to 
tha  interferenos  bearing.  Thor  if  tba  target  bearing  is  0^  and  tha  ituirftrano 
bear  lag  0.  (both  neesured  eountertuooinrliM  tram  the  broadside  condition ), 

t0  -4  -  |(ain  Qj  -ain  Oij)  (a) 

where  d  is  tha  tpaolxg  fr<re  hydropiicn*  to  hydrophone  and  a  1s  tha  velocity  of 
sound. 

Tha  se6ond  sat  of  delays  (6^)  is  adjusted  so  that 

6,  «  i(to-A)  ,  1  ■  (5) 

Than  tha  output  y(t )  of  the  raner  la  givsi.  by 

Hhia  iapllae  a  target  located  tc  the  right  of  the  broadside  condition 

If  t  >  0  , 

0 

ZThLB  iapliaa  interferenc*  located  to  the  right  of  the  broadside 
condition  if  A  >  0  . 
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i«  in  previous  report* ,  the  performance  of  the  syntax  sill  be 
characterised  by  the  figure  of  mxlt  »  l.».»  ty  the  ratio  of 

the  differetoe  cf  the  average  values  of  «,  with  and  without  target  divided 
by  the  atandard  deviation  of  »Q  (the  latter  oaeputed  in  the  abeenoe  of 
target  under  the  usual  sea  11 -signal  assumption ), 


Hhe  difference  for*  of  the  signal  tern  reflaots  a  loss  of  signal,  due  to 
the  interference  elisdnatioc  procedure.  Mete,  however,  that  the  noise  tern 
also  contains  combination,  such  a.  ^(t-t^-^^-^-A)]  ,  so  that  the 

overall  sacrifice  in  slgnal-to -noise  ratio  (and  hence  deteetability)  ia  net 
us  great  as  night  appear  at  first  glance. 


i 


The  mswrator  of  tha  fir-re  of  stilt  it  easily  acwputed.  fht  change 
In  DC  output  is  clearly  independent  of  the  noise,  sod  if  tbs  DC  gain  of  the 
low-pact  filter  it  unity  (at  oan  be  ttwaiil  without  lots  of  generality), 
the  a rwre^a  of  tQ  it  the  sate  at  the  average  of  s.  It  follows  that 

• 

A  (DC  output)  -  0H)2  ,{->)}  ♦  B^12[u(to-A)J|-  fS^t)  ejt- )|j 


where  sj  j  denotes  the  expectation  of  the  bracketed  quantity.  If  the  signal 
is  i  stationary  randoa  process  with  averege  power  S  and  nimalised  auto¬ 
correlation  function  Pf(T)t  then  Sq.  (8)  become 


A  (DC  output)  «  2(K-1 


The  variance  of  sQ  ia  obtained  soot  conveniently  by  integrating  the 
output  power  spectrum.  The  bandwidth  of  ths  low-pass  filter  is  undoubt<  ily 
very  narrow  centred  with  the  bandwidth  of  a(t),  10  that  tbs  spectra*  of  t 
oan  be  wall  approximted  for  the  entire  bend  passed  by  the  low-oase  filter 
by  its  value  G#(0)  at  earo  frequency.  Hanoe  it  suffices  ‘to  calculate  0^(0), 
which  for  Otussian  signal  and  naiaa  la  readily  derived  from  the  spectrin 
Oy(w)  of  y.  The  latter  react rue  will  therefore  be  derived  first. 
from  Xq.  (6)  the  autocorrelation  Ry(T)  of  y  la 

-  (K-’l)2  s{2P<!(i)-p8(T+to-A)-PB[--(t0-A}ji 

M-2  i 

*  ’  E  [2Pn{T)-Pn(T+VA)"pn^“VA)]  +  2Npn(T) 

i-1 " 

-  (M-l  )2  S  jj!p#(T)  -  ps  (T*to-A )  -  P„[T-(t0-A  jj 

*  H|2(M-l)pn(T)  -(M-2)[pn(T+to-A)+Pn(T-to+A)]|  (1 


where  Mp (t)  la  the  autocorrelation  of  the  crloa  at  aaoh  l>ysArflpbone,  and  the 

noise  outputs  at  different  hydrophones  are  sswati  tc  be  xmoorrelated,' 

Undir  the  usual  aeail~«ignfcl  assertion  j(lUl  )8  « ij  the  signal  test!  In 

Eq.  (10)  will  be  ignored  in  ftrthar  copulations. 

If  the  nrd.se  eonpuneot  of  each  hydrophone  oatput  la  a  Gaussian  randoa 

prooeee,  then  the  attire  ndoa  ooapcnant  of  lq,  (6)  la  a  Qaunslse  randea 

procaaa.  For  thla  case  Hloe  haa  ieriead  a  ainple  relation  between  the  power 

2 

speotma  0^(u)  of  y(t)  and  the  power  epeotna  0>(o)  of  a(t)  ■  y  ( t)  .  In  . 
terse  ?f  the  nonendetare  need  in  thla  report  the  daaire>l  aero-freqaeroy 


value  of  Qs(u)  ie 


m 

f  2 

0,(0)  -  2j  Oy  (c) 


The  spec tru*  ie  here  defined  in  each  a  miner  that  the  integral  over  ell 

positive  frequencies  yields  the  total  power. 

In  order  to  oarry  the  analysis  farther,  it  is  neoeeeery  to  aaeum  a 

•pacific  font  for  the  noise  autocorrelation  function  pd(t).  One  would  not 

ezpect  this  choice  tc  be  critical  aa  long  aa  it  oorreeponds  to  a  reasonable 

distribution  of  noise  power  over  an  appropriate  frequency  bend,  k  convenient 

idealised  version  of  such  a  distribution  is  represented  by 

sin  e>  t 

PaW  •  - - -  (12) 


*Tka  effect  of  noiae  correlation  fren  hydrophone  to  hydropfacna  has  been 
studied  in  several  earlier  reports  (see,  e.g,,  Report  No,  3)  and  ie  not  of 
central  interest  to  the  present  investigation, 

*S.  0.  Rice,  "The  Mathematical  Analysis  of  Randon  Noise,"  B.S.T,  J, , 
January  1?15,  Eq,  U.5-5. 


which  corresponds  to  tba 


ir  apoctra* 


0B(»i  • 

A  acmvbet  different  adw  spectra  will  be  considered  later  for  eeagarlecn. 

Under  the  definitions  need  here,  spectra  end  scrrelctioD  funotions  ere 
related  by  the  expression 


±  )m|  <  M 

%  1  1  -  0 


(13)1 


«  >  « 


r 

tt(«)  •  J  R(t)  e*^  dT 


(Hi) 


Applying  Eqs.  (lu)  end  (12)  to  Xq.  (10)  end  Ignoring  the  tom  in  3,  cm 
obtains 

m 

8in  »  t 


«,!«)•;  »<«-»,  „T 


0_ 


dT 


«1I0M) 


r 

j 


sin  <o  (tat  -A)  sin  »  (r-t  *A) 
0  0  +  0  0 

«o(T.te+A) 


«o(tata-A) 


e"^ 


dT 


(15) 


Using  £q.  (13)  end  the  reel  translation  theorra,  one  can  write  down  the 
result  of  this  integration  ianediatelyt 


0y(«) 


0 


v* 


for  Isol  <  ci> 

1  1  o 

for  )u|  >  asQ 


(16) 


*More  generally,  this  My  be  regarded  as  the  effective  noise  spectra 
after  the  ouatanary  prswfaLtenLng  operation  with  a  band  linitation  to 
0  <  «  <  coq  , 


Now  trm  Bq.  (11) 


0^(0)  "  "jJ  J(K“1 }  ••  0®"2  )  ooe  a>(to-*A^  d to 

fcj2  f  21  2  *a(VA)  1  v2  2«>  (t~h )] 

-  — -  ^  (H-l  )Z  +  i(M-2  T  -  2  (M-l  )(H~1  )  — —2—2.—  4*  i{M-2r - - - f 

“o  I  V'VA>  2“o(VA)  J 


l.f  the  low-pass  filter  J.s  a  fj/dle  tiae  integrator  a^ersging  *{t)  orer 
the  past  T  seconds,  then  from  Report  No.  3,  Eq.  (39),>  tho  variance  of  »  (t)  !• 


D'(»e)  -fV0) 


ft.  9  I  2  1  9  •*& 

—  N2<!(M-1)%  J(K-2)2-  2(Ji-l)(K-2) - 2 — 2 — 

to  T  I  ‘  u>  (t  -o) 

o  I  o'  0 


1  9  Sin  2“a(V4> 

♦  t(H-2)2 - 2_°_ 

2“o(to“&) 


Now  fron  Sqf ,  (9)  and  (Ifi 


output , 


D (output ) 

.  £Tf  « 

l*-1>Vsr  S 


ein  « 

“0(V&) 


L>m 

i  /  <  M-l 


!  -[ M-2 1 •»<*,-»  .  l|H-2 

' M-l)  « ft  -4)  Jo  ft -A) 


^Assva&ng  the  fore  p_(t)  «  (ein  co  t)/<d  t  for  th8  normalised  signal 

o  0  0 

autocorrelation  function. 
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-\  a  S 

Figurs  t  ano m  Eq.  (19),  noraaliaed  with  reapeot  to  y  jj-  j  ,  piottad  ra 

a  fraction  of  ®  (t  -A)  for  The  curve  1*  labelled  "sallir<g  d«  too  tor 

o  o 

sith  preutaitenii*."1  Aloe  a  bows  la  the  corresponding  curve  for  a  likelibooi- 

ratio  detector,  takas  tram  Report  X&.  17,  Fig.  I*.  For  largo  veins*  of 

*  (t  -A),  Eq.  (19)  redaoe*  to 
o  o 


A(US  cot  pot)  v  r  | 


D(  output ) 


VhI 


(2o  r 


M-2! 

B3I 


Tbs  radioal  in  the  dsnoainster  of  Eq.  (20 )  baa  a  elniaum  value  of  unity  for 
M  >2  and  a  utma  valua  of  for  M— .  Tha  expression  for  largo  N  for 
tha  likalibood-ratio  datactor  ia  froa  Baport  No.  17  [*q.  (38)]  i 


a  (DC  output)  j. 
D (output) 


S 

V 


(21) 


Hanoa  tha  degredatian  of  parfomanoa  of  the  propoaed  nailing  datootor 
relative  to  tha  likelihood-ratio  datactor  ia  equivalent  to  ouly  0.88  db  of 
input  slgnal-to-cdse  ratio  for  largo  1  and  for  target  and  intarfaronoa  mil 
aaparatad  in  anglo.  While  tha  *xsct  amount  of  dagradation  obviously  ds panda 
on  the  relative  besrirg  of  target  and  lntarferanoa,  Fig.  2  suggests  that  this 
depandanea  ia  not  vary  strong  for  relative  bearings  above  a  rather  mall 
■iT-j^na  valua.  Figure  3  clarifies  this  point  by  shoving  the  degradation  (in 
toru  of  equivalent  input  signal -to-noiae  ratio)  as  a  function  of  (to-A )®o  . 

Hhe  oscillatory  behavior  for  large  values  of  °>0(t0«A)  is  the  result  of 

this  somwhat  artificial  .is suction  of  sharp  cutoff  >f  tha  signal  band  at 
c«po  . 

*Thl«»  is  also  tbs  exact  expression  for  valuta  of  cc  (t  -A)  equal  to 
integral  siultipiu;  n. 
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Tbs  curve  shows  no  drastio  deviation  from  the  asymptotic  value  for  w^t^-A } 
ebova  the  order  cf  unity.  With  usq  *>  2*  X 5000  rad/ sec  ,  a  hydrophone  spacing 
of  2  feet  and  the  target  in  broadside  condition,  - 1  corresponds  to 
an  interference  bearing  of  about  5>°. 

If  the  hydrophone  outputs  are  not  prevhitened,  it  might  be  reasonable 
to  assume  signal  and  ncdsa  spectra  of  the  font 


and 


2«  S 

o>)  -  — y . y 

a(»  +«tZ) 


2m  H 

c>>  •  — r— t 

k(m  ♦  ) 


These  correspond  to  the  normalised  autocorrelation  functions 

-w  It! 

-  Pb(t)  -  e  * 


(22) 


(23) 


(2U) 


Following  a  computational  procedure  entirely  equivalent  to  that  oovered 
by  Fqs.  (ll*)--(19),  one  arrives  at  the  figure  of  merit 

l(DCo«Kt}.(K.1)-,/V's  « 

D (output)  * 


1  -  a 


“®n  !V&! 


m  • 


.-'VK.I 


K-2 

S3 


-2  t  *a! 

o  i 


(25) 


Equation  (25 )  is  shown  plotted  on  Fig,  2  with  thf.  label  "nulling  dstector 
without  prewhitening. n  For  the  reason*  discussed  in  Report  No.  17  (pegs  23), 
the  parameter  ^  ia  chosen  as  u>#  -  to Jv.  ,  The  curve  exhibits  s  strikingly 


High  pMk  near  ®e  jt-Q— A  |  -  0.3  »  *  peak  sen  shove  the  l*vel  reached  i?'  t be 
corresponding  ourre  for  the  likelihood-ratio  detector.  Tills  doss  not 
repressed  ■  contradiction,  because  *q.  '?5 )  Implies  that  the  pcoos— d 
frequency  range  Is  infinite,  share  a*  tbs  likelihood  ratio  deteator  £a»d  tbs 
instrueactation  of  Iq.  (19  )j  was  limited  rstbsr  amltrerlly  to  tbs  bead 
0  <  o»  <  ®o  .  fron  s  phyrrioal  point  of  view,  tbs  peek  Is  doe  to  tbs  foot 
that  saoh  noise  eonponeat  (except  ^  sad  n^)  enter*  twloa  into  y,  enoe  vivh 
positive  sign  and  ones  with  negative  sign.  If  tbs  dale/  Jstwesn  tbsss  two 
contributions  is  snail  compared  with  the  correlation  tine  of  Pn(T)  »  there 
is  effective  noise  osoosllation.  There  is  also  signal  cancellation,  of 
course,  bat  fur  a  sw.ll  range  of  vslnss  of  m0't0-ij  tbs  nol.es  cancellation 
effect  dominates.  One  should  keep  in  wind,  however,  that  both  signal  and 
noise  levels  are  wr*  aeall,  so  that  even  null  , Mounts  of  circuit  nodes 
entering  after  tbs  subtracting  circuits  would  drastically  degrade  performance. 
Cos  should  also  keep  in  wind  that  with  sharp  limitation  of  tbs  processed 
frequency  range  (probably  required  in  practice  by  the  desinence  of  self- 
noise  at  higher  freqranoiea)  the  figure  of  writ  cannot  exceed  that  of  the 
likelihood-ratio  detector.  It  appears  unlikuly,  therefore,  that  the  sharp 
peak  in  tire  unp rewhitened  ourva  can  be  exploited  to  practical  advantage. 

III.  Tta  Bearing  Response  pattern 

The  figure  of  writ  computed  in  the  previous  seoticn  waourea  detection 
capability  with  the  array  steared  on  target.  The  results  of  that  seotion 
together  with  the  results  of  Report  No,  17  indicate  that  tbs  postulated 
instrumentation  can  eliminate  the  effeot  of  a  single  interfering  signal  at 
e  coet  of  one  hydrophone  and  about  1  db  of  effective  input  signal -to-noise 


ratio. *  A  second  measure  of  performance  frequently  used  ie  praetloa  la  tte 
mrtg*  tearing  response  pattern,  the  average  value  of  ig  u  a  fraction  of 
steering  angle.  If  the  pattern  of  the  proposed  lnstrvawntaticn  ie  slaller 
to  that  of  a  a  tuple  K-elaaent  linear  array  operating  in  tha  abee'xe  of 
interference,  then  it  certainly  appear j  reaaonable  to  asaert  that  tha  nulling 
procedure  handles  tha  interference  prohlea  effectively.  On  the  otter  hand, 
if  tha  average  bearing  response  pattern  of  tha  propoeed  inatruasntatlcn  above 
a  less  pronounced  peek  at  the  target  beering,  one  should  net  conclude 
lsnediately  that  the  target  ie  therefore  less  detectable.  Equations  (19)  end 
(25 )  indicate,  in  feot,  that  for  e  given  observation  tlaa  the  output  signal - 
to-nedse  ratio  (and  henoe  detectability)  will  be  alaoat  aa  great  as  that  of 
the  linear  M-eleavnt  array  operating  in  the  abeenoe  of  interfsronoe.  However, 
what  ia  necessary  to  nchieve  detection  is  to  compare  the  output  for  eaoh 

2 

bearing  with  a  threshold  preset  in  accordance  with  the  aakdant  noise  power 
and  the  allowed  falee-elars  rate.  Staple  visual  observation  of  tie  tearing 
response  pattern  nay  not  be  the  most  useful  detection  procedure.  The  results 
of  Sections  III  and  IV  should  te  read  with  these  considerations  In  wind. 

The  array  la  steered  on  target  by  adjusting  the  delays  6  ,  62,...,  Vi 
in  Fig.  1  to  the  values  given  by  Eq.  (5  ).  A  general  steering  angle  is 
obtained  by  choosing 

6t  «  i(ti-A)  ,  i-  1,2,...,M-1  (26) 

1Except  for  interference  in  very  slew  angular  proximity  to  the  target. 

2 

This  implies  the  assuaption  that  the  ambient  noise  power  1«  known. 
However,  the  results  of  Report  No.  18  suggest  strongly  that  no  seriouc 
degradation  in  perforaanoe  would  result  fron  leak  of  a  priori  knowledge  of 
the  anbiont  noise  power  aa  long  as  the  raster  of  hydrophones  ie  reasonably 
large  (M»  UO  should  be  The  ancient  noise  pov«.r  css  Chen  in  effect 

be  aeaoured  to  an  adequate  degree  of  accuracy  Airing  the  observation  period. 
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•ad  peadttisi  to  vary.  Tha  delay;  r— tin  adjusted  as 

spool  fled  bj  lq,  (2 )  in  order  to  Kintals  Interference  elladnation.  Ddcf 
1  q»,  (3)  and  (26),  one  obtains  for  the  output  y(t)  of  the  r.w r 

*4f 

r(t)  -  Yj  L  [t  ♦  Kt^-tj )]  -  [t  ♦  i(t0-tj )  -  (tfi-A  j|  ♦  »1+i(uiil) -«i<i-iVA) 

£i  l 

(27) 

Tha  output  a(t)  of  tha  aqturar  le 


IW.  H-l  j» 

#(t)  -  £  E|*l[t  +  i(Vtl)]"  *l[t  +  i<te"tl)“(VA)]4  Vl(t*1V’al(t*4VA'jX 

(28) 


Tha  average  bearing  response  pattarn  la  tha  average  value  of  Zq.  (26)  plotted 
aa  a  reaction  of  tj, .  Using  tha  fcot  that  aaoh  nolsa  component  la  unoob.*relsted 
with  the  eignal  and  with  all  other  nciae  ooaponenta,  oca  can  a  sally  cocpute 
tha  average  (expected)  velaa  of  Bq,  (28 )i 


M-l  M-lp 

*  Yj  L  sVl^V  n^t-^+A) 

1-1  >!<• 


-  n^^(t-lt^)  n^t-jt^A-]  -  ) 


(29) 


Ohara  the  bar  ioddeataa  an  averaging  operation  over  all  randcai  paraaetere  of 
tha  funwtlona  Involved. 

Tha  first  tee  salsa  tame  yield  non-aero  contributions  t  j  «/*  average 
only  when  1  •  j.  Tha  last  two  tame  yield  non-aero  contribution*  only  whan 
J  -i+1  and  j  -1-1  raapactivaly.  Hanoa 
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N-1K-L  > 

>{*<4-  *E  Zk 

i-l  3-1 1  J 

M-l  K-2  H-l 

.  2»E  »,t°>  -  »E  »»<V4)  -  *Z  ‘,n(V1)  <*» 

i-l  i-l  i-2 

Sines  the  indioee  1  and  3  in  the  double  na  appear  only  in  the  ocnbinetion  i-3, 
the  ezpreeaion  non  bs  simplified  cy  the  change  of  tit  table 

i-J-q  (31) 

Doting  farther  that  Pn (0 )  -  1  and  that  Pn(^-A)  1*  independent  of  i,  one 
obtains 

H-2  .  \ 

s{«(t )j-  S  £  |2pa  [q(t0-ti^  -  P^VH^V*0]  “ pa[q(Vtl,)’(to“A)3  f  (!W-ta,) 

q— (M-2  )  J 

♦  2»[{K»l)-(M-2)pn(t1-A)] 

-as  E  f. - 4(V*l>-<v4 > 

q— (M-2)'  '  J' 

♦  2>[(M-l)-0i-2)pn(t)^)l 


Using 


P.(T)  -  Pn(T) 


■in  w  t 
o 

V 


(32) 


(33  J1 


one  obtains  from  Sq.  (32 ) 

r  |  r-f  eio  *’ q(^a-ti)  sin  a  fq(t  -t^)-  (t  -A)l  J 
?<a(t»-2S  )  - °  ■  °-.i - JLk — 2 — i - (M-l. 

1  J  q--(M-2)  V(W  I 


♦  2H 


(H-l)  -  t’M-2) 


[q(Vti)-(to“4)] 

•in  “0(^  d)"| 


|ql) 


^(tj-A) 


<34/ 


1Thte  corresponds  to  flat  signal  and  nciaa  apoctra  over  0  <  ®  <  or, 

■ore  generally,  to  signal  and  noise  spectra  of  t  bs  erne  fora  with  previdtening 
filters  following  each  hydrophobe  and  ■  processed  frequency  range  of  0  <  a  <  <&Q  , 


Common  to  bearing  angle#  ia  aseonpllabed  through  tbo  reirtion* 


0.5) 

A-  -lainftj 

(36) 

h  "  -  f  ,ia  0 

(37) 

Gj  and  {  are  target  and  interference  batring  s  relatiee  to  tba  broads  Ida 

aoadition,  with  the  carnation  on  sljpw  aa  diaoueeed  on  p.  2  (l.a.,  trrlae 

weaeured  ooantom.oeM.aa  fren  broadaldo ).  0  is  tba  looting  acgla,  tbo 

indavandont  variable  of  tba  average  bearing  raaponaa  pattorn. 

Figures  U— ?  ?tacw  ,vLota  of  th»  average  bearing  raaponaa  pattorn  for  tba 

fcllt^ing  parsneteret  h  -  iiO,  «o  •  2*X  5000  rad/eac  ,  d  -  2  ft  ,  o  •  <000  ft/eeo, 

«  0°  .  Figures  4,  5,  and  6  giro  tba  pattern  for  inlerferarsoe  bearings 

Oj  ■  3°»  5°  end  30°  raepeotlTelj  with  |  -  -10  db.1  Figure  7,  8»  and  9 

8  1 

present  the  pattern*  for  tL.«  sans  sat  af  values  of  Oj  bat  wit h  j  •  -20  db. 

For  large  angular  separations  of  target  r.td  interference  (30e  or  aors),  tba 
pattern  ia  quite  aiaUar  to  tint  of  a  conventiuwl  power  detertwr  except  for 
tba  noil  near  the  intarfaranoa  barring.  It  should  be  noted,  however,  that  the 
dip  in  tba  pattern  near  tba  lntarfa/ano*.  bearing  baa  a  half -width  of  ttw 
order  of  20°  and  that  a  reduction  of  the  peak  (on  target)  talcs  oooure  whan 
the  target  lias  within  this  range.  FiVonae  7  and  8,  in  particular,  raprasant 
situation?  in  which  the  target  would  be  tar)  difficult  to  detect  trm 

*7or  computational  convenience  S  waa  chosen  aa  unity  in  all  eaaaa. 

^Provision  oould  presumably  be  nada  ti  oonyimsata  for  thia  affect  ao 
a?'  to  present  an  etfcmtielly  flat  patten  in  t!v»  absence  of  a  target. 
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inspection  of  the  boaring  reipoo*«  patters.  Tho  reasons  for  this  difficult/ 
are  quite  elear  fre*  Eq.  (32 ).  Tho  vidth  of  tho  dip  aad  tho  magnitude  of  tho 
on-target  response  an  proportional,  respectively,  to  the  deviation  of 
PQ(tj-A)  and  ps(tj-A)  from  unity.  In  othor  words,  the  allowable  angular 
proximity  of  target  and  interference  io  sot  determined  by  the  width  of  tho 
array  pattern  aa  a  whole,  but  by  the  width  of  the  patten  formed  by 
adjacent  hydrophenoe,  Thio  immediately  suggest*  a  remedy  i  Inatead  of 
subtracting  the  delayed  outputs  of  adjacent  hydrophone*,  one  eon  obtain  a 
null  on  the  interference  bearing  by  pairwise  subtraction  of  sort  remote 
hydrophones.  The  resulting  instrumentation  la  analysed  in  the  following 
section. 

IV.  Bearing  Response  Pattern  ai  a  Ko 'titled  Ire  truss  station 

Let  the  hydrophones  (cumbered  in  order  from  1  to  M  as  before)  be  divided 
into  the  following  K  groups t 


(1,1+1, 21+1,..., 


(2,E+2,2£+2,.,.,M-K+2 ),... 


(I, 21,31,..., M) 


w 

For  convenience  we  postulate  that  ^  is  an  integer.  Each  hydrophone  clearly 
appears  in  one  and  only  one  group.  Each  group  consists  of  a  linear  array 
with  spacing  Id  between  hydrophones  and  interference  nulling  is  achieved  for 
each  group  as  in  Figure  1.  The  signal  componeuta  of  all  output*  are  then 
brought  in  phase  by  proper  delays  and  added.  Figure  10  shows  the  resultant 
instrumentation  for  K  ■  3  . 

In  order  to  achieve  interference  elimination,  ona  ear,*  the  delays 
sc  in  Xq.  (2  )t 


■  (i-l)i 


9 


(36) 


This  yields  the  K  groups  ef  isterfereoos-free  signals 


The  x^'s  ere  gives  by 

(t )  -  ^  h*  (i-l*K  )(te-4  )j  -  ^jt*  (1-1  )<t0-e  )j  ♦  n^j  jt-(i-l+I  )dj  -  n^Mi-l  )gj  , 

1-1,2,.. .,H-I 

(3?) 

The  del  eye  64  ere  adjusted  as  follows  i 

6,  •  (i-l+lK^-i)  ,  i-l,2t...^H  UO) 

Then  he  output  of  the  su—sr  is 
H-K,- 

y(r.)  -  £  s1[t.(i-l+l)(Vt1)]^t.(i-i+l)(Vt1)-I(te-^ 
i-l  »>  \ 

*  “i+i [t“(1-1+K >h]  " ”i [u (1“1+x *i  *  “]  r  0*l  J1 

Hence  the  output  of  the  equarer  is 
K-K  H-K  r 

(t)  -  £  E  |*1 [t+  (i-l'  K  )(to"  1 }]  ’  *l[U  )(t0-t1 )  -  I(to-A  ^ 
i-1  j»-ll  s 

♦  h*  r (1“1+K >h]  *  °if -(i-i+*  v  **][  x 

|sx  [t+  ( J-1*K  U\-\ )]  -  Sj^e  ( J-l+K  )(t0-t]L )  -  I(t0-4)]  ♦  n>K  |t-(  J-lel)t J 

1  .  1 

-n j  (  j-l+K  )t^  ♦  KdJ|  (U2) 


^ttth  l  - 1  this  expression  clearly  reduces  to  Iq.  (27 ). 


S-2S 


The  average  soxiijag  response  It  therefor* 

K-I  5 U, 

4(t)}  "£  E  K 

i-i  j-i  *• 

KWC  H-E 

♦E  Es^F^hP^F^3^ 

i-1  3-3 

.  n  ■  7ir.-('i-i'+f  Kjn ,  [U  ( p.;r  jE^Bf 
-  ^^^T)£1TiTn-7'p,a:r+Y)qj  (U ) 


4  )j  -  )(%o_tl  >*<V*  ^ 


nhar*  the  bar  indicates  an  averaging  operation  over  all  randcat  paraaavora. 

The  first  two  noise  tern*  yield  non-iero  contribution*  whan  i  -  J»  tha  third 
shea  i+K  -  j  and  the  fourth  when  i  -  3+F  .  Haooe 
M-K  H-E, 

{«(»>)•  sE  E  K  [tt-jxvM  -  4‘*j xvhw'v^  - *.H>(v*iW(v4 

J  i-i  3-1 1  ^  J 

♦  n  |(M-I )  -  (K-2I )  pa  [k^-a  )jj 


Finally,  using  the  change  of  variable 

i-3  *  9 


(W») 


ono  obtains 

M-E-l 


S(t 


>]• 23  E 


2*|( 


(M-i)-(M-a)  p, 


.M} 


(tf) 


#-29 


Iquation  (15)  o' early  redooee  to  Sq.  (32)  when  I -l.1  fh*  arv-targnl  rwpor.ee 
is  n rc  proportional  to  the  delation  trm  unity  •a  ttet  tha 

interference  can  bo  E  time  oloocr  in  angle  to  the  tarfot  before  the  earn 
degradation  in  perforunoo  occur*  as  in  the  original  instrmsntation.  it 
tbo  aaao  tine  tbo  width  of  tbo  noil  near  tbo  interference  bearing  it  j  time 
ao  largo  in  tbo  aodiflod  inatrmactat ion,  On  tbo  deficit  aide,  coo  tiicmld 
point  out  that  tbo  am  in  Iq.  (15)  tea  only  2  (54-1-1  )*1  tone  as  opposed  tc 
the  2(H-2>1  terns  of  Eq.  (32).  Tbia  ia,  of  ooureo,  ainply  a  reflection  of 
tbo  fact  that  tha  tumor  in  tbo  Modified  lnatru— itatlon  baa  only  M-I  Inputs 
aa  coopered  to  *4-1  in  tha  inatmmn tattoo  of  Fig.  1.  Ckw  oould  prssumbly 
inprow  tbo  situation  by  forcing  additional  Burner  inputs  through  subtraction, 
of  tha  outputs  of  other  hydrophone  pairs  with  indices  separated  by  et  least  K, 
However,  aa  long  aa  K  1a  mall  oooperad  to  H,  tbo  entire  affect  1s  not 
serious  in  any  oaao  and  a  non  elaborate  analysis  would  have  little  practical 
significance. 

Figures  11  and  12  give  the  avenge  bearing  reaponoo  pattern  of  tbo 
nodifiad  instrjwrtat  ion  with  I »  5  for  tha  ps  ram  ter  values  used  in  Figs.  U 
and  7  respectively.  Tbo  target  petit  la  now  clearly  viaible  and  of  a  height 
dot  greatly  different  from  that  obtained  in  Figs.  (■>  and  9  (remote  interference ). 
V,  Concluding  Renarka 

The  results  of  this  report  indicate  that  detection  of  targets  In  the 
presen oe  of  interference  can  be  achieved  with  inatrunentations  of  only 

*Tor  ooupaxlsor.,  the  average  bearing  response  pattern  of  a  conventional 
power  detector  operating  in  the  absence  of  invirfsrsnes  Is 

M-l 

ii(t»-  8  £  Pr[q(t0-t1j(M-|q!)+MK  . 

1  J  q--(K-l) 


Torm  EE-12 
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D-30 


D-32 


■ode rite  complexity  without  serious  loss  is  perfonunos  relative  to  the 
optima  (livelihood-ratio )  technique.  Fro*  s  practical  point  of  view,  the 
need  for  an  additional  set  -  f  adjustable  del <57  eleaents  is  the  most  serous 
objection  to  the  proposed  lnstrumsstetl on.  This  praotioal  difficulty  could 
be  lessened  ccnsldersbly  by  tbe  use  of  digital  techniques.  It  therefore 
becomes  important  to  investigate  tha  effect  of  saiplinf  and  quantising  on 
the  performance  of  the  detector.  The  moat  convenient  procedure  would  be 
to  hard-clip  the  output  of  each  hydrophone  and  perfom  all  further  processing 
on  the  resultant  binary  data.  The  affect  of  such  a  technique  on  detector 
performance  is  currently  under  investigation. 

A  further  extension  of  some  interest  would  be  tbe  development  of 

for  di'di'o+f.r.g  two  or  more  interfering  signals.  No  specific 
work  in  thi  s  direction  has  been  undertaken  to  date,  but  It  rppesrs  dear 
frcn  Fig.  1  that  the  nulling  procedure  cculd  be  Iterated  by  delaying  the 
signals  by  amounts  appropriate  to  achieve  alignment  of  the  second 
interference  consonants,  subtracting  pairwiae  occs  moire  and  then  aligning 
the  signal  components  with  a  third  set  of  delay  elements. 
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Smeary 

This  report  deale  with  the  p*s:iiv3  detection  of  e  scrar  target  in  tht 
presence  of  a  gaussian  noise  beckgrwnd  whose  power  is  unknown  or  non- 
stationery,  A  standard  procedure  la  this  eurironeant  is  to  redboe  tbs 
data  by  sampling  and  then  herd  11*1  ting.  When  the  receiving  array  ooDBlr<ts 
of  two  hydrophones,  this  prooetir*  leads  to  the  polarity  coinaldanoe 
correlator  (PCC),  which  has  been  analysed  in  aoae  detail  is  the  Literature. 

In  t.'lc  r*port  a  general  class  of  polarity  coincidence  array  deteotars  (PCA ), 
which  are  logical  extensions  oi  the  two-cfcmml  PCC,  ere  discussed.  The 
rollowing  results  are  cbt&inedt 

1)  The  optimum  PCA  detector  represents  an  implementation  of  the 
locally  optimum  array  detector  based  on  hard-limitod  independent 
samples  from  gaussian  inputs.  This  implemsntation  is  essentially 
that  employed  in  the  DDCS  system. 

2)  Some  suboptimum  devices  which  are  only  slightly  less  efficient, 
but  which  may  be  more  easily  implemented,  are  demonstrated. 

3)  When  the  input  data  is  a  sequence  of  independent  samples  from 

e  stationary  gaussian  process,  the  optimum  PCA  detector  introduce* 
a  loos  of  1.96  db  in  the  input  signal  relative  to  the  locally 
optimum  detector  baaed  cn  undipped  stationary  gaussian  inputs. 

For  the  least  efficient  detector  considered,  this  loss  is  3.30  db. 

As  long  as  the  input  saopleS  are  Independent,  however,  the  PCA 
detectors  are  nonparametrlo  and  their  efficiencies  greatly  improve 
when  the  stationary  and/or  gaussian  assumptions  are  violated. 

l»)  When  the  input  samples  are  dependent,  it  is  necessary  to  assume 
gaussian  inputs  in  order  to  analyse  tho  PCA  detectors;  however, 
these  devices  are  still  unaffeotsd  by  a  nonstationary  noise  level. 
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5 )  Tbs  loss  due  to  cUpt  lug  is  considerably  redooed  as  the  saaple 
dependence  (l.e.,  stapling  rate)  increases.  For  ample,  alien 
the  inj*t  power  spectra  is  determined  fcy  «  single-pole,  lcw- 
p fee  pro -filter  and  tbs  detector  is  operated  essentially 
continuously,  the  loss  due  to  dipping  is  r&duesd  to  0.63  db 

for  the  optima  PCA  detector  .ind  not  e»oh  aoro  far  the  eubcptiaaa 
devices, 

6)  The  spectral  shapes  of  the  inputs  wet  be  known  fairly  accurately 
if  it  id  desirable  to  set  the  threshold  with  wow  degree  of 
accuracy  and  at  the  tone  tine  to  saaple  fast  enough  to  recover 
aoae  of  this  loss  due  to  clipping. 


K~3 

I.  Introduction 

In  underwater  sound  detection  (SCNAB)  cos  typically  deddM  rtwtlsar  or 
not  a  random  signal  is  cowm  to  an  array  of  receivers  (hydrophone* )  which 
contain  .  oiso  processes  that  art  indepanda.it  but  statistically  identical  [l, 
2, 3,U,5] .  As  the  noise  power  is  often  nooatationary,  the  input  date  la 
sowtines  reduced  by  sanpling  and.  then  hard  Uniting  [l,2,3,li].  A  detector 
which  operates  on  the  polarity  coincidence  of  two  channsla  is  called  e 
polarity  coincidence  correlator  (PCC)  [l, 6 J .  This  device  has  interesting 
nonpar# metric  properties  when  the  inputs  are  a  sequence  of  independent 
samples,  The  false -ala m  probability  can  be  set  for  any  sequence  of  samples 
whose  amplitude  densities  have  sero  median  [6].  For  certain  nongaueelan 
noise  proceaees,  particularly  of  the  impulse  type,  the  PCC  can  be  more 
efficient  than  the  optimum  two-channel  detector  based  on  stationary  gauasian 
inputs  [6,?]  ,  Furthermore,  the  PCC  is  exceedingly  simple  to  Implement. 

In  sonar  practice,  however,  it  is  desirable  to  consider  an  array  of  re  calve  re 
that  may  be  quite  large.  Polarity  coincidence  techniqn&e  can  be  extended  to 
ths  array  csss,  but  suggested  procedures  [l]  ere  very  inefficient  for  large 
arrays.  Efficient  hard  limiting  procedures  have  been  utilised  (l,e.,  the 
DIMOS  system  [uj),  but  '-hey  are  not  regarded  as  logical  extensions  of  the 
PCC. 

In  this  paper  a  general  class  of  polcrity  coincidence  array  detectors 

(PCA ),  which  are  logical  extension*  of  the  two-chamel  PCC,  ana  discussed, 

£ 

The  implementations  considered  include  the  locally  optimum  detector  based 
on  stationary  gauasian  inputs  [lo] ,  as  well  as  acne  au'u  optimum  devices  that 
may  be  more  easily  implemented  and  are  still  quits  efficient. 

*A  locally  optimum  detector  is  one  that  is  optimum  in  the  Neyman-Pearson 
sense  [8]  in  the  limit  as  the  input  signal-to-noi.^  ratio  in  each  channel 
approaches  aero  [9], 
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II,  Terminology 

Under  th*  hypothesis  9  (noise  with  sere  m&an  sad  signs  1  aboect ), 
approximately  half  the  channels  will  hare  the  sans  sign.  Under  the  alter¬ 
native  K  (aignal  present ),  the  miaber  of  channels  with  the  ease  sign  as 


the  signal  'rill  increase.  Let  6(t)  be  the  difference  between  the  miaber 
of  channels  having  the  noet  prevalent  sign  at  tine  t  and  half  the  noaiber 
of  channels.  Hence  , 


M 

r-  -  |  t 

6(b)  * 

* E  ■«“  b(t) 

3-1 

(1) 


j  1  }  K  >0 

where  x,(t)  are  tint  M  inputs,  and  »gn(S)  -(  .  The  PGA  detector? 

S  i-1  }  «  <  0 


sample  the  inputs  and  then  parfom  a  one  memaryless  monotonic  operation  on 
6^  -  8(t  +  It )  where  T  la  the  sapling  interval^.  Thus  the  PGA  test 
statistics  are  cf  the  for* 


(2) 


where  N  is  the  total  sample  site  sad  g(  )  ia  some  ;>rary  monotonic 

function.  This  teat  statistic  is  then  compared  with  a  threaht  Id  c  and  the 

detector  dec  Idas  that  the  signal  in  present  if  S  >  c  .  iee  Figure  1 

pc® 

for  h  schematic,  diagram  of  these  detectors.  With  little  Joss  in 
generality  the  function  g(  )  can  be  normalised  so  that  g(6)  *  6  when 
6  ■  0  or  1  ,  With  this  narimli cation  tbs  FCA  detectors  reduce  to  the 
PCC  detsetor  whan  thare  are  two  inputs. 

For  large  N,  S  ia  approximately  normally  oiatributed  and  hence  c 
can  be  set  equal  to 

c  “  *H^pca)  +  F^-^^pc T  , 


(3) 


Xj  Coincidtnc*  Array  Dotaxrtors 


where  £  is  th«  norasiizad  gauasisn  euauiatire  distribution  function,  a  the 
false-elsra  prcbebility,  Ky{  Iths  expected  veins  with  respect  to  the 
hypothec  In,  and  Ver^  jthe  variance  under  th<;  hypothesis.  Thus 
a  -  ProbtS^  >  c  /  H  )  . 

The  ouput  signal-to-noise  ratio  of  a  detector  D  is  defined  as 


■V 


For  many  precticel  eppli cations  the  input  signal -to-noiea  power  ratio 

°s  /°a  111  each  channel  is  snail  (M  o8V°n  «  1  ).  This  is  of  oourse 

the  justification  for  considering  locally  optima  detectors.  Hence  we 

2  2 

will  coespare  detectors  by  calculating  the  lisdt  of  SHRp  aa  o8/on  — *0. 


EK  ft  -  h\ 


lia 

.  2.  2. 

/on 


Under  the  assumptions  that  the  cumulative  distribution  function  of  the 
noise  can  be  expanded  in  a  Taylor  series  near  the  origin  and  that  the 
signal  is  amplitude  limited  with  zero  mean,  it  is  shown  in  Appendix  I  that 


11m 
2/  2 
°s  /°n  - 


•tW  -  '2<°>  \  ;pi  £  (?)  <r-?>2- 


g7.  1 

aion2  i5(0)^  5M|o2g(6)|  -{^(6)  , 

n  L 


*-7 


''here  f(0)  id  the  value  of  the  aedse  ai^litude  denaity  at  the  origin  and 

/ 

0  ,  K  even 

.  The  relatione  hip  between  Eqe.  (6)  end  (7 }  follows 

1/2  ,  K  odd 

fra  the  fact  that  5^  »  (r  -j)  with  probability  |*j  under  the 
hypothesis,  where  r  is  the  nueber  of  channels  having  the  no at  prevalent 

X 

la  giTen  **  Zi  p  (r)  *  Ttmg  tor 


sign.  Hence 
indnpendsnt  sample* 


r-j*( 


■  -  r  Sr.is(B 

11 

L  flV  ■  J 

** 

1J 

-  sbJ{«<4>} 

yr 

(8) 


Me  will  now  consider  particular  Japla notations  of  the  PCA,  all  of  which 
reduce  to  the  PCC  for  M  » 2  . 

Ill,  Polarity  Coincidence  Array  Detectors 

Consider  the  detector  D  .  ,  which  calculates  the  test  statistic 

R 


w  ■  L 

i-l 

Since  g^)  .  6*  ,  B^2}  -  J  ,  and  E^j  -3  ^  §  [•••  Appendix  in], 

it  follows  that 

•njy.i}  ■ » !  »  t“h{s?c..i}^“("-1)  -  (10) 

sad  fron  Eq.  (8), 

n  2 

^poa.l  "  V7V^on2  f*(0)  \  Vh(K‘1)’  .  (11) 


ftit  this  is  exactly  the  output  signal -to -noise  ratio  detendnsd  for  tbs 

local!/  optima  detector  for  independent  clipped  gaussian  samples  [lOj . 

Therefore  D  ,  is  the  optima  PGA  detector  »d  the  others  will  be 
pca.i 

compared  to  it.  Note  that,  when  H«2  ,  Eq,  (11)  holds  for  all  the  PCA 
detectors  tc  be  oensidsred. 

Let  os  next  analyse  the  suboptima  PGA,  D  which  calculates  the 

PCI#  c 

.'cllo wing  test  statistic: 


pea  .2 


as 


(12) 
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It  is  obeerved  in  Appendix  II  that  sum  of  the  type 


approach  2 


/ 


2  6-1 

Vm1 


i  „2 


s 

IT‘ 

dy  for  large  N  (M  >  10)  .  The  later 


integrals  are  easily  evaluated.  Therefore  Eq,  (8)  can  be  evaluated  for 
large  M  using  the  fact  that  g<6)  -  6  ,  resulting  in 

0  2 

iJz±^  VSV«V  *2(o)  —=,  ,  (13) 

where  the  Unit  is  rapidly  approached,  particularly  for  M  odd. 

*"•  Dpo,.2  "  Dpca.l  for  M-2  ,  and  for  large  arrays  DpCa  2 
introduces  a  loea  of  0.29  4b  in  the  input  signal  power  over  and  above  the 
Iocs  inherent  in  hard  limiting.  It  follows  that  the  squaring  of  ^  does 
not  imprjve  the  detectability  significantly.  Note,  however,  that  6^  ia 
define!  as  the  absolute  value  of  aoae  quantity  and  squaring  nay  not  he 
norn  difficult  to  inplenent  then  the  absolute  value  operation. 
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Finally  *e  wish  tc  consider  the  suboptima  PCi  t>it  iniroduoas  an 
internediate  thr««hcld.  tout 


■e 

Spca.3‘  £  tt(V?)  * 


1  .  «  >0 

where  u(5)  *  (  ,  awl  0  la  scan  constant.  This  intemediate 

[0  ,(<C 

threshold  reduces  the  teat  statistic  to  a  sun  of  0's  and  l's  and  nay 
possibly  be  more  easily  inplenanted.  In  fact,  D  ,  is  probably  the  noat 

P<3Ce  J 

natural  extension  of  the  t*o~ehannsl  PCC  detector.*  S  -is  blnodally 

peso 

distributed  under  the  hypothesis  with  probability  of  success  pQ  given  by 


pa  -  ^<*1 -  jn  L  (?)  * 

r-  [ir+$1 


where  [x]  is  the  snallest  integer  greater  than  x.  The  falsa-alarn 
probability  a  can  be  set  exactly  for  any  N  if  the  tores hold  c  ia  the 
snallest  integer  such  that 

i  .< • • 


We  wish  to  choose  'list  3  which  Mxjjsises  the  output  signal -to-naise 

ratio.  Since  Varu  |S  _  J  ■  H  p  {1  —  p  )  ,  the  output  signal-to- noise  ratio 
n  L  pc&e^J  O  O 


is  seen  fron  Eqs,  (5),  (6)  and  (lit)  to  he 


.-d(o; 


VpT(T 


-hja  Z  I";  <r-?>  -  X  •  <1?) 


41  •  M 

Faran  and  Hills  consider  this  inplementation  where  they  set  6-j  -1 

Thus  the  output  is  1  only  i?  all  ths  channels  have  the  sane  sign. 


no 


As  Vp0(l  -p07  ***  a  relatively  slowly  varying  function,  m  pick 
r<  ■  jJr+'Ej  te be  the  smallest  integer  that  satisfies 

2 

(r>  -  5}  -  j*  >  0  .  (18) 

It  follows  that 

V^r  •  (w) 

From  Appendix  n  it  is  seen  that 


Hence  it  follows  that 

g  2 

SNR  >V^VFcl2  f2(0)  -A  .  (22) 

pca-3  n  o  Z  1.360 

n 

111118  °pca,3  ’  Dpca.l  for  li"2  •  and  for  Ui’«8  arr**"  Dpoa,3 
introduces  a  loss  of  1.3u  'So  in  the  input  signal  power  over  and  above  the 

loss  inherent  in  hard  Uniting.  Table  1  gives  p  ,  SNR  JSdR  , ,  and 

o  pca.j  pca.i 

ths  intermediate  threshold  ^  I  for  different  values  of  M.  Observe 
the  random  fluctuations  oaused  by  the  discreteness  of  the  intermediate 
threshold. 


Detection  of  Unsl.li 


Gaussian  Samolas 


The  array  detector  that  approaches  a  »c  no  tonic  function  of  the 
likelihood  ratio  in  the  Halt  ae  the  input  slgnal-to-noiso  ratio  approaches 
wrOj  whan  the  sample*  have  gaueaian  amplitude  densities  with  unknown  hut 
stationary  variance,  calculates  the  following  test  statistic  [ll]  * 

»'  H  M 

sopt  -  £  S  E  xj(t+iT)x<(t+1T)  •  (Z3] 

i-i  j  n 

L  -i 

The  output  signal-to-nolse  ratio  of  this  locally  optimum  detector  D  ^  for 
arbitrary  stationary  inputs  with  ssro  wean  is  given  by 


V 


v  ‘  v?  7? 

n 


I  M(M-l)"1  . 


If  we  define 


\/v2  ,a  * th8a 


Wot*  ■  K,2  f2<°>  • 

It  also  follows  that 

2  2 

Jpca. 3/opt  Hi  f  ^  Jpca.3/pca.l 

-  1 

It  ie  therefore  observed  that  for  gauselan  inputs  aRf (C)  'vfej  ’ 

2 

Jpcs  1/opt  “  n  *nd  process  of  hwrd  limiting  introduces  an 

inherent  loss  in  input  signal  power  of  1.96  db.  Note  that  these  losses 
are  all  based  on  the  assumption  of  indeper^.A  samples. 


To  fix  the  false -alarm  probability,  the  te3t  statistic  S  .  must  be 

r  i  °P* 

compared  with  a  suitable  estimate  ,t  the  noise  power  [llj  .  In  practice, 
however,  SQpt  ae  given  in  Eq.  (i.j)  ie  displayed  as  s  function  of  possible 

target  direction  and  the  cutput  is  compared  with  the  off-target  output 
by  inspection. 


I 


Let  na  now  compare  the  PGA  detectors  with  D  ^  whoa  the  stationery 
geuesian  assumption  ie  violated,  For  tiput  probability  densities  that  ere 
peaked  at  the  origin  (impulse  noise ),  the  PGA  detectors  nay  baoone  acre 
efficient  relative  to  D^.  For  example,  consider  inpat  notei  processes 

f  !  -^{ti 

that  have  tha  doable  exponential  density  f(x)  ■  ~  e  . 

For  these  inputs  ^  •  2  and  therefore  Introduce*  e  lose  of 

3.01  db  in  the  input  aignal  power  relative  to  Tina  the  PCA 

detector*  can  improve  greatly  relative  to  D  ^  when  the  g  toe  si  an  assumption 
ie  violated. 

The  analysis  of  the  PGA  detectors  depends  only  on  the  sample  median, 
and  hence  the  PCA  is  invariant  with  respect  to  asy  nonstaticnarity  In  tbs 
noiae  level  f}J.  This  is  not  true  of  the  optima  detector  based  on 
stationary  gausiian  Inputs.  If  ths  nol.se  level  varies  sinusoidally  about 
sow  nets,  then  Varg  js^j  inereasas  by  en  aaount  which  approaches 

1  ♦  asymptotically,  where  k  is  the  modulation  index.  Tbua  3ff5^ 


inereasas  by  en  mount  which  approaches 


deersasas  by  ths  square  root  of  this  amount,  end  tha  falua-alarra  rats 
increase.’  fron  its  assuaad  value  if  ths  threshold  was  set  on  tha 
assumption  of  stationarity.  Hence  is  Increased  by  as  much  as 

1.225  for  100  per  cent  modulation  (or  a  0.88  db  gain  in  signal  power  for 
the  PCA  dateotors).  The  inoreaae  in  falae-elarm  rate  is  also  significant 
far  these  large  modulations. 

ration  of  PCA  Detectois  with  Dependent 


The  nonparenetrie  properties  of  the  PCA  array  detectors  follow  from 


ths  assumption  that  independent  samples  are  available.  For  realisable 
narrowband  signals  there  ie  no  stapling  rata  for  which  tha  independent 


staple  assumption  is  valid,  although  a  reasonable  approximation  may  ba 
obtained:  with  sufficiently  slow  a  sapling.  This  prooedure,  however,  oan  be 
very  inefficient  given  a  finite  decision  tins,  and  it  aay  therefore  be 
desirable  to  staple  as  fast  aa  possible.  The  f also- alarm  rats  of  the  FCA 
detectors  can  be  fixed  with  dependent  samples  (and  therefore  continuously) 
only  if  the  shape  of  the  noise  spectra*  end  the  distribution  of  sero 
crossings  are  known  [12,13] .  However,  there  are  still  definite  advantages, 
other  than  slaplioity  of  iaplemantation,  in  using  these  detectors  instead 
of  ease  optimum  device. 

Let  us  asanas  that  v.he  shape  of  the  noise  apeetrua  is  sesentially 
determined  7/y  pre-filters  that  are  hated  on  knowledge  of  the  signal  spectrum. 
If  any  irntantaneous  nonstatlonarity  in  the  noise  level  ia  slow  enough 
relative  to  the  inverse  of  the  bandwidth  of  the  pre-filter,  then  the  other 
spectral  properties  of  the  noise  are  essentially  stationary.  Hence  the 
PCS  detectors,  while  no  longer  nonparaaetric  in  the  strict  sense,  are  still 
unaffected  by  aay  sufficiently  slow  nonatatiouary  noise  level.  For  a 
sinuaoidally  varying  noise  level  that  is  sufficiently  slow  but  nevertheless 
fast  relative  to  the  inverse  cf  the  decision  time  (not  at  all  unreasonable ), 

f  t211/J 

Jpca/opt  *8  incressad  by  tbs  factor  1 1  +-jH  , 

It  will  now  be  shown  that,  under  the  assumption  that  the  sero  crossings 
-  same  as  those  from  a  gaussim  process,  increases  as  the 

samples  become  mors  dependent.  This  improvement  is  a  function  of  the 
sampling  rate  nd  the  spectral  shape  of  the  noise.  It  will  be  seen  that 
for  sufficiently  fast  sampling,  or  continuous  operation,  much  of  the  coat 
of  clipping  la  recovered. 
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Whan  the  input  saoples  arc  dependant,  the  only  change  in  the  output 
sign al-to -noise  ratioe  of  the  detector*  considered  is  the  result  of  an 
increase  in  the  variance  of  the  test  statistics.  For  any  test  statistic 


of  the  fo;ra  3  -  h(x. )  ,  where  x.  «  x,(t  +  iT) ,  ,  and  h  is 
i-1  1  1  -5 

any  juaoryleae  operation,  the  variance  for  independent  saaples  is  given 
fay  Varjsj  -  N  Varjh|x(t)jj  .  When  the  sables  are  dependent,  it  is 
easily  shown  (See  ippandix  III)  that 


Var, 


■H  ■ « 


i+2E  (1”S)  R(kT) 

k-1 


(27) 


where 


R(kT) 


»[x(t)]  h[x(t  +  kT 

5}  -  v'flM} 

[>N} 

(28) 


It  follows  that  the  output  signs  l-to-noiae  expressions  of  Eqs.  (6)  or  (8) 
hold  for  dependent  samples  if  N  is  replaced  fay 


-  ■  —V--  - - ^r»  7-7-7-  ’  (2?: 

T+2TL  (1*S)  R(kT)  2j  (1-  J)R(«)  d« 

k-1  0 

where  T  is  the  decision  tine.  The  function  R(kx)  depends  on  the  detector 
considered  end  on  tin  spectral  shape  Jor  nomaliBed  correlation  function 
Pb(t)]  of  the  noise  inputs. 

The  following  results  are  given  in  Appendix  III.  For  arbitrary 
stationary  inputs,  R  ^  ie  given  fay 

-  Pn2(kT)  . 


V(kT) 


(30) 


i-16 


When  tho  aero  crossings  are  those  of  a  gausaitn  process,  R^  ^  is  gi'ren  by 

•  (31) 


In  the  liidt  as  M  approaches  infinity,  R  ,  is  given  by 


V.3<kT) 


where 


P0(1“Pe> 


lzJ3L 

VT? 


,  -W  a-p0) 

Q(p,jt)  e  -  <*r - — 


o(p,y)-|  7k  o' 


=k£I. 


These  functions  are  plotted  versus  pn^(r)  in  Figure  2. 

Since  Rpca  <  R  ^  for  p(kf)  /  0  ,  it  follows  that,  for  a  given 

r  -1 

decision  time,  the  equivalent  number  of  uncorrelated  ssaplns  fcr 

the  PCA  detectors  is  larger  than  that  of  D  Tbersforv,  when  ths 

input  axap'iBB  ars  dependent,  «fpM^0p^  i»  larger  than  when  they  are 

i  9  \  ^  2 

independent.  Observe  from  Figure  2  that  Ro(Ja  ^  >  [-)  p  and 


Rpca.3(M_h,)>  "I3S0 


p  ,  Thus  it  can  be  determined  from  Eq.  (29) 


that  even  in  ihe  limit  as  t-mo  ,  Jpg,/^  <  1  •  This  is  as  it  should  be, 
sines  we  are  assuming  essentially  g a us si  an  inputs.  Nevertheless,  much  of 
the  lose  due  to  clipping  should  be  recovered  ir.  the  limit  as  t — >0  . 
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If  w*  da  fin*  I  as  the  ratio  of  •p0#/  with  dependent  luplai  to 

that  Kith  independent  larpls*,  thee  from  Eqs.  (6)  and  (29)  one  obtains 

I 


1*2^  (i-§)  pn2(kT) 


k-1 

Under  the  assumption  that  the  decision  tin  is  much  larger  that  the  width 
of  pQ(t),  this  expression  can  he  accurately  approximated  by 


1  +  2^pn2(kf) 

I2^ _ fci _ 

1,!Evw 

k-1 


(3b) 


This  improvement  in  the  PGA  detectors  relative  to  3^  depends  of  course 
on  the  spectral  shape. 

In  underwater  found  detection  one  ie  normally  looking  for  acoustic 

signals,  and  hence  the  pre-filters  svo  often  low-pass  filters.  Let  us 

consider  the  single  pole  low-paas  filter  that  fella  off  at  a  rate  of  6  db/ 

I  -®ek't'\ 

octave  Pn(kr)  -  e  ,  and  the  ideal  low-pass  filter 

i  sin  ®  kti  toQ 

|pn(kr)  -  ~ -  gy—  J  ,  where  is  the  cut-off  frequency  or  the  bandwidth. 

Given  a  particular  sampling  rat#  f#,  1  can  be  evaluated  for  either  case. 

The  improvecent  of  ^  relative  to  versus  the  stapling  rate  is 

given  In  Figure  3,  and  the  improvement  of  D  relative  to 

3 _ .  ie  given  in  Figure  lj, 

pce.i  * 

Observe  first  that  for  a  sufficiently  faet  sampling  rate,  or  continuous 
operation,  much  of  the  loss  due  to  clipping  (as  well  aa  the  loss  due  to  an 
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intermediate  threshold)  is  reco;t>red.  Thus  for  essentially  gausalan  iaputa 

sod  continuous  opera tioc,  ^  introduces  «  loss  in  the  sifnsl  power 

as  low  as  0,63  db  for  the  single  pels  pm -filter.  The  loss  depends 

somewhat  on  the  filter  shape.  In  addition,  iom  of  the  regaining  loss 

can  be  recovered  if  the  noise  level  is  non-etationary. 

It  should  be  pointed  out,  however,  that  when  usirg  there  is 

little  point  in  sampling  faster  than  2fg  for  the  ideal  filter  (Nyqaist 

rate)  or  6f  for  the  single  pole  filter.  For  these  sampling  rates  the 
c 

loss  due  to  clipping  la  aleost  that  amount  oaloulatad  for  independent 

saeples.  Thus  one  vmld  have  to  saaple  at  a  rate  faster  then  typical  to 

recover  scan  of  the  Iom  due  to  dipping. 

Che  way  of  looking  at  this  phenomenon  ia  that  the  process  of  cupping 

spreads  the  spectrum  of  the  input  processes .  In  order  to  receive  all  the 

available  information,  one  has  to  senile  faster  then  the  Hyqoist  rate  of 

the  unclipped  inputs.  Thus  the  2-db  lose  due  to  dipping  is  due  in  part 

to  this  spreading  of  the  spectrum  and  only  in  part  to  an  actual  loss  in 

information.  Practically  speaking,  the  lose  due  to  the  change  in 

bandwidth  is  recovered  only  when  the  devices  are  operated  essentially 

continuously.  Figure  5  is  a  plot  of  tbs  equivalent  cumber  of  uncorrelated 

sample-  for  a  fixed  decision  time  versus  the  sampling  rate  for  D  .. 

potii 

The  results  indicate  that,  when  operated  continuously,  it  is  necessary 
to  know  the  spectral  shape  accurately  in  order  to  set  the  threshold 
properly.  If  the  spectral  shape  is  not  known  and  it  is  desirable  to  set 
the  threshold  with  boos  degree  of  aocuracy,  then  one  cannot  sample 
significantly  faster  than  2f_. 
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VI,  Conclusions 

Polarity  colncideaee  array  detectors  have  been  analysed  and  ewparad 
with  tbo  optlaia  parametric  devise  based  cn  stationary  gouaalan  inputs. 
While  devices  baaed  on  clipped  data  are  inherently  less  efficient  than  the 
optimum  detector,  their  nonparaaetric  properties  can  make  them  sore 
efficient  when  the  stationary  gsuaaisn  assumption  is  violated.  In  addition, 
when  the  PGA  detectors  are  operated  is  a  paraaetric  devioa  with  dependant 
staples,  the  lose  due  to  clipping  can  be  greatly  reduced  with  sufficiently 
fast  sampling.  Bran  under  these  conditions,  the  PCI  detectors  ere 
unaffected  by  certain  types  of  nonatetionarities  in  tba  noise  level.  The 
advantage!  for  either  node  of  operation  coupled  with  the  obvious  aase  of 
implementation  could  asks  the  PCI  array  detectors  useful  da  vices  for 
underwater  sound  detection.  There  are,  however,  sons  additional  problms 
that  have  not  been  considered  in  this  report  that  have  bearing  on  the 
usefulness  of  hard  Uniting. 

It  is  important  to  analyse  the  performance  of  the  PCA  detectors  when 

the  input  signal-to-noiee  retie  is  large.  The  loss  die  to  clipping  sight 

be  radically  different  in  this  environment.  It  is  conceivable  that 

allowing  freedom  to  set  the  intermediate  threshold  of  the  subcptlmum 

device  D  .  ,  can  be  used  to  advantage  in  these  circumstances.  Another 
pea,  i 

problem  is  the  effect  that  hard  limiting  has  on  the  bearing  response 
pattern.  If  this  array  pattern  is  altered,  the  ability  to  detect  e  target 
in  the  presence  of  strong  interfering  targets  would  be  greatly  affeoted. 

This  of  course  brings  up  still  another  problms,  namely  how  one  optimally 
uses  the  clipped  data  in  the  prsvenoe  of  one  or  more  interference  targets. 


Appendix  I.  Ontput  Slgnal-to-Moiae  Ratio 
The  PCX  test  statistics  have  the  fora 
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When  r  channels  hava  the  most  prevalent  sign,  6.  ■  r-j  ,  If  p(r)  is  the 
probability  that  r  charnels  have  the  a  an  sign,  then 
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I<S 


pea 


N  ^  g(r- j)  p(r)  i 

-an 


where  [x]  *  s  the  saalleet  integer  greater  than  or  equal  to  x.  Under  the 
hypothesis,  the  m  inputs  are  independent  end  have  sero  radian,  and  hence 


%(r)  “  2  •  Thra 


*b{v}*"  t. ?(")‘<r*J)  • 


Under  the  alternative,  there  is  an  additive  signal  coanon  to  the 
m  channels,  hence 


ee 

f  |[l  -  F( -u )] F |f(-u )] H  r+[F(-u)]r[l-I(-u)]M"r|  fa(u) 


du 


where  F(  )  is  the  cumulative  distribution  function  of  ths  noise  and  f  (  ) 
is  the  solitude  density  of  the  signal.  It  will  now  be  astnussd  that  F(  ) 
can  be  expander:  in  a  Taylor  series  shout  the  origin  over  a  finite  range,  thus 


2  3 

r(-u)  -  r(o) -«f (o)*  Jjf  (o)- y^f(o)  ♦  op] 


Sutoetittviing  this  expression  into  the  prericma  equation  sad  expanding  1m  da 
to  the  reeuit,  where  , 


vners  convergence  ia  assumed,  If  the  signal  la  uplitude  Halted,  than  fox 

2  2 

aoaa  suffioiantly  null  Input  slgnal-to-nolse  ratio  (a  fa  i  convergence 

8  n 

la  guarantood  and 


Pj(r)  •  Pg(r)+  2a^(0) 


Thla  rea\  It  folloss  fr on  the  faot  that 


r*  ,  , 

f“(0)  /  unf8(u)da  <  -pOoJ 

a 

>|oa 

9 

Ai 

and  hence 

°a  1 

—  <  -t  la  a  sufficient  condition.  Therefore 
°n  1 

*k{V 

■}•  •»  W  f2(0,rj?  £  (  'i 

U  2  w 

<Hr>  -t 

a,  -«  °  -B 

o  [  if 

Raoogniiing  that  Mr)  ‘Jllr, 
the  following  font. 


ore  can  rewrite  the  laat  equation  in 


This  revolt  can  be  used  to  cal  cole  te  the  limiting  for*  of  the  output 
•ignal-vo-rjQd.Be  ratio  fro*  Kq.  (5 )  in  tbs  text. 


Aopsndlx  II.  Lialting  Bssults  for  Certain  Sage 

We  are  concerned  with  evaluating,  for  large  value,)  of  H,  ruma  of  the 

M 


•bare  p^{r)  -  pj  |  JJ  J  .  The  ten  pjj(r)  corresponds  to  tie  binomial 
distribution  with  pr>ibebility  of  "success"  equal  to  0.5  sod  is  therefore 

M  M 

closely  approximated  by  the  normal  diatriV/ution  with  naan  ^  and  varianoe  jj. 


Thus  the  auae  can  be  approximated  by  [lit]  i 

.  W't 

Changing  variables  by  setting  (r~?)/YF  ”7  ,  ona  obtains 


M  2> 

1  (r“l) 

exp<-  j  --y- ■ 


f(r-f)  dr 


f  i  "  &2  K/n  1 

1  v55*  '  ^Jl 


J 

2L-M-1 


<=y 


Ia  Kq.  (15 )  the  ter*  pQ  mi  defined  at 

».-*  Ej(;i 


It  follows  that  for  large  K, 

f  Jy2 

1( 

where  1»  ia  equal  to  |2jjj+"Yl  -  M  -  lj y^rH  wtdeh  equals  |le-j^  j  t  where 
-1  <  s  <  1  ,  In  the  Unit  as  M-f  •  , 

p0-^  2[l  -  lU)]  -  °.317U  . 


In  Sq.  (17 )  we  were  eonoemed  with  the  terw 


r-  (£  + 


It  fcllowe  that  for  large  N 


....  tjt!k • 


«  2 


Integrating  by  parts,  it  ia  easily  shown  that 

N  “  |(1')2 

P'*  ~  (1»)  •  2 

Vs? 


p.  JLir  JL * 
Vs?’ 
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Appendix  XII.  Test  Statistic  Variance  for  Dependent  Sample* 
Coneider  an  arbitrary  teat  atatiatie  of  tba  fora 
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where  h(  )  may  be  any  memaryless  operation  on  the  vector  x(t  +  It)  whose 
elements  are  eagles  (with  uniform  sampling  interval  t  )  of  specific 
Independent  representations  of  the  aaai  atochaatic,  preceaa  |x(t)l  .  The 
variance  of  3  ia  given  by 


where  the  second  term  ia  aero  if  the  samples  are  inde’xndent,  assuming 

ia  stationary,  and  since  there  &re  2 (N-k ;  teraa  where  ,  one 

obtains 


Var(S)  -  N  Tar 


fP^} 


1*2  Tj  (1-§)R\Jct) 
iC"l 


1-2? 


E  jh [x(t  jj  h[x(t*kr  jH  -  *2  jh  [x (t )]  > 


Varjhjicft^j 


Tha  function  R(fc  r)  depends  not  only  ca  the  function  b(  ),  but  elec  on 


tha  nornalieed  correlation  function  of 


H 


denoted  by  p(^). 


Let  us  new  const  dar  the  teat  statistic  S  ^  dafined  by  Kq.  (?3). 


For  thia  detector  b 


[x(t^  -  ^^^(t)  x^(t)  ,  where  x^t+ir). 


ere  the  M  components  of  tha  vector  x(t+iT}  end  where  it  is 


esauaad  that  E 


friw} 


-  0  for  ell  J.  It  follcwa  that 


*£!?<*]}-  EE*j* i(t)xi(t} 


r|h[;<t::]|-Ep[;(t)]J-  £££E  E(xi(t)  xj(t)  Vfc)  x.(t)j 

-  2  y  £lL2(t)  Xj2(t)l  .  Ver2jx(t)l  , 

tffj  >*  i  1  J 


sjh[x(tjjfc{i(UkO]l-  £  EEEE[*i^  xjM  xr(t+kT^  xa  'tfkT^ 


i/J  r it 


E  E*k(t)  xi^ukT^  xj^  xj(t+k'r>| 

i/3  <•  i 


-  ZO^-H)  Ver2[x(t)]  p2(kr) 


*-30 


Hanot  fay  tbs  definition  of  R(Ict),  It  is  sttr  that 

V(kT) " p2(kT)  • 


Khars 


Mart  let  us  consider  tha  detector  ^  in  utaleh  h.l(t)j  -  fi2jx(t  jj 
M  j 

«[*(*>]-  ?Ea8n[xi(t)] 


i-i 


pot. 

Far  this  test  statistic 


end 

Var 


,  )  "  ,  ) 

*[h[;(t)][ '  l  E  E*{*4i(t)]  •«n[xj(t)]j 

ml  Erf?°2[JH(t)]}"?  * 

i-l  <•  > 

H -kEEEE  *{»*n[^(tj  sgn  h(t)]  aga  jxr(t)]sgnjxa(t)]j. 

'  &  EEe|,kh2  M)]agn2h(t)I 


IE 


and 


*|h[*(tj  hjjft+kx)]  r&EEEE  ®  j»gn  [x^ (t  j  •gnjx j (t  jj  sgn  jx^t+k* )j  sgn |xB (t+kx jj 

i  3  r  s  > 


-  i*E  EEfgn2Lxi(t^,en2h(ukT^ 


'1 


♦  £E  E^M  8*n[*i<t+kT^  sgnjx^tlj  sgnJx^t+kT^l 

^  ♦  ^(1^  -M)  *2|sgn[x(t)jSgn|x(UkT^| 


M2  .  1  .  x  I  2 
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The  reault  juat  given  for  toe  correlation  function  of  a  hura-l£adted 
prooeaa  v*.a  abown  by  Van  Vlaofc  [is]  and  it  baaed  on  the  aaennptias  that 
the  dJ  sulbutioc  of  aero  croaelage  of  jx(t)j  ia  the  a  ana  aa  that  of  • 
geuaaian  proceaa  with  smo  nets,  fron  the  definition  of  it  ia 


ceea  that 


Finally  we  wish  to  eanaidar  the  detector  ^  in  ehleh  h[l(t^ 


For  thia  atatietio 


b^E(t^|  -  Prob  fi[x(tjj  >^- 


?  r£J") -  »•  * 

-BKfl 


Thie  last  probability  can  be  evaluated  orr'r.-.xiently  for  ler$a  N  if  we 
define  djs(t+kT))  *  •  Then  i*  i  ran  don  variable  idth  aaro 

naan  tad  unit  variance  that  la  aeynptotically  normlly  diatribetad  ea  N 

t“~“*  *•>-*  bo“d-  ’"rth,™OT  *  {v.}  •  «  ‘  *  • 

It  followa  that 
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11  abstract 

This  report  is  concerned  with  problems  in  passive  sonar  detec¬ 
tion  which  arise  when  signal  or  noise  properties  deviate  sig¬ 
nificantly  from  the  simplest  possible  model  (a  target  acting  as 
a  point  source  of  broadband  Gaussian  signal  in  a  background  of 
isotropic  Gaussian  noise).  Problems  investigated  were  concerned 
with  improvements  in  detectability  obtained  from  a  knowledge  of 
the  special  features  of  signal  or  noise  and  with  degradation  in 
detector  performance  as  a  result  of  an  inadequate  knowledge  of 
signal  or  noise  statistics  or  a  deliberate  exclusion  of  some 
available  information  so  as  to  simplify  the  instrumentation. 
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